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Summary. We investigate the translation equation

F(s+t,z) = F(s, F(t,z)), s,t € C, (T)

and the cocycle equations
a(s+t,z) = as,z)a(t, F(s,x)), s,t € C, (Col)
B(s+t,z) = B(s,z)a(t, F(s,z)) + B(¢, F(s,x)), s,teC (Co2)

in C[z], the ring of formal power series over C. Here we restrict ourselves to iteration groups
(F(s,z))sec of type I, i.e. to solutions of (T) of the form F(s,z) = c1(s)z +---, where ¢1 # 1is
a generalized exponential function. It is easy to prove that the coefficient functions ¢n(s), an(s),

Bn(s) of
F(s,z) = Z cn(s)z™, oafs,z) = Z an(s)z™, B(s,z) = Z Bn(s)x™

n>1 n>0 n>0

are polynomials in ¢1(s), polynomials or rational functions in one more generalized exponential
function and, in a special case, polynomials in an additive function. For example, we obtain
cn(s) = Pn(ci(s)), Pn(y) € Cly], n > 1. For this we do not need any detailed information about
the polynomials P,.

Under some conditions on the exponential and additive functions it is possible to replace the
exponential and additive functions by independent indeterminates. In this way we obtain formal
versions of the translation equation and the cocycle equations in rings of the form (Cly])[z],
(C[S, aD=], (C(SN[x], (C(S)|UD[x], and (C(S)[o, U])[z]. We solve these equations in a com-
pletely algebraic way, by deriving formal differential equations or Aczél-Jabotinsky type equa-
tions for these problems. It is possible to get the structure of the coefficients in great detail
which are now polynomials or rational functions. We prove the universal character (depending
on certain parameters) of these polynomials or rational functions. And we deduce the canonical
form S—1 (yS(:p)) for iteration groups of type I. This approach seems to be more clear and more
general than the original one. Some simple substitutions allow us to solve these problems in rings
of the form (C[u])[z], i.e. where the coefficient functions are formal series.
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1. Introduction

The problem to describe the one-parameter groups (also called iteration groups
or flows) in the group of invertible formal power series in one indeterminate with
complex coefficients and, more generally, to describe one-parameter groups of in-
vertible formal power series transformations (“formally biholomorphic mappings”)
was studied by several authors, mainly in connection with the embedding problem,
that is, whether a given formal power series (a formally biholomorphic mapping)
can be embedded in such an iteration group. We mention D. N. Lewis [18], S. Stern-
berg [27], K. T. Chen [1], E. Peschl and L. Reich [22], L. Reich and J. Schwaiger
[25], G. Mehring [20], and C. Praagman [23].

Motivated by this question of embeddability the problem arises to find the
structure and the explicit form of these iteration groups in detail, not necessarily
as a part of the embedding problem. We will now formulate this problem more
precisely in the case of invertible formal series in one indeterminate. Denote by
C[z] the ring of formal power series in = over C, and by (I',o) the group of
invertible series with respect to the substitution o.

By an iteration group (a one-parameter group) in I' we understand a homo-
morphism

0: (C,4+)—T.

We use the notation 6(t) = F(t,x) = Fi(z), t € C, where

F(t,z) = Z cn(t)a”, teC,
n=1

cn: C — C, n > 1, are the coefficient functions. The name iteration group will
also be used for the family (F})iec of formal series. The condition that 6 is a
homomorphism is equivalent to the relation

F(s+t,x) = F(s,F(t,z)), s,t € C, (T)

which is the well-known translation equation in our situation. It also follows from
(T) that ¢ is a generalized exponential function. (Let us mention here that, more
generally, one may study homomorphisms 6 from an abelian group (G, +) into T.
This point of view is taken by W. Jabloriski and L. Reich in [15], [16]. In the
present paper we will only deal with the situation G = C.)

The main problem is then to find the detailed structure and explicit form of the
coefficient functions ¢, (n > 2) of the solutions (F(t,x))iec of (T).

If we assume that the coefficient functions ¢,, are everywhere holomorphic, i. e.
entire functions, then it is known that the functions ¢, are, also in the general
situation of formal power series transformations, polynomials in ¢ and in certain
exponential functions ¢ + eM? ... ¢+ eM? (see e.g. [25]). If no regularity
condition is imposed, then G. Mehring has proved that the coefficient functions
are polynomials in finitely many additive functions and in generalized exponen-
tial functions (see [19, pp. 42ff]). However, the explicit form and the universal
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character of these polynomials, but also possible relations among the involved ad-
ditive and generalized exponential functions, remain still open. Only recently, the
detailed structure of the coefficient functions was given in [15], [16] in the case
when 6 is a homomorphism from (G,+) into I';, that means if ¢; = 1, and in
forthcoming papers for homomorphisms 6 for which ¢; # 1.

In our present paper we apply a somewhat different approach to obtain the
structure of the coefficient functions in the situation when 0: (C,4) — I' with
c1 # 1. We call our approach the method of formal functional equations. The
reason for this terminology is the following. While iteration problems in C[xz] are
always formal in the sense that = is an indeterminate, the coefficients ¢, under
investigation are functions in the usual sense. Now we will show that under the
afore mentioned hypothesis, (T) is equivalent to the problem

G(y 2 :L’) = G(yv G(Za fE)), (Tformal)
G(l,z) == (B)

for a formal power series

Gly.2) = yo+ Y Pu(y)a™ € (Cly)la],

n>2

that is for a formal power series in z whose coeflicients are polynomials in the
indeterminate y over C.

By this equivalence, our problem is completely formalized. (Ttormar) is the first
example of what we call a formal functional equation. The reduction of (T) to
(Ttormal) comes from the easy to prove fact that the coefficient functions ¢, are,
under the assumption ¢; # 1, polynomials P, (¢1) in ¢;. For this we do not need
any detailed information about the polynomials P,,.

We solve (Ttormal) by three different methods, based upon the formal deriva-
tions % and 6% in (C[y])[z]. Each of these approaches yields an ordinary or par-
tial differential equation in (Cy])[x], together with boundary conditions. Accord-
ing to the different ways in which the differentiations can be applied to (Ttormal),
we obtain an autonomous differential equation (Section 2.2), a partial differential
equation (Section 2.1), and an Aczél-Jabotinsky type differential equation (Sec-
tion 2.3), which can be solved in such a way that we get the structure of the
coefficients in great detail. We have to show that all solutions of any of these
formal differential equations satisfy (Ttorma1). The main results about the solu-
tions of (Ttorma1) are contained in Theorems 4, 9 and 12. We also find the form
S’l(yS(m)), S € T'y, for the solutions of (Tiormal) (cf. Theorem 7) using a tech-
nique of rearranging the solution of (Tformal) as Y, ~; ¢n(2)y"™ and considering
certain summable families of formal series. -

The simple substitution y = 14w (just after the proof of Theorem 7) transforms
(Ttormal) to another, also purely algebraic problem which can be seen as a formal
functional equation for objects from (C[u])[x]. It has the form

K(u+v+uv,z) = K(u,K(v,z)) (13)
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in (Cfu,v])[x], for

K(u,z) = (1+u)x + Z Qn(uw)z™ € (Clu])[=].

n>2

We notice that here the well-known formal group law (cf. [11, (1.1.7) page 2])
u~+ v+ uv plays a role, so that (13) is a sort of representation of this formal group
law on C[z].

The formal functional equation (Ttormal) was already solved by D. Gronau in
[6, Theorem 3] under even weaker assumptions than made in the present paper.
Gronau’s approach is different from the method of differentiation and from the
method of rearranging a solution G(y,x) = yx + Y, <o Po(y)2™ of (Tiormal) as
G(y,x) = > ,>1 Pn(x)y™ (cf. (10)), since he constructs the power series transfor-
mation S in the representation G(y,z) = S~1(yS(z)) in our Theorem 7 as a limit
lim, oo (T2 0 ... 0T,) in the order topology in I';. His research also covers the
situation related to iteration groups of type II which is not treated in our paper.
Gronau mentions in [6] that the idea of introducing formal functional equations
goes back to [24]. A generalization to higher dimensions, also by D. Gronau, can
be found in [7].

In a similar way other functional equation problems in C[z] can be treated by
our method of formal functional equations. Here we will do this for the system
of cocycle equations ((Col), (Co2)) which appears in the problem of covariant
embeddings of a linear functional equation with respect to an iteration group
(F(t7x))t€(:7 F(t71') = Cl(t)x o (See [2]3 [3]7 [5]ﬂ [21]7 [8]ﬂ [9]3 [10]) Again we
will consider here only the case where the given iteration group is an iteration
group of type I, that is ¢; # 1.

Also in the problem of ((Col), (Co2)) we can relatively easily observe that
the coefficient functions of the solutions (a, 8) of ((Col), (Co2)) are polynomials
in ¢; and polynomials or rational functions in one more generalized exponential
function, and, in a special case, polynomials in an additive function. Before now
replacing these functions by appropriate indeterminates (in order to get formal
functional equations), one has to look for possible “algebraic relations” which may
exist between the given generalized exponential functions. This technical problem
can be solved by using the general results of [26] and by some additional lemmas
referring to the special situation in our paper (see Lemma 16). After introducing
appropriate indeterminates we obtain purely algebraic problems, like (Colformal)
and (CO2forma11)7 (CO2forma12)a or (C02forma13)-

Also here, using the possible formal differentiations with respect to x and with
respect to the indeterminates introduced above, we obtain in several ways systems
of differential equations which are solved in Sections 3.1, 3.2 and 3.3. This leads
to the main results on the solutions of the system of formal cocycle equations pre-
sented in Theorems 20, 22 and 23. However it should be mentioned that the system
of differential and functional equations studied in Section 3.3 (of Aczél-Jabotinsky
type) has solutions which do not satisfy ((Col), (Co2)). These solutions are ex-
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cluded by the condition (27). A similar phenomenon is already known for the
original Aczél-Jabotinsky equation related to iteration groups.

By the substitution y = 1 + w in the formal translation equation (Ttormal)
we embed this problem into a problem related to the ring (Clu])[z] instead of
(Cly])[x] without changing the set of solutions of (Tgormal) essentially. Similar
substitutions can be found for the equation (Co2¢oymar) in Section 3.4 which trans-
form this equation to a problem for formal power series in  whose coefficients
belong to rings which are power series in certain indeterminates. The transformed
equation (Co2f . ..,) can be solved completely by applying differentiation tech-
niques. Here (Co2{ ., .;) may have solutions which do not come from solutions of
(Co2formal) (see Theorem 24).

2. The translation equation in C[z]

We study the translation equation
F(s+t,z)=F(s,F(t,z)), s,t € C, (T)
where
F(s,x):ch(s)m" € Clx], seC,
n>1
with ord(F(s,z)) =1 for all s € C, whence ¢1(s) # 0 for all s € C.

The family F = (F(s,z))sec satisfies (T) if and only if the coefficient functions
¢, satisfy a system of functional equations of the form

ci(s+t) = cr(s)er(t),
ca(s41) = ci(8)ea(t) + ca(s)er (t)?,
cn(s+1) = c1(s)en(t) + en(s)er ()™ + P, (ca(8), - cno1(8),c1(t), ..., cne1(t))

for all 5,t € C, where P, are universal polynomials which are linear in c;(s) for
2<j<n-—L.

Therefore, ¢; is a generalized exponential function. If F = (F(s,z))sec is a
solution of (T) with ¢; # 1, then F is called an iteration group of type I. If ¢; = 1,
then F' is an iteration group of type II.

Let F' be a solution of (T). From F(0+0,z) = F(0, F(0,z)) we obtain F'(0,x) =
z,1.e. ¢1(0) =1 and ¢,(0) =0 for n > 2.

In the present manuscript we restrict ourselves to iteration groups of type I.

Lemma 1. Lete be a generalized exponential function, e # 1. Then the following
hold true:
1. e takes infinitely many values.
2. Consider P(x1,x2) € Clzy,22]. If P(e(s),e(t)) = 0 for all s,t € C, then
P=0.
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Proof. 1. Let e be a generalized exponential function which takes only finitely
many values. Then all these values are roots of unity: If on the contrary e(t) were
not a root of unity for some ¢t € C*, then e(nt) = e(t)” for n € N are infinitely
many values in e¢(C). Let e(C) = {c1,...,¢}, where ¢; is primitive of order n;,
1 <i<r, and let N = lem(nq,...,n,). Then clN =1,1<1i<r, and for any
t € C we have e(t) = e(Nt/N) = e(t/N)N = 1.

2. Since e(s) and e(t) run with s and ¢ independently through infinitely many
values, it follows from P(e(s),e(t)) = 0 for all s,¢ € C by standard arguments that
P(ml, l‘g) =0. ([l

Lemma 2. If F is an iteration group of type I, then there exist polynomials
P,(y) € Clyl], such that

cn(s) = Pa(c1(s)), seC, n>1.

Proof. The assertion is trivial for n = 1. Assume that n > 2. Using (1) and
induction we obtain

en(s+1t) =c1(8)en(t) + en(s)er (B)”
+ Pu(Pa(ci(s)), -, Paci(ea(s)), Pr(ea(t), o Paca(er(2)))
=c1(8)en(t) + cn(s)er ()™ + p, (cl(s),cl (t))

with a suitable polynomial P,. Since ¢; is a generalized exponential function which
takes infinitely many values (see Lemma 1), there exist ¢,, € C, m > 2, so that
c1(tm)™ — c1(tm) # 0. As a consequence of ¢, (s +1t) = ¢, (t + s) for all s,t € C
we have

c1(s)en(t) + cn(s)er ()" + P, (c1(s), e1(t))

n(C1
=c1(t)en(s) + en(t)er(s)™ + P (cl(t), c1 (s)) (2)
and we derive that
cn(tn)(ci(s)™ = c1(s)) + P, (c1(tn),ca(s)) — P, (c1(s),cr(tn))
C1 (tn)n —C1 (tn)
:Pn(cl(s)), seC, n>2.

cn(s) =

Thus ¢, (s) is a polynomial in ¢ (s). O

From (1) and Lemma 2 and we deduce for n > 2 that
P, (01 () -1 (t)) =P, (01(8 + t)) =cp(s+1)
= e1(s)Pa(cr (1) + Pa(er(s)es(t)" (3)
+ P, (P2(01 (8)y .oy Poo1(c1(9),c1(t), ..., Puo1(ca (t)))
Since ¢; # 1, from (3) and Lemma 1 we obtain the polynomial identity

P, (y-2)=yP,(2) + Pu(y)z" + I:’n(Pg(y)7 cos Po1(y)y 2, - ,Pn_l(z)) (4)
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for all n > 2. This system of identities is equivalent to the formal translation
equation

G(y 2 :L') = G(y7 G(Za £C)) (Tformal)
in (Cly, 2])[«] for

G(yv 33) =yxr + Z Pn(y)xna
n>2

P,(y) € Cly], n > 2, and the boundary condition
G(l,z) = . (B)

Hence we obtain

Theorem 3. F(s,z) = ci(s)x + Y, <5 Pa(c1(s))2™ is a solution of (T) if and
only if G(y,x) =yz + 3,50 Puly)z" 15 a solution of (Tiormal) and (B). O

In the sequel we solve the system consisting of the formal translation equation
(Ttorma1) and the boundary condition (B). In C[y] we have the formal derivation
with respect to y. In (C[y])[z] we have the formal derivation with respect to x.
Moreover the mixed chain rule is valid for formal derivations.

Usually

0
By Gy, x)|y=1 =z + Z hna" = H(x)
n>2

is called the infinitesimal generator of G.
Differentiation of (Ttorma1) With respect to y yields

0 0
Y5 G(t,x)|i=y. = Bm G(y,G(z,2)).

For y =1 we get

0
Z% G(Z,SC) = H(G(Z,l’)) (Dformal)
Differentiation of (Tformal) With respect to z and application of the mixed chain
rule yields

0 0 0
ya G(t’ x)|t=yz = a G(ya t)|t:G(z7w)& G(Za .I)

For z =1 we get

0

0
ya_y G(yu ‘T) = H(x)ﬁ_x G(y7 {E) (PDformal)

Combining (Dformal) and (PDgormal), we obtain an Aczél-Jabotinsky differential
equation of the form

H(w) 5 Gy, ) = H(Gly, ). (AJtorma)
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2.1. The differential equation (PDformal)

Now we solve (PDgormal) together with (B) in order to solve (Tformal). The advan-
tage of this procedure lies in the circumstance that no substitution of the unknown
series G(y, x) is needed and that (PDformar) is a linear equation. In a completely
algebraic way it is possible to prove

Theorem 4. 1. For any generator H(z) = x+hox?+- -+ the differential equation
(PDtormal) together with (B) has exactly one solution. It is given by

G(y,x) =yz+ Y _ Pu(y)z"™ € (C[y))[=].
n>2
2. The polynomials P,, n > 2, are of formal degree n, they satisfy P,(0) =0,
and they are of the form

1 (hy, o by )
P(y) = fin (y”—y)+z¢j (he - )(y"—y]), (5)
j=1

n—1 n—j

where the polynomials <I>§"), 1<j<n-—1, are (recursively) determined by

n—1 n—1
S b=+ Py (y) = 38 (ol )y (6)
r=2 Jj=1

Proof. Writing G(y,x) as >~ Pn(y)x™, and using hy = 1, (PDformal) reads as

Y Z P (y)z" = Z bz Z nPy(y)z"~
n>0 n>1 n>0
We compare coefficients of ™. Together with (B) we obtain Py(y)=0and P;(y)=
For n = 2 we have
yPs(y) = 2Ps(y) + hay
which yields P (y) = —hay + ay?, for a € C. From (B) we deduce that Py(1) =0
and therefore P5(y) = ha(y? —y). Thus, P» is uniquely determined and has formal
degree 2.
Assume that n > 2 and that the assertions (5) and (6) are valid for all P; for
Jj < n. From (PDgorma1) we derive
n—1
YPL(Y) = by + nPo(y) + > he(n =1+ 1) Pa_r i1 (y). (7)
r=2
From the induction hypothesis we deduce that Zf:_zl he(n—r+1)P,_,41(y) is a
polynomial of formal degree equal to n — 1. Hence we have

n—1

Zh TL—’I"—|—1 n— 7"+1 Z(I) h27”. n= 1)yj (6)

r=2
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where the coefficients <I>§-n) are polynomials in hs, ..., h,_1. Expressing the poly-

nomial P,(y) as Z?:o ajy’ for some d € N, we derive from (7) that

d d n—1
Zjajyj =h,y+ nZajyj + Z ‘1>§»n)(h2, s hao1)y

Jj=0 j=0 j=1

This allows the determination of the coefficients a;, j # n, as

0, if j =0,
hn,“!‘@(n)(hQa-“vhnfl) 3 y —
()11_,1 yifj =1,
aj =94 2 (Bahn) ey i g,
j—n
not determined, if j =n,
0, if j > n.

From (B) it follows that P, (1) = 0, whence

n—1 n—1 g(n)
ho, O (ha, ... e
ap = — E a; = + J ( 2 . 1)
. n—1 ¢ n—j
3=0 Jj=1
and P, has the desired representation (5). O

Theorem 5. Each solution G(y,z) of (PDtormal) and (B) is a solution of the
formal translation equation (Ttormal)-

Proof. Let z be an indeterminate. We prove that
U(y7 Z) m) = G(yz’ m)?
V(y,z,2) == G(z,G(y,x))

satisfy the system
0 0
ya_y f(y7Z,CE)—H(.’L')% f(y7z,x), (8)

f,z,2) = G(z,x). (9)

If we further prove that the system ((8),(9)) has a unique solution in (Cly, 2])[z],
then we have shown that G satisfies (Ttormal). First we demonstrate that U satisfies

(8) and (9).

4 _.9 _ 9 (PDgorma) 9
y@y Uly,z,x) = yay G(yz,z) = Y25 G(t,2)|i=y. =~ H(x) 5 G(yz,x)
0
= H(x)% Uy, z,z)

and
UQl,z,x)=G(z,x).
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Similarly we prove that V satisfies (8) and (9).

0 0 8
(PDsormat) 0 0
=" H (x )8_G( >8t G(2,)t=G(y,2)
0
0

= H(m)%V(y,z,x)

and
V(Q1,zzx)=G(z,x).

In order to show that there is a unique solution of (8) and (9) we write f(y, z,x) as
> >0 fn(y, 2)z". Comparison of coefficients in (8) together with (9) shows that

foly,2) =0,  fi(yz) = yz,
and

fn(yvz):Pn(yz)a n>2,

with exactly the same polynomials P, as in Theorem 4. Hence the solution f of
(8) and (9) is uniquely determined. O

Let Ty be the set of all formal power series S(z) € C[x] with S(z) = x mod 2.
Finally we prove that there exist simple normal forms of solutions of (Ttormal)
with respect to substitutional conjugation with elements from I'y. More precisely,
we prove that each solution G(y,x) of (Tiormal) can be represented as G(y,z) =
S=Y(yS(x)) for some S(x) € 'y, where S~ is the inverse of S with respect to
substitution.

From the particular representation of G(y,x) in Theorem 4 we deduce that

z) =Y ¢n(2)y", (10)
n>1

where ¢1 € T'1, and both (¢,,(x))n>1 and (¢, (2)y™)n>1 are summable families in
(Cly])[x]- This allows us to rewrite (PDfoymal) and (B) as

> non(x) (@) > ¢n(x (11)

n>1 n>1
> ulz) =z, (12)
n>1

where (¢),(x))n>1 is also a summable family. We note that (11) is satisfied if and
only if
nén(r) = H(z)¢y, (v) (11,)
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holds true for all n > 1.

(11,) is a Briot-Bouquet differential equation (cf. [17, section 5.2] [13, section
11.1], [14, section 12.6]). Hence the following theorem could be derived from the
formal part of the theory of these equations. We will present a direct proof.

Theorem 6. Consider H(z) = x + hox? + - - -.

1. Let n > 1. For any @%n) € C, there is exactly one solution ¢, of (11,), so

that
bn(x) = ™2™ mod 2"+,

Denote by ¢y 0 the solution corresponding to <p£l") =1.
2. Letn > 1. If ¢, (x) = o™z mod 2"+ is a solution of (11,,), then

On (@) = @[ b0 ().
3. ¢no(x) = [¢1,0(x)]" forn>1.

Proof. 1. We determine all solutions ¢ (z) =Y <. t,a" of (11,). From

v>n

n Z Y,x¥ = Z h,x" Z vip a1

v>n v>1 v>n
we obtain by comparison of coefficients that
nihn = Ny,
nny1 = (n+ D)pgr + hanin,

nipe = lhg + Wy(ha, ..., he_(n1)),
which shows that the polynomials W,, £ > n, are uniquely determined. Therefore,
for any choice of 1, € C there exists a unique solution ¢(x) = > -, ¥, a" of (11,).
2. Simple computations show that ¥ (x) := go%n)@m (x) is a solution of (11,)
and that ¥ (z) = oM mod L.
3. Let ¢ (z) := [¢1,0(x)]™, then ¢(z) = 2™ mod 2" ! and

H(x)y'(z) = nH(z)[pr0(z)]" " ¢ o(z)
(L) n[gro0(z)]" d1,0(z)
= ny(x),

which shows that ¢ (x) is a solution of (11,). By the first assertion ¢ (z) = ¢n,0(x)
which finishes the proof. (I

Since ord(¢n,o(x)) = n the families (¢n0(z))n>1 and (cpsl")¢n70(x))n21 for
30%”) € C are summable.
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Theorem 7. 1. If G(y,x) = >, dn(2)y" is a solution of (Torma1) and (B),
then -

Gy, x) = S (yS(x))

for some S € T'y.
2. Conversely, every S € I'1 allows the construction of a solution

Gly.2) = 57 (45 (x)
of (Ttorma1) and (B).
Proof. 1. We have
Gly,x) = Z:l n(2)y" = ; P lydr o))"
If we set S(2) i é1.0(a), then S(z) € Ty and
z=G(Lx) =Y & Plpro@)" =D i [S(x)".

n>1 n>1
Moreover wgl) =1, B(z) = >, gp%n)a:" is in 'y and X(S(z)) = z. Hence,
Y(z) = S7H(z) and G(y,z) = S (yS(z)).
2. Simple computations show that G(y, z) = S~1(yS(x)) satisfies (Ttormal) and
(B) for every S €T';. O
Now we replace y by 1 +w and z by 1+ v in (Tformal) and obtain
Gl+u+v+uv,z)=G(1+u,G1l+v,z)).
Denoting G(y, z) which is G(1 + u,z) by K (u,z) yields
K(u+v+u,z) = K(u,K(v,)) (13)
in (Clu, v])[z] for
K(u,z) = (14 u)x + Z Qn(u)x™,

n>2
Qn(u) € Clu], n > 2. The boundary condition (B) is replaced by
K(0,z) = x. (B)

After this transformation the boundary condition requires evaluation of K (u,x)
for u = 0. Since substitution of 0 into a formal power series is possible, we are able
to determine the solutions of (13) and (B’) even in the ring (C[u,v])[z], which
contains (Clu, v])[z] as a subring. Here we consider

K(u,z) = Z Qn(u)z",

Qn(u) € Clu], n >0, i.e. @y, are not necessarily polynomials but formal series.



Vol. XX (2007) Formal translation equation and formal cocycle equations 13

Similarly as with (PDgormar), differentiation of (13) with respect to v yields

0 0
%K(u—kv—kuv,m) = %K(U,K(U,x))

which is equivalent to

0 0 0
(1 + u>§ K(ta x)|t=u+v+uv = a K(ua t)|t:K(v,w)% K(Ua :E)

For v = 0 we get

1+ u)agu K(u,x) = H(m)(,% K(u,x), (14)
where
(@) =2+ 3 hat" = 2 Gl lymt = e G+ 1,0z = o K (1) o
’ ou B ou B

n>2

is the infinitesimal generator of G and K.

Theorem 8. 1. For any generator H(z) = x+hox®+- -+ the differential equation
(14) together with (B') has exactly one solution

K(uz) = (14w + 3 Quw)a” € (Clul)e].

2. The formal series Q,, n > 2, are polynomials of formal degree n, they satisfy
Q. (0) =0, and they are of the form

Qulu) = " (14 u) — (11 w)

n—1

Lol h27... 1)

*2

where the polynomials <I>§-n), 1<j<n-—1, are (recursively) determined by

(T+u)" =1 +u)),

n—1

S he(n =1+ 1)Qu— i (u Zcp“” oy b)) (1 + ).

r=2

Proof. Introducing coefficients in (14) and using h; = 1 we get

(14+u) ZQ = Zhnx" ZnQn(u)x_

n>0 n>1 n>0

From (B’) we deduce that Qo(u) = 0 and Q1(u) = 1 4+ u. For n > 2 we have to
solve the differential equation

QL (u)=(1+wu)"* (nQn(u) + z_: he(n—1r 4+ 1)Qpn—rt1(u) + hn(1+ u)) (15)

r=2
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in Cfu] together with the boundary condition @, (0) = 0. By the formal part of
Cauchy’s theorem on the existence and uniqueness of solutions of analytic differ-
ential equations (see e.g. [12, section 2.5]), for every n > 2 there exists exactly
one solution @, (u) € Clu]. The method of variation of the integration constant
allows the computation of these Q..

First we determine the solutions of the homogeneous differential equation

QW' (u) = (14 u)"'nQf (u).

The general solution of this equation is Q%h) =9, - (14+u)" for v, € C. Replacing
the constant 7, by a function ~,(u) we try to express the solution of (15) in the
form

Qn(u) = v (u) (1 +u)". (16)

For n = 2 we obtain Q2(u) = ha ((1+u)? — (1+u)). Now we assume that the
assertion is valid for Q,, 1 <r < n. Then we obtain from (15) that

n—1
Q) = (1+u) " [ nQu(u) + 3 0 (ha, .. a1+ u) + R (1 + )
j=1

Together with (16) we have
Yo () = (L4 u) ™" (Q (1) — nyn (w) (1 +u)" )

n—1
= (1+u) "D (ST 0 (hy, o )1+ u) + (1 + )
j=1
n—1 ,
=30 (hay ) (L ) T o Ry (1)
j=1
Therefore,
n—1 ¢§n)(h27...,hn_1) ) in " e
LIOEDY “Tn (L+u) ™"+ (L u)' ™" +en.

From @, (0) = 0 we deduce 7,(0) = 0 and consequently
2o (hyy o hasy) By

anz n—j +n—1'

Jj=1

Summarizing
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Qn(u) = ((1 +u)" —(1+ u))

n—l
ol hz,... 1)

v~

((l—l—u)”—(l—l—u)j). O

Now we show that similar methods can be applied in order to determine the so-
lutions of (Tforma1) and (B) using the differential equations (Dgormar) or (AJtormal)-

2.2. The differential equation (Dformal)

Since in (Dormal) the series G(z,x) is substituted into H(z) we have to assume
that G(z,z) = )", ~; Pu(2)2". Concerning the computation of H(G(z,z)) we just
mention that the multiplicative powers [G(z,)]” of G(z, ), where v is a positive
integer, are of the form

o =y > Hprj(z) "

n>y it tre=n
rj :>1

and therefore

HG(zz)=> Y h > Hprj(z) .

n>1 \ v=1 rit-try=n
- >1

>

Theorem 9. 1. For any generator H(x) = x+hox?+-- - the differential equation
(Dtormal) together with (B) has exactly one solution. It is given by

G(z,x) = za + Z P,(z)x" € (Clz))[x].
n>2
2. The polynomials P,, n > 2, are of formal degree n, they satisfy P,(0) =0,
and they are of the form

. " U (g o)
J _
— )+ 1 (27 = 2),

P.(z) =

where the polynomials \Ilgn), 2 < j <m, are (recursively) determined by

n—1 v n
Sho Y M7 =3 9, hyr)2. O
V=2 j=1 j=2

ri4odry=n
7‘7‘21

We omit here a detailed proof of Theorem 9.
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Theorem 10. Each solution G(z,2) of (Diormal) and (B) is a solution of the
formal translation equation (Ttormal)-

For proving this theorem we show that
Uly, z,x) := G(yz, z),
V(y,z,z) = G(z,G(y,x))
both satisfy the system
0
Z& f(y,Z,Jf) = H(f(y,z,x)),
[y, 1,2) =Gy, 2),

where ord(f(y, z,x)) > 1. This system has the unique solution f(y, z,z) = yzx +
> n>a Pa(yz)a™ with exactly the same polynomials P, as in Theorem 9. O

If we write G(z,z) in the form

G(z,z) = Z On(2)2",
n>1
then ¢1(x) € I'1, and both (¢,(z))n>1 and (¢n(x)2"),>1 are summable families
in (Clz])[z]. The differential equation (Dgormal) together with (B) is equivalent to
the system

> nn(@)s" =) by | Y du()e" (17)

n>1 v>1 n>1

> nlx) =z (18)

n>1
We note that (17) is satisfied if and only if

n

v=1 r1t+try=n
Tj>1

holds true for all n > 1.

Theorem 11. Consider H(z) = x + hox® + - - -.
1. Every ¢1(x) € C[x] satisfies (171).
2. Let ¢1 € C[x] \ {0}. For each n > 2 there exists exactly one solution ¢, of
(17,,), depending on ¢1. It is given by én(x) = ©nlP1(x)]", where p1 =1

and
n

=Y Y Jlen nz2

v=2 r1+-t+ry=n j=1

Consequently, v, does not depend on the choice of ¢1.
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3. The system (17) and (18) has a unique solution. It is given by
Z Pnlr1(2)]"2"
n>1
for o1 =1, n for n > 2 given as above, and ¢1(x) = (T + 3,59 Pnt™) ™"

which is an element of T'y. O

Based on these results it is possible to give another simple proof of Theorem 7.

2.3. The differential equation (AJomal)

Now we turn our attention to the Aczél-Jabotinsky differential equation. Again
we have to assume that G(z,2) =), <, Pa(2)z".

Theorem 12. 1. For any generator H(x) = x + hox® + - - - the differential equa-
tion (AJformal) has exactly one solution of the form

Gy, 2) = yo+ Y Pa(y)a” € (Cly)[z]

n>2

Moreover, for every Py(y) € Cly] there exist uniquely determined polynomi-
als P, (y) € Cly], n > 2, so that

Gy, z) = Pi(y)z + Y _ Pa(y)z”™ € (Cly))[]

is a solution of (AJtormal) as well.
2. The polynomials P,,, n > 2, (from the unique solution G(y,z) = yx mod z?)
are of formal degree n, they satisfy P,(0) =0, and they are of the form

" 0 (hy, .. 1)
Pn(y):n_l(il/"—y)—f'z 1 n—1 (y',_y)7

Jj=

no

where the polynomials @gn), 2 < j <m, are (recursively) determined by

n—1 v
> o h > 1P| —(n=v+1)P0sia(y)
v=2 j=1

riddry=n
ri>1

=30 (ha, ... 1)y 0
j=2

Theorem 13. FEach solution G(y,x) of (AJtormal) with G(y,x) = yx mod x? is
a solution of (Tiormal)-
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For proving this theorem we show that
Uy, z,z) .= G(yz, x),
V(y,z,x):= G(z,G(y,x))
both satisfy the system

H(w) 2 f(y,2,2) = H(f(y,22)),

f(y,z,x) =Yz + Z fn(yaz)xna

n>2

where ord f(y, z,2) > 1. This system has the unique solution f(y,z,z) = yzz +
Y n>o Pn(yz)a™ with exactly the same polynomials P, as in Theorem 12. O

If we write G(y,z) in the form G(y,z) = >, <, én(2)y", then ¢i(z) € I'y,
and both (¢, (z))n>1 and (¢n(x)y™),>1 are summable families in (C[y])[z]. The
formal Aczél-Jabotinsky equation implies that

v

H(z) Y d,@)y" => hy [ Y énlx)y"| (19)

n>1 v>1 n>1

We note that (19) is satisfied if and only if

H(@) (1) = ¢n(z) + > by > 1 ¢ () (19,,)
v=2 7j=1

ri4try=n
>1

holds true for all n > 1. These are Briot—Bouquet differential equations (cf. [17,
section 5.2] [13, section 11.1], [14, section 12.6]). The following theorem can be

proved by direct calculations similar to Theorem 6 but would also follow from the
theory of Briot—-Bouquet equations:

Theorem 14. Consider H(x) = x + hox® + -+ .
1. For every 1 € C, there is exactly one solution

$1(z) = 12 mod 2

Of (191)

2. If o1 = prx + -+, w1 # 0, is a solution of (191), then for each n > 2 there
exists exactly one solution ¢ (x) of (19,,). It is given by ¢ () = @n[p1(2)]",
where p1 =1 and

DD S | EED

v=2 ri+-+r,=nj=1

Consequently, v, does not depend on the choice of ¢1. O
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Based on these results it is possible to give another simple proof of Theorem 7.

3. The cocycle equations

In [2], [3], [4] and [5], we were studying the problem of a covariant embedding of
the linear functional equation ¢(p(z)) = a(z)p(z) +b(z) for suitable formal power
series a(x), b(z) and p(z), with respect to an iteration group F = (F(s,x))sec.
In this context, we always assume that ord(a(z)) = 0 and ord(p(z)) = 1. For
describing the covariant embeddings, we have to solve the two cocycle equations

als+tx) = a(s,m)a(t, F(s,x)), s,t €C, (Col)
B(s+t,x) zﬂ(s,x)oz(t,F(s,x)) —|—ﬂ(t,F(s,x)), s,t € C, (Co2)

under the boundary conditions
a(0,z) =1, 8(0,z) =0, (B1)

for
a(s,x) = Zan(s)xnv 5(3755) = Zﬁn(s)xn
n>0 n>0
Again we restrict ourselves to iteration groups F' of type I. Moreover, it is
possible to consider just the normal forms F(s,z) = ¢1(s)x since the next theorem
holds true:

Theorem 15. Consider the iteration group F(s,z) = S~ '(ci(s)S(x)) for
c1 # 1 and S(x) € Ty and the normal form F(s,x) = c¢1(s)x. The system ((Col),
(Co2), (B1)) is equivalent to the system

a(s+t,y) = a(s,y)a(t, ci(s)y), s, t € C, (Col)
B(5+t7y) :B(Say)d(tacl(s)y) +B(t,61($)y), Sate(cv (602)

and
(O’y) =1, B(Ovy) =0, (Bl)

where a(s,y) = a(s, S‘l(y)) and B(s, y) = ﬁ(s, S‘l(y)).
Proof. The boundary condition (B1) is clearly equivalent to (B1). Let o be a
solution of (Col), then

a(s+ty)=a(s+t,5'(y) =a(s,S ' (y)a(t, F(s,S (y)))
a(s,y)a(t,S7 (e(s)S(S™(y) = als,y)a(t, ™ (ci(s)y))
&(s,y)d(t,cl(s)y).

Hence, & satisfies (Col). Conversely, if & satisfies (Col), then similar computations
prove that a(s,z) = a(s, S(x)) satisfies (Col).
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If 3 is a solution of (Co2), then

Bls+ty)=0B(s+t, S’l( )

B(s, ST W) a(t, Fs, 87 () + B, F (5,57 (1))
B(s,y)a(t, S er(s)S(S (W) + B(t, 5™ e (s)S(S7 (1))
As,

Bs,

s,y)a(t,S™H e (s)y)) + B(t S e (s)y))
y)a(t,c1(s)y) + (t,cl y).
@ .

Similarly we show that if § satisfies (Co2), then S8(s,z) = (s, S(z)) satisfies
(Co2). O

The solutions of the first cocycle equation (Col) under (B1) are easily obtained.
By comparison of coefficients we derive that g is a generalized exponential func-
tion and G(s,z) = % is a solution of (Col) and (B1). Conversely if ag is a
generalized exponential function and &(s,z) =1+ )" -, d,(s)z™ is a solution of
(Col) and (B1), then a(s,z) := ag(s)a(s,x) satisfies (Col) and (B1).

Let v(s,x) = >, 1 ¥n(s)z™ be the formal logarithm In(é(s,x)). Then &(s, )
is a solution of (Col) and (B1) if and only if v satisfies

(s +t,2) =(s,z) +y(t, c1(s)x) (Col")

and
~(0,z) = 0. (B1)

By [4, Corollary 3] this means that v(s,z) = E(ci(s)z) — E(z) for some E(x)

with ord(E(x)) > 1. Therefore G(s,z) = exp(y(s,x)) E(g((s))x) with F(x) =

exp(E(z)) = 1 mod z which is a multiplicative unit in C[z]. Summarizing, the
general solution of (Col) and (B1) is

E(ci(s)r)

E(x) (20)

als,x) = ap(s)
for a generalized exponential function ag(s) and a formal series E(z) with E(z) =
1 mod z. The transformation of (Col) to (Col’) allows us to find the solution by
direct computation, and it is not necessary to study differential equations derived
from (Col). The formal version of (Col’) is

F(ST, £L’) = F(S, .’ﬂ) + F(T, Sl’) (CO]-formal)
for
= S RS € IS

with I'(1,2) = 0. It follows immediately that P,(S) = E, - (8" —1), n> 1, with
an arbitrary E, € C. If we introduce by S = 1+ U a new indeterminate U, then
the transformed equation (Colgormal) may be considered in the ring C[U, z]. As in
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Theorem 8 it turns out that there exist only the polynomial solutions which have
already occurred above.

The situation of the second cocycle equations is again more complicated. Before
we describe the formal version of (Co2) we collect some properties of generalized
exponential functions.

Two generalized exponential functions ey, es: C — C* are called algebraically
independent if each polynomial P(y, z) € C[y, z] such that P(e1(s),ea(s)) =0 for
all s € C vanishes identically. Otherwise they are called algebraically dependent.

Two generalized exponential functions ey, es: C — C* are called multiplica-
tively independent if a relation e]'e}? = 1 with (ry,72) € Z?2 is only possible for
(r1,72) = (0,0). Otherwise they are called multiplicatively dependent.

Lemma 16. 1. Two generalized exponential functions are algebraically indepen-
dent if and only if they are multiplicatively independent.

2. Assume that e; and eo are algebraically independent generalized exponential
functions and consider a polynomial P(x1,xo,2s,2x4) over C. If

P(e1(s),e1(t),ea(s),e2(t)) =0 forall s,teC,

then P = 0.

3. Let e be a generalized exponential function. For each integer n € Z \ {0}
there exists exactly one generalized exponential function f so that f* =e.

4. Assume that ey and es are multiplicatively dependent generalized exponen-
tial functions. Then there exists a generalized exponential function f and
S1,82 € Z so that e; = f°1 and eq = f*2.

5. Assume that a # 0 is an additive function and e # 1 is a generalized expo-
nential function. Then a and e are algebraically independent, i. e. if there
exists a polynomial P(x1,x2) € Clzy, 2] so that P(e(s),a(s)) = 0 for all
s € C, then P=0.

6. Assume that a # 0 is an additive function and e # 1 is a generalized expo-
nential function, and let P(x1,xo, 23, x4) € Clz1, 29, 23, 24]. If

P(e(s),e(t),a(s),a(t)) =0 forall s,t€C,

then P = 0.

7. Assume that a # 0 is an additive function and e # 1 is a generalized expo-
nential function, and let P(x1,x2) € C(x1)[x2] be a rational function in x,
and a polynomial in xo. If P(e(s),a(s)) =0 for all s,t € C, then P = 0.

8. Assume that a # 0 is an additive function and e # 1 is a generalized ex-
ponential function, and let P(x1,x2,x3,24) € C(x1,x2)[x3, 4] be a rational
function in x1, 2 and a polynomial in x3,x4. If P(e(s),e(t),a(s),a(t)) =0
for all s,t € C, then P = 0.

Proof. 1. See Theorem 4 of [26].
2. Consider a polynomial P so that P(e1(s),e1(t),e2(s),e2(t)) = 0. There exist
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integers k,¢ and polynomials P;;(z1,23), 0 <i <k, 0 <j </, so that

k¢
P($17x2,$3,$4) = ZZRJ(‘rth)xéxi
=0 =0

Consider some sg € C. Then, for all t € C,

k¢
0 = Pex(s0), e1(t), ea(s0), e2(t)) = Y Y Pij(ea(s0), ea(s0))er(t) ea(t)’.
i=0 j=0
Since ey and ey are algebraically independent, we have P;;(e1(so0), e2(so)) = 0 for
0<i<k, 0<j <L These relations hold true for every so € C, whence P;; =0
for 0 <i<k,0<j</{ Consequently P=0.

3. Consider n # 0 and let f(¢) := e(¢t/n). Then f is a generalized exponential
function and it is easy to prove that e(t) = f(nt) = f(¢t)" for all t € C. If h is
a generalized exponential function satisfying h™ = e = f”, then h(nt) = h(t)" =
e(t) = f(t)" = f(nt) for all t € C. Thus h = f.

4. Assume that e; and ey are multiplicatively dependent. Then there exists
(ri,rm2) € Z \ {(0,0)} such that e]*es> = 1. Then e]' = e, ™.

If 1y = 0, then e5 ™ =1, thus e = 1. Hence let f = €1, s = 0 and s5 = 1.
If o = 0, then €' = 1, thus e; = 1. Hence let f = e, s; = 1 and s, = 0. If
rire # 0, then there exists a unique generalized exponential function f so that
fr2 = et =e;". Hence f™? =e; and f~" = es.

5. See Theorem 7 of [26].

6. The proof is similar to the proof of assertion 2.

7. The assertion follows from assertion 5.

8. The proof follows from 7. as assertion 6 follows from assertion 5. ]

Assume that «a(s, z), given by (20), satisfies (Col) and (B1). Let

o(s,x) == Bls.z)

~als,x)’

then ((s,x) is a solution of (Co2) and (B1) if and only if

0(s+t,x)=0(s,x)+ ﬁ(ﬁ(s)x) §(t,c1(s)z) (Co2")
and 6(0,z) = 0. For
A(s,x) :== 6;9(’;)),

we deduce that (s, z) is a solution of (Co2’) and §(0,x) = 0 if and only if A(s,x)
satisfies

A(s+t,x) = A(s,z) + A(t,c1(s)x) (Co2")

~

apls
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and
A(0,z) = 0. (B1”)
If we write A(s,x) as 3, 5o Ana", then A(s, z) satisfies (Co2”) if and only if
An(s+1t) = An(s) +ap(s) T AL (t)er (s)™, n > 0. (21)

Assume that A(s,z) satisfies (Co2”). Since A(s+t) = A(t + s) we obtain
An(t)(1 = ao(s) ter(s)”) = An(s) (1 — ao(t) er(t)"), n > 0.

If ap and ¢; are algebraically independent, then o # ¢} for all n € Z, whence
there exists a sequence (t,,),>0 with ¢, € C so that 1 — ap(t,) " ter(t,)™ # 0 for
n > 0. Consequently
A

1-— Oéo(tn)ilcl(tn

A, (s) T (1—ao(s) er(s)"), n > 0. (22)

For n > 0, the coefficients A,,(s) are polynomials D,,(c1(s), ap(s)™!) in ¢; and in
ozo_l, thus for all s,t € C we have
Dy (c1(s)er(t), an(s) tan(®)™") = Dy(ci(s+1),a0(s +1)7")
= Ap(s+1)
21 -
D D, (er(s), a0(s) ™)
+ao(s) "' D, (cr(2), ozo(t)fl)cl(s)”.

Since ap and ¢; are algebraically independent generalized exponential functions,
by Lemma 16 we obtain the polynomial identities

D, (ST,o7) = Dy(S,0) + oD, (T, 7)S", n >0,

in independent variables S, T', o and 7. This system of identities and A(0,z) = 0
is equivalent to the formal cocycle equation

D(ST,ot,z) = D(S,0,2) + o D(T, 1, Sx) (Co2formal, )
in (C[S,T,0,7])[z] for
D(S,0,z) =Y Dy(S,0)a",

n>0
D, (S,0) € C[S,0], n > 0, and the boundary condition
D(1,1,z) = 0. (B21)

Theorem 17. Let oy and c1 be algebraically independent generalized exponen-
tial functions. If A(s,x) is a solution of (Co2"), then its coefficient functions
are polynomials Dy, (c1(s),a0(s)™) in c1(s) and ag(s)™'. Moreover, A(s,z) =
> ns0 Dnlci(s), ao(s)™H)a™ is a solution of (Co2”) and (B1”) if and only if
D(S,0,2) =3 ,~0 Dn(S,0)x™ satisfies (Co2ormal, ) and (B21) in (C[S,o])[x]. O
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If a L and ¢; are algebraically dependent, then they are multiplicatively de-
pendent and there exist a generalized exponential function e # 1 and integers
ro,T1 € Z, so that aal =€ and ¢; = €. Without loss of generality r; > 0.

Assume that A(s, ) is a solution of (Co2”). If ag'cp = €™+ #£ 1 for all
n > 0, then there exists a sequence (t,)n>0 of complex numbers so that 1 —
ag(ty) ter(ty)® # 0 for n > 0 and A,(s) is given by (22). For n > 0, the
coefficients A,,(s) are polynomials in ¢; and in o 1 thus

Dy, (e (s)e™ (t),e™(s)e™(t)) = Dn(ci(s)er(t), co(s) tao(t)™)

= Du(ci(s+1),a0(s+1)7")
= An(s+1)

) Dy (c1(s),a0(s) ™)

+ ag(s) "' D, (er(t), ozo(t)_l)cl (s)"
= Dy(e"(s),e™(s))

+ €™ (s) Dy (7 (t), €7 (t)) ™ (s).

When we replace e(s) by the indeterminate S and e(t) by T, we obtain for n > 0
the identities

Dn((ST)Tlv (ST)TO) = Dn(Sn?STO) + STOJrnTan(TTlaTTO)'

Since it is possible that rq is a negative integer D,,(S) := D,,(S"*, S™) is a rational
function in S which satisfies

Dy (ST) = D,,(S) + 8™+ D,,(T).

This system of identities and A(0,2) = 0 is equivalent to the formal cocycle
equation

l)(ST‘7 J}) = D(S, .’II) + STOD(Ty Srlx) (COQformalg)
in (C(S,T))[z] for

D(S,z) = Z D, (S)x",
n>0

D, (S) € C(S), n > 0, and the boundary condition
D(1,z)=0. (B22)

Theorem 18. Assume that ozgl =€ and ¢y = €™ for a generalized exponential
function e # 1, ro,m1 € Z, and €T # 1 for alln > 0. If A(s,x) is a solution
of (Co2"), then its coefficient functions are rational functions Dy (e(s)) in e(s).
Moreover, A(s,x) = 2,5 Dn (e(s))a™ is a solution of (Co2”) and (B1”) if and
only if D(S, x):anoDn(S)x" satisfies (Co2formal,) and (B22) in (C(9))[z]. O
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Assume that A(s,x) is a solution of (Co2”). If ap = ¢} for a nonnegative
integer ng, then the coefficient functions A,, are described by (22) for n # nyg.
For n = ng we obtain from (21) that A, is additive. Therefore, in this situation
the coefficient functions A,, n > 0, are polynomials in ¢, o !and in an additive
function A. Similarly as above there exist a nontrivial generalized exponential
function e and integers rg, 7, € Z such that aal = ¢e" and ¢; = e™. Without loss
of generality we assume that r1 > 0. Then A, (s), n > 0, is a polynomial in e™(s),
€™ (s) and A(s). Hence A, (s) = Dy(e(s), A(s)) which is a rational function in
e(s) and a polynomial in A(s). If A # 0 it is possible to replace e(s), e(t), A(s)
and A(t) by the independent variables S, T', U and V, respectively, and we obtain

Dy (ST, U + V) = D, (S,U) + ST D, (T,V), n>0,

which is a system of identities in C(S,T)[U, V]. This system and A(0,z) = 0 is
equivalent to

D(ST,U +V,z) = D(S,U,z) + S D(T,V, S z) (CO2formal; )
in (C(S,T)[U,V])[z] for
D(S,U,z) =Y _ Dn(S,U)a",

n>0
D, (S,U) € C(S)[U], n > 0, and the boundary condition
D(1,0,z) = 0. (B2)

If A =0, then A,(s) = D,(e(s)) which is a rational function in e(s). Now it
is possible to replace e(s) and e(t) by the independent variables S and T and we

obtain again the formal cocycle equation (Co2formal,) and the boundary condition
(B22).

Theorem 19. Assume that ozgl =€ and ¢y = €™ for a generalized exponential
function e # 1, ro,71 € Z, and €™+ = 1 for some ng > 0. If A(s,x) is a
solution of (Co2"), then there exists an additive function A so that the coefficient
functions Dy, (e(s), A(s)) of A(s,z) are rational functions in e(s) and polynomials
in A(s).

If A0, then A(s,x) =3 ,~0 Dn(e(s), A(s))a™ is a solution of (Co2”) and
(B1”) if and only if D(S,U,x) = >, <0 Dn(S,U)x™ satisfies (Co2formals) and
(B2,) in (C(S)[U])[]. )

If A =0, let Dy(e(s)) :== Dy(e(s),0). Then A(s,z) = Y, <0 Dn(e(s))a™ is
a solution of (Co2") and (B1") if and only if D(S,x) = 3, < Dn(S)x™ satisfies
(Co2¢ormal,) and (B22) in (C(S))[]. - O

The three formal equations (Co2¢ormal, )5 (CO2formal,) and (Co2ormal, ) together
with (B2;), (B23) and (B23) motivate the study of the following system

D(ST,om,U 4+ V,z) = D(S,0,U,z) + c*S*D(T,7,V,S"x) (CO20rmal)
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for A\, u,v € Z, v > 0, where

D(S,0,U,z) = > Dy(S,0,U)a" € (C(S)[o, U])[z],

and the boundary condition

3.1. A system of formal differential equations related to (Co2¢ormal)

Differentiation of (Co2forma1) with respect to 7' and substituting 7' = 1, 7 = 1,
V =0 yields
0
S% D(S,0,U,x) = U/\S“K(S”a:), (Co2D1tormal)
where K (x) = % D(T,1,0,x)|7r=1. Similarly, differentiation with respect to 7 or
V', respectively, and substituting 7'=1, 7 =1, V = 0 yields

J% D(S, ag, [J7 .’L') = O')\SML(SV(E) (CO2D2formal)
and
% D(S, a, U, x) = UASNM(SV.’E), (CO2D3formal)

where L(z) = & D(1,7,0,2)|;=1 and M(z) = 2> D(1,1,V, )|y —o.
From (Co2D3ormal) and (B2) we immediately obtain
D(S,0,U,x) = c*S*M(S"x)U + D(S, o,x)
with D(S,0,z) € (C(S)[o])[z] and D(1,1,z) = 0. Inserting this representation of
D(S,0,U,x) into (Co2D2¢orma1) We get
0 - A—1 v v
2 D(S,0,2) = o LsH (L(s ) — AM(S x)U).
do
Now we consider three different cases.
Case 1. Assume that A > 0. Since the left hand side does not depend on U,
necessarily M (S¥z) = 0 and
% D(S,0,z) = c* 1SPL(Sx).
Therefore

~ 1 N
D(S,0,U,x) = D(S,0,z) = XO'/\S”L(SV:U) + D(S, x)

with D(S,z) € (C(S))[z] and D(1,z) = —L(z)/\.
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Case 2. If A\ < 0, then necessarily M(S”z) = 0 and, moreover, L(S"z) = 0
since the coefficients of D(S, o, x) are supposed to be polynomials in o. Thus

9 -
8—0_D(S,O',$)—O

and B .
D(S,0,U,x) = D(S,0,2) = D(S,x)
with D(S,z) € (C(S))[z] and D(1,z) = 0.
Case 3. If X = 0, then L(S”z) = 0 since the coefficients of D(S,0,x) are
supposed to be polynomials in o. Thus

0 =~
— D =
0 (S,0,2) =0,

whence D(S,0,z) = D(S,z), with D(S,z) € (C(S))[z], and
D(S,0,U,x) = S*M(S”2)U + D(S, z)
with D(1,2) = 0. Finally we have to insert these three different representations

of D into (Co2D1¢ormal)-
In Case 1 we obtain the differential equation

9 - _ Agp—1 _H v Z v roQu v
S5 D(S,x) =S ( CL(S"a) = 1S aL(S"a) + K(S x)). (23)

Since the left hand side is independent of o, we have
1
K(S"z) = 3 (uL(S”x) + VSV.’EL/(SV{E)).
Hence we deduce the relation
_ pAnv
DY
between the coefficients of K(z) = > o Kya™ and L(z) = >, 5o Lpa™. If p+

nv # 0 for all n > 0, then L(x) is uniquely determined by K (x),

Liz) =Y AR,

nv
n>0 © +

Ky, L,, n >0,

If 4+ nov = 0 for some ng > 0, then

MK
L(z) = " 4 Lga™.
0= 3 s
i
As explained above, (23) is of the form 2 D(S,z) = 0, thus D(S,z) = D(z) €
Clz] and D(z) = D(1,z) = — +L(z). Consequently, if 1+ nv # 0 for all n > 0,
then

1 v 1 K’ﬂ nv n
D(S,0,U,z) = XU’\S“L(S 7) = L) = > o (cMSHF — 1)z,
n>0
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If 4+ nov =0, then

1 1
D(S,0,U,x) = XO')\S“L(SVJZ) - XL(JZ)

In Case 2 we derive from (Co2D1¢orma1) that
% D(S,z) = c*SHLK (S ).

Since the left hand side does not depend on o we have K(S”z) = 0, whence
% D(S,z) =0 and D(S,z) = D(z) € C[z]. Together with D(1,z) = 0 it follows
that

D(S,0,U,x) =0.

In Case 3 we derive from (Co2D1¢yma1) that

% D(S,z) = S" 'K (SVx) — S"*lU(,uM(S”a:) + VS”QSM’(S”Q:)).
This leads to the two equations
o .
— — Qqu—1 v
39 D(S,z) = SFTK(S"x), (24)
0=puM(S"z) +vS"zM'(S"z). (25)

According to (24) the coefficient functions D,,(S) of D(S, ) satisfy the differential
equation

D! (S) = K, st (26)
From the boundary condition D(1,z) = 0 we deduce that
K
D, (9) = —=— (St —1
(5) = 2 )

if u+nv#0. If p+ nov =0, then K,,, = 0 since otherwise ﬁno (S) as a solution
of (26) is not a rational function in S.

If M(z) =3, >, Mpa™ satisfies (25), then M,, = 0 if p + nv # 0, and My, is
not determined by (25) if u + nov = 0.

Summarizing, we have shown that D(S, o, U, z) is of the form

K,
g — T (SrT )™, if p+nv+#0foralln >0,
nso M T
< Kn +nv n n :
g u—f—nV(SH —1a™ + My, Uz™, if p+nerv =0.

n#ng
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Theorem 20. The unique solution D(S, o,U, x) of the three differential equations
(Co2D1tormal), (Co2D2¢ormal), (Co2D3tormal), and the boundary condition (B2) is
of the form

Ky
Z+—(a’\5“+””—1)x" A>0, p+nv#0Vn >0,
w—+nv
n>0
Kn A +nv n Lnu A n
Z—(O’ SHETY — g™ 4+ (e =Dz X>0, p+ner=0,ne >0,
Rl + nv A
Ky
Z n (SHT™ — 1)a™ A=0, p+nv#0Vn>0,
w—+nv
n>0
K" p+nv n no
Z m(S -1z + M, Uz A=0, p+nor =0, ng >0,
n#ng
0 A <0.

Additionally, D(S,0,U,x) is a solution of (Co2¢ormal)-

Proof. From the representation of the solution D(S,0,U,z) of (Co2Dltomal)s
(Co2D2¢ormal), (Co2D3tormal), and (B2) it is straightforward to prove that
D(S,0,U, x) satisfies (Co2tormal)- O

Remark 21. The solutions of (Co2tormal, ), (Co2¢ormal,) and (Co2¢ormal,) can be
obtained as special cases of the solutions in Theorem 20. First we specialize
(Co2forma1) by choosing appropriate values for A, p and v, then we solve this
equation and finally in the solution we replace certain indeterminates by 1 or 0.
In order to get solutions of (Co2¢ormal, ) We have toset A\=1, =0, and v =1 in
(Co2formal), then for U =V =0 we get

D(S,0,z) = z K,(oS™ —1)a™.

n>0

For (Co2¢ormal,) We have to set A =0, u = rg, and v = 11 in (Co2¢ormal ), then for
U=V =0and o =7=1 we get

K
D(S,z) = — " (SrotnTL _ )",
so= X )
ro-+mnry#0

Eventually, for (Co2¢ormal;) we have toset A = 0, u = ro, and v = 71 in (Co2¢ormal),
then for o = 7 = 1 we get that D(S,U, x) is equal to

K,
Z — " (SrotnTL _ )" if ro+nry #0Vn >0,
s To + Ny
Z e (STt D™ + M, Uz™, if 7o +ngry = 0.
ntno To nri

These solutions can easily be transformed to get the solutions of the cocycle equa-
tion (Co2) described in [4].
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3.2. Another system of formal differential equations related to (Co2frmal)

Differentiation of (Co2forma1) With respect to S, o or U, respectively, and substi-
tuting S =1, 0 = 1, U = 0 yields the equations

7.0 DT, 7,Viir) = K(2) + uD(T, 7. V,0) v oo D(T,7.V,),
(COQPleormal)
7'82 D(T,7,V,z) = L(z) + AD(T,7,V, z), (Co2PD2¢ormal)
T
% D(T,7,V,z) = M(x). (Co2PD3tormal)

It is possible to prove the following result:

Theorem 22. The unique solution D(T,T,V,z) of the three differential equa-
tions (Co2PD1tormal), (Co2PD2sormar), (Co2PD3tormal), and the boundary condi-
tion (B2) is of the form

Kn L+Nnv n
Z—(T’\TH' -1z A>0, p+nv#0Vn>0,
n>0 /L-’-nl/

Kn Aptny n Lno A no
Z+—(TT —1)z"™ + )\(T -1z A>0, p+nor =0, no >0,
L NK nv
Z—n(T“"'n”—l)x" A=0, u+nv#0Vn>0,
50 n—+ nv

Kn nv n n
Z+—(T“+ — 1)az"™ + M, ,Vz"™° A=0, pu+nov =0, no >0,
n#ng K nv
0 A <O0.
Additionally, D(T,7,V,x) is a solution of (Co2¢ormal)- O

3.3. A system of formal Aczél-Jabotinsky equations related to (Co2frmal)

Combining the three equations (Co2Dltormar), (Co2D2¢ormar), (Co2D3tormar) to-
gether with (Co2PD1tormal), (Co2PD2¢rmal); (Co2PD3gormal) we obtain

oSPK (S x) = K(x) + uD(S,0,U, x) + V:EE D(S,0,U, x),

d
o (Co2ATtormat)
o NSHL(S ) = L(x) + AD(S,0,U, ), (Co2AJ2¢0rmar)
O'AS/LM(SV.’L‘) = M(J?) (CO2AJ3formal)

We call this the system of Aczél-Jabotinsky equations related to (Co2formal)-
Here only the first equation is a differential equation with respect to x. Let us also
note that this Aczél-Jabotinsky system has a somewhat simpler structure than
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the Aczél-Jabotinsky equation related to an iteration group since no substitution
into D appears.

Theorem 23. If A # 0 or p+nv # 0 for all n > 0, then the system of the
Aczél-Jabotinsky equations (Co2AJltormal), (Co2AJ2¢0rma1), (Co2AT3t0rmal) has a
unique solution D(S,0,U,x) € (C(S)[o, U])[z] given by

Kn nv n
> (S 1) A>0, p+nv#£0VYn>0,
n>0“+m/
- K”l nv n Ln n
Z m(ﬂ'ksy‘-‘— 71)% + )\O(U)\fl)x 0 )\>O7 /l“rn()l/:O, TLUEO,
n#ng

Kn nv n
z:—(S”Jr -1z A=0, p+nv#0VYn>0,
n20”+m/
0 A <O0.

Additionally, D(S,0,U,x) is a solution of (Co2tormal)-
If X =0 and p + nov = 0 for some ng > 0, then the three Aczél-Jabotinsky
equations together with

D, (ST,om,U+V) =Dy, (S,0,U) + Dy, (T, 7, V) (27)
have a unique solution
K,
D = — T (SHt )" + M, no,
(S,0,U,x) ; ,U-I-TW(S )z + M, Uz
n+Fno

Additionally, D(S,0,U,x) is a solution of (Co2tormal)-

Proof. From (Co2AJ3¢orma1) we deduce that

0, if A #£0,
M(z)=40, if A\=0and p+nv #0 for all n > 0,
My x™, if A=0and p+nov =0.

If A = 0 the second equation (Co2AJ2f5ma1) implies
1
D(S,0,U,z) = 3 (c*S*L(S¥x) — L(z)) . (28)

If A <0, then L(x) =0, whence D(S,0,U,x) = 0.
If A =0, then S¥L(S”x) = L(x), whence

0, if u+nv+#0foraln>0,
L@=17 3
o0, if p4+nor =0.

From (28) and (Co2AJ1tormal) we deduce that

”—; (ASHTV L/ (S¥x) — L () = o*SPK(S"a) — K (x) — % (A L(S ) — L(x)) .
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This means
u —|— nz/

AS;Hrm/ _ 1):Un _ Z Kn(JASMer/ _ 1).’[”.

n>0 n>0

If w+nv #0 for all n > 0, then L, = A\K,,/(1 + nv), n > 0, and

D(S,0,U,z) =Y L(aASWW —1)z".

"0 n—+ nv

If 4o+ nov = 0 for some ng > 0, then L, = AK,,/(u + nv

, . # ng, and

Ky
D(Sa g, Ua $) = Z m(UASH+nV - l)x +
n#ng

If A =0 then (Co2AJ1¢ormal) reduces to

(0t~ 1)a”

0
SFK(SYx) — K(x) = uD(S,0,U, ) + VT o D(S,0,U, x),
which yields
Z K, (SHt™ — 1)g" = Z(u +nv)D,(S,0,U)x".
n>0 n>0
If p+nv # 0 for all n > 0, then

Ky

D, (S,0,U) =
n+ nv

(s —1),  n=>0,

and K
D = — 0 (§HFY g,
(S10.0,0) = 3 (8747~ 1)a

If 4 nov = 0 for some ng > 0, then

K
D(S,0,U,x) = > HJF—T;W(S“JF"V = 1D)a" + Dyy (S, 0,U)z™. (29)
n#ng

Now we determine D, (S,0,U) € C(S)[o,U] so that (27) is satisfied. Writing
D, (S,0,U) = Z;lzo Dy,.i(S,0)U7 as a polynomial in U, we derive that

M-

Il
o

d d
Dy j(ST,o7)(U + V) =Y Dy, j(S,0)U7 + Y Dy (T, 1)V
J 7=0 7=0
From V = 0 or U = 0 we immediately obtain D, ;(ST,o07) = Dy, ;(S,0) =
Dy, (T, 7) for j > 1. Therefore Dy, ;(S,0) = Dngy j(T,7) = Dy, ; € C(S)[ N
C(T)[r]=C for j > 1. For U =V and j > 1 we deduce D,,, j2'U? = D,,, ;2U7,
thus Dy, ; =0 for j > 2. So far we have shown that

Dno(sa g, U) = Dno,O(Sv U) + Dno,lU
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for some D, 1 € C. Now we prove that D, ¢(S,0) = 0. According to (27) we
have
Dn0’0<ST7 O'T) = Dno)o(S, 0’) —|— Dn0,0<Ta T).

Differentiation with respect to o yields

0 0
T& Dng,O(ST7 Z)|z:o'r - %

where the left hand side is either 0 or a polynomial in 7. Hence % Dy o(S,0)=0
and Dy, 0(S,0) = Dy, 0(S) € C(5). By (27) we have Dy, o(ST) = Dy, 0(S) +
D.,y.0(T). Differentiation with respect to S or T yields TlA);LO,O(ST) = IAXLO,O(S) or
SD! o(ST) = D! o(T). Therefore TD! (T)=SD. (S)=ceC(S)NC(T) =

no,0 no,0 n0,0 no,0

Dng,O(Sv U)a

C. Thus D;L07O(S) = ¢/S and consequently ¢ = 0 since otherwise D, o(S) were

not a rational function in S. Hence 15;070(5) = 0, which means that D, o(S)
is constant and due to (27) it is equal to 0. Summarizing we have deduced that
D, (S,0,U) = Dy, 1U, for some D, , € C. O

We see that the system (Co2AJ1lgormar), (Co2AJ2¢0rma1), (Co2AJ350rmal) can
have more solutions than (Co2forma1) from which we derived it. This situation
occurs if g+ nor = 0 for some ng > 0, confer (29), where for each D, (S,0,U)
we get a solution D(S, o, U, x) of the system of Aczél-Jabotinsky equations but in
general not of (Co2¢rmal)-

3.4. Further generalization of (Co2¢omal)

Now we introduce four independent indeterminates A, B, a and (3 by setting
S=14AT=14+B,0=1+aand 7 =14 (. Then we get from (Co2formal)
the equation

D1+ A+ B+AB,1+a+ 8+ aB,U+V,x)
=D(1+ A1+ a,Uz)+(1+a)*(1+A)FD(1+B,1+3,V,(1+ A)z).
Let E(r,s,t,z) = D(1+ 7,1+ s,t,x), then we study the formal equation
E(A+ B+ AB,a+ 6+ aB,U +V, )
=EB(A o, Ux)+1+a) 1+ A)PE(B,B,V,(1+A)"z). (Co2f, )
The boundary condition (B2) is replaced by
E(0,0,0,2) = 0. (B2*)

Now it is possible to consider E(A, o, U, ) as an element of (C((A))[a, U])[z]. Le.
the coefficient functions E, (A, o, U) of E(A,o,U,x) = >, <o En(A,a,U)x™ are
formal Laurent series in A and formal power series in o and U. However, since
we suppose that 0 can be inserted for the variable A, the coefficient functions
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E,(A,a,U) belong to the ring C[A, o, U]. In this setting it is even possible to
consider arbitrary complex numbers A\, 4 and v # 0, since the formal binomial

series yields
A
A n
(14+A4)" = E (n)A e C[A],

n>0

(-1

=0

where

Differentiation of (Co2f ,,..;) with respect to B and substituting B = 0, § = 0,
V =0 yields

1+ A)(% E(Aa,Uz)=(1+a)*(1+ A K((1+A)¥z), (Co2D1j 1)

where K(x) = % E(A,0,0,2)|a=0. Similarly, differentiation with respect to § or
V', respectively, and substituting B =0, 8 =0, V = 0 yields

0
(14 a)5-B(4,0,U2) = (1+a) 1+ A L(1+ 4)"z)  (Co2D0)
and
L E(A,0,U.0) = (140 (1 APM((LF AF2),  (CoDBi)

where L(z) = 2 F(0,,0,2)|a=0 and M (z) = 2 E(0,0,U,z)|y—o.
From (Co2D3g,,, ;) and (B2*) we immediately obtain

E(A,a,U,z) = (1+a) 1+ A)*M((1+ A)"z)U + E(A, a, )

with E(A, a,z) € (C[A, o])[z] and E(0,0,z) = 0. Inserting this representation of
E(A, o, U, z) into (Co2D2} .,) we get

9 -
S B(Aax) = (14 ) (14 4)" (L((l + A)z) — AM((1+ A)x) U).
Now we consider two different cases.

Case 1. If X\ # 0, then necessarily M ((1+ A)”z) = 0 and

% E(Aa,z) = (1+a)* (1 + A)"L((1+ A)"z).

Therefore

E(A,0,U,x) = E(A, o, z) = (14+APL((1+ A)z) + E(A, ),

(1+a)*
A
where E(A,z) € (C[A])[z] and E(0,z) = —L(z)/A.
Case 2. If A =0, then we have
0

o E(Aa,z) = (14+a) ' (1+ A)"L((1 + A) z)
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and therefore
E(A,a,z) =log(1+a)(1+ A)"L((1 + A)"z) + E(4, ),
where E(A, z) € (C[A])[z] and E(0,z) = 0. Thus E(A,a,U,z) is equal to
(1+A)M((1+ A)Y2)U +log(1 + @) (1 + A)L((1+ A)z) + E(A, z).

Finally we have to insert these two different representations of E into the formal
equation (Co2D1}

formal)‘
In Case 1 we obtain the differential equation

J - 1 v
54 PA2) = (1 a1+ 4y (— %L((HA) z)

_r
A

Since the left hand side is independent of «, we have

(1+ Ay 2L (1+ A)’z) + K((1+ A)”m)). (30)

K((1+A)"z) = % (ML((l + A)’z) +v(l+ Azl ((1+ A)”a:)).

Hence we deduce the relation
_ ptnv
D

between the coefficients of K(z) =3, oo Kya™ and L(z) = >, oo Lpa™. If p+
nv # 0 for all n > 0, then L(x) is uniquely determined by K(z),

L(z) =Y Ao on

nso Mt

K, Ly, n >0,

If i+ nov = 0 for some ng > 0, then

)\Kn n n
L(z) = Z ,u—&—nux + Ly z™.

n>0
n#ng

As explained above, (30) is of the form -2 E(A,z) =0, thus E(A,z) = E(z) €

Clz] and E(z) = E(1,z) = — Y L(z). Consequently, if p + nv # 0 for all n > 0,
then

1 A 1
E(A,a,U,z) — %(1 +APL(1+ A)'2) - L)
=3 B (e Ay 1)en,
n+nv
n>0
If 4+ nov = 0, then
1+ a)*

B(A,0,U,z) = (1+ APL((1+ A z) %L(m)

A
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K
=2 o (e Ay e
n#ng

L
:\LO ((1 + oz))‘ — 1),73"”.

In Case 2 we derive from (Co2D1}

formal

) that

8% B(A,z) = (1+ AP (K((l + A)z) — pM (1 + A)’z)U
—v(1+ A zM' ((1+ A)z)U
— plog(l+ a)L((1+ A)"z)
—v(1+ A)’zlog(l+a)L'((1+ A)” ))
This leads to the three equations
0

o1 BlA2) = 1+ AP K (1 + A4)a), (31)
0=puM((1+A)"z) +v(l+ A)zM ((1+ A) =), (32)
0=pL((1+A)"z) +v(1+ A 2L ((1+ A)’z). (33)

According to (31) the coefficient functions E,(A) of E(A, x) satisfy the differential
equation

E'(A) = K,(1+ A=t p>0. (34)
From the boundary condition £(0,z) = 0 we deduce that
K,

En(A) = (1+ Artm —1)

W+ nv
if wu+nv#0. If w+ ner =0, then from (31) and the boundary condition we
obtain

E,.(A) = K, log(1 + A).

If M(x) =3, <0 Mya™ satisfies (32), then M,, = 0 for all n satisfying u+nv # 0
and M, is not determined by (32) for u + nov = 0.

If L(z) = Y,,~0 Lna™ satisfies (33), then L,, = 0 for all n satisfying p+nv # 0
and L,, is not determined by (33) for u + nov = 0.

Summarizing, for A = 0 we have shown that E(A, o, U, ) is equal to

K, .
Z (1+ APt —1)z", if 4+ nv #0 for all n > 0,

KTL nv n
> M+W((1+A)“+ 1)z
n#ng

+ M, Uz™ + L, log(1l + a)x™
+ K, log(1 + A)z™, if u -+ nov = 0.
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Theorem 24. The unique solution E(A,«,U,x) of the three differential equa-
tions (Co2D1{ . .1), (Co2D2f ), (Co2D3}  ...1), and the boundary condition

formal formal

(B2*) is of the form

Ky
S (A +a)MA+ AP — )2 XA, ptnv #0Yn >0,
nso BT
C Kn A +nv n
> (A4 )+ A — 1)
n+ nv
n#ng I
+ ;0((14—0[))‘—1):["0 A#0, p+mnov =0, ng >0,
Ky
Z—((l—i—A)’”’””—l)m" A=0, u+nv#0Vn>0,
n+ nv
n>0
K
> (A A~ 1)
n+nv
n#no
+ My, Uz™ + L, log(1 + a)z™
+ Ky, log(1 + A)z™o A=0, p+nov=0,ny>0.
Additionally, E(A, o, U, ) is a solution of (Co2f . .1)- O
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