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Abstract. We investigate the translation equation

F (s + t, x) = F (s, F (t, x)), s, t ∈ C, (T)

in C[[x]], the ring of formal power series over C. Here we restrict ourselves to iteration groups
of type II, i.e. to solutions of (T) of the form F (s, x) ≡ x + ck(s)xk mod xk+1, where k ≥ 2
and ck �= 0 is necessarily an additive function. It is easy to prove that the coefficient functions
cn(s) of

F (s, x) = x +
∑

n≥k

cn(s)xn

are polynomials in ck(s). It is possible to replace this additive function ck by an indetermi-
nate. In this way we obtain a formal version of the translation equation in the ring (C[y])[[x]].
We solve this equation in a completely algebraic way, by deriving formal differential equa-
tions or an Aczél–Jabotinsky type equation. This way it is possible to get the structure of
the coefficients in great detail which are now polynomials. We prove the universal charac-
ter (depending on certain parameters, the coefficients of the infinitesimal generator H of
an iteration group of type II) of these polynomials. Rewriting the solutions G(y, x) of the
formal translation equation in the form

∑
n≥0 φn(x)yn as elements of (C[[x]])[[y]], we obtain

explicit formulas for φn in terms of the derivatives H(j)(x) of the generator H and also
a representation of G(y, x) as a Lie–Gröbner series. Eventually, we deduce the canonical
form (with respect to conjugation) of the infinitesimal generator H as xk + hx2k−1 and find
expansions of the solutions G(y, x) =

∑
r≥0 Gr(y, x)hr of the above mentioned differential

equations in powers of the parameter h.
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1. Introduction

In [1] we introduce the method of “formal functional equations” to solve the
translation equation (and the associated system of cocycle equations) in rings
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of formal power series over C in the case of iteration groups of type I. Let C[[x]]
be the ring of formal power series F (x) =

∑
ν≥0 cνx

ν over C in the indeter-
minate x, and denote by (Γ, ◦) the group of formal series which are invertible
with respect to substitution ◦. We consider the translation equation

F (s+ t, x) = F (s, F (t, x)) , s, t ∈ C, (T)

for Ft(x) = F (t, x) =
∑
ν≥1 cν(t)xν ∈ Γ, t ∈ C. (Cf. the introduction of [1]

for the motivation to study (T) and basic results on its solutions (Ft)t∈C .) A
family (Ft)t∈C which satisfies (T) is called iteration group, and neglecting the
trivial iteration group, there are two types of such groups, namely iteration
groups of type I where the coefficient c1 is a generalized exponential function
different from 1, and iteration groups of type II, where c1 = 1.

In the present paper we will only treat iteration groups of type II, and then
it is known (see Sect. 2) that for each iteration group of this type there exists
an integer k ≥ 2 such that

Ft(x) = x+ ck(t)xk + · · · , t ∈ C,

where ck : C → C is an additive function different from 0.
Similarly as in [1], it is our main purpose to get detailed information on the

coefficient functions cν of a solution of (T) as polynomials in ck, but also to
study the dependence of iteration groups of type II on parameters h which are
related to the infinitesimal generator H of an iteration group of type II when
the generator is in the uniquely determined normal form H(x) = xk +hx2k−1.
Furthermore we obtain several other representations of iteration groups of
type II, i.e. Lie–Gröbner series expansions and representations involving the
iterates H(j)(x), j ≥ 0, of the infinitesimal generator.

Using the formulation of (T) in the case of iteration groups of type II
as an infinite system of functional equations (2) (in fact of inhomogeneous
Cauchy equations) and using some basic properties of additive functions we
see in Sect. 2 that (T) may be replaced by a “formal translation equation” of
type II, namely

G(y + z, x) = G (y,G(z, x)) (Tformal)

G(0, x) = x (B)

where G(y, x) ∈ (C[y])[[x]] is a formal series in x whose coefficients are poly-
nomials in y, and where (Tformal) is an identity in (C[y, z])[[x]]. We obtain the
form of iteration groups of type II by replacing y by an arbitrary additive
function ck �= 0. It should be mentioned that the underlying infinite system
of functional equations (2) is much more complicate and interesting than the
corresponding system for iteration groups of type I. (See [7].)

(Tformal) can be solved by using various differentiation processes which are,
however, purely algebraic operations. Hence we may again speak of a “method
of formal functional equations” to solve (T) in the case of iteration groups
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of type II. This approach yields three types of differential equations, namely
(Dformal), (PDformal) and (AJformal).

In Sect. 3 (PDformal) is solved in such a way that it yields rather detailed
information on the coefficient functions of an iteration group of type II (Theo-
rem 4). In particular, it gives universal representations of the coefficient func-
tions as polynomials in ck (replacing y) where the coefficients of the generator
H(x) = xk +hk+1x

k+1 + · · · of the iteration groups serve as parameters (The-
orem 4). (PDformal) has the advantage that it is a linear (partial) differential
relation where no substitution of the unknown G(y, x) is needed.

In Sect. 4 we use the formal differential equation (Dformal) to construct
all iteration groups of type II. The result (Theorem 9) is essentially the same
as Theorem 4. In Sect. 5 a formal analogue to the (third) Aczél–Jabotin-
sky differential equation, (AJformal), in connection with the appropriate initial
condition G(y, x) ≡ x + yxk mod xk+1, is applied to obtain the structure of
iteration groups of type II, again (Theorem 13). Here the calculations are more
delicate. But since Aczél–Jabotinsky type equations play a critical role in sev-
eral problems of iteration theory, e.g. the description of all maximal families
of commuting (invertible) formal series (see [8,10]), it would be helpful and
interesting to apply the formal Aczél–Jabotinsky equation also to obtain solu-
tions of such problems which would mean to study them under a weaker initial
condition.

Since G(y, x), a solution of (Tformal), belongs to (C[y])[[x]], it is also an ele-
ment of C[[y, x]], the ring of formal power series in two indeterminates over C,
and hence it may be seen as an element G(y, x) =

∑
n≥0 φn(x)yn of (C[[x]])[[y]].

This approach is worked out in Sect. 6. It follows from (PDformal) that the fam-
ily (φn(x))n≥0, a summable family of formal power series, is the solution of
the rather simple recursion (14n), (15). We obtain explicit formulas for φn in
terms of the derivatives H(j)(x) of the generator H (Theorem 22) and also a
representation of G(y, x) as a Lie–Gröbner series (Theorem 24).

In Sect. 7 we deduce in Theorem 28 as basis for Sects. 8 and 9, the exis-
tence and uniqueness of the binomial normal forms xk +hx2k−1 for generators
of iteration groups of type II (see also e.g. [7]), with respect to simultaneous
conjugation of iteration groups.

In Sects. 8 and 9 we follow the classical ideas of the theory of differential
equations in the complex domain to find expansions of the solutions G(y, x) =∑
r≥0Gr(y, x)hr of (PDformal) and (Dformal) in powers of the parameter h,

provided the generator is already in normal form H(x) = xk + hx2k−1. We
present such expansions for (PDformal) in Theorem 30 in Sect. 8.

In Sect. 9 we use (Dformal) to give another solution of the above mentioned
problem (Theorem 33). Interestingly, we obtain for Gr(y, x) the structure

x[r](1 − (k − 1)yxk−1)−[r]/(k−1)Pr(ln(1 − (k − 1)yxk−1)), r ≥ 0,
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where [r] := r(k−1)+1 and Pr is a polynomial of degree r, so that only powers
xα, the binomial (algebraic) series (1− (k−1)yxk−1)−1/(k−1) and polynomials
in ln(1 − (k− 1)yxk−1) are involved. G0(y, x) = x(1 − (k− 1)yxk−1)−1/(k−1) is
the only remaining term of G(y, x) if h = 0. These functions play an important
role in the theory of reversible formal power series (see [6, Sect. 0.3]).

At the end of this introduction we mention work of D. Gronau on the solu-
tion of the formal translation equation [4,5] and a different approach to solve
the translation equation in C[[x]] by Jab�loński and Reich [7].

2. The formal translation equation in C[[x]]

We study the translation equation

F (s+ t, x) = F (s, F (t, x)) , s, t ∈ C, (T)

where

F (s, x) = x+
∑

n≥k
cn(s)xn ∈ C[[x]], k ≥ 2, s ∈ C, (1)

with coefficient functions cn : C → C, n ≥ k, and ck �= 0. Due to the form (1)
we have

F (s, F (t, x)) = x+
∑

n≥k
cn(t)xn +

∑

ν≥k
cν(s)

⎡

⎣x+
∑

n≥k
cn(t)xn

⎤

⎦
ν

, s, t ∈ C.

The family F = (F (s, x))s∈C satisfies (T) if and only if the coefficient
functions cn satisfy a system of functional equations of the form

cn(s+ t) = cn(t) + cn(s), k ≤ n ≤ 2k − 2,
c2k−1(s+ t) = c2k−1(t) + c2k−1(s) + kck(s)ck(t)
c2k(s+ t) = c2k(t) + c2k(s) + kck(s)ck+1(t) + (k + 1)ck+1(s)ck(t) (2)
cn(s+ t) = cn(t) + cn(s) + kck(s)cn−(k−1)(t)

+ (n− (k − 1)) cn−(k−1)(s)ck(t)

+ P̃n (ck(s), . . . , cn−k(s), ck(t), . . . , cn−k(t)) , n > 2k,

for all s, t ∈ C, where P̃n are universal polynomials which are linear in cj(s)
for k ≤ j ≤ n−k. The particular form of these equations is obvious for n ≤ 2k.
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In order to prove the form of the remaining equations in (2), for ν ≥ k we
compute the first terms of

cν(s)

⎡

⎣x+
∑

n≥k
cn(t)xn

⎤

⎦
ν

= cν(s)

⎛

⎜⎝
ν∑

j=0

(
ν

j

)
xj

⎡

⎣
∑

n≥k
cn(t)xn

⎤

⎦
ν−j⎞

⎟⎠

= cν(s)

⎛

⎜⎝xν + ν
∑

n≥k
cn(t)xn+ν−1 +

ν−2∑

j=0

(
ν

j

)
xj

⎡

⎣
∑

n≥k
cn(t)xn

⎤

⎦
ν−j⎞

⎟⎠

≡ cν(s)
(
xν + νck(t)xν−1+k

)
mod xν+k,

since for 0 ≤ j ≤ ν−2 we estimate that ord(xj [
∑
n≥k cn(t)xn]ν−j) = k(ν−j)+

j ≥ kν+(ν−2)(1−k) = ν+2(−1+k) > ν−1+k. Assume that ν > n−k+1,
then the order of cν(s)[F (t, x)]ν − cν(s)xν is greater than n. Therefore, these
cν(s) do not occur in cn(s + t) with exception of cn(s). Moreover, cn−k+1(s)
occurs only in the summand cn−k+1(s)(n− k + 1)ck(t).

For ν ≥ k and j > n − k + 1 we analyze in which terms of [F (t, x)]ν the
coefficient function cj(t) occurs: Since j > k ≥ 2, the order of these terms is
at least j+ν−1 which is greater than n−k+ 1 +k−1 = n. Thus these terms
do not occur in cn(s + t). Obviously the terms cn(t) and kck(s)cn−k+1(t) are
summands in cn(s+ t).

According to (2), ck is an additive function. Each solution (F (s, x))s∈C of
(T) of the form F (s, x) ≡ x + ck(s)xk mod xk+1 is called an iteration group
of type II. In the present manuscript we restrict ourselves to iteration groups
of type II.

Let F be an iteration group of type II. From F (0 + 0, x) = F (0, F (0, x))
we obtain F (0, x) = x, i. e. cn(0) = 0 for n ≥ k.

Lemma 1. If F is an iteration group of type II, then there exist polynomials
Pn(y) ∈ C[y], such that

cn(s) = Pn (ck(s)) , s ∈ C, n ≥ k.

Proof. The assertion is trivial for n = k. Assume that n > k. Using (2) for
n = 2k we obtain from c2k(s+ t) = c2k(t+ s) that

ck+1(s)ck(t) = ck+1(t)ck(s), s, t ∈ C.

Since ck �= 0 there exists some t0 ∈ C so that ck(t0) �= 0 and we derive

ck+1(s) =
ck+1(t0)
ck(t0)

ck(s), s ∈ C.
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Hence ck+1 is a polynomial in ck. Assume that n > k+ 1 and cj are polynomi-
als in ck for k ≤ j < n. Then we have n+ k − 1 > 2k and using (2) we obtain
from cn+k−1(s+ t) = cn+k−1(t+ s) that

kck(s)cn(t) + ncn(s)ck(t) + P̃n+k−1 (ck(s), . . . , cn−1(s), ck(t), . . . , cn−1(t))

= kck(t)cn(s)+ncn(t)ck(s)+P̃n+k−1 (ck(t), . . . , cn−1(t), ck(s), . . . , cn−1(s)) .

Therefore cn(s) is equal to

cn(t0)
ck(t0)

ck(s) +
P̃n+k−1 (ck(t0), . . . , cn−1(s)) − P̃n+k−1 (ck(s), . . . , cn−1(t0))

(n− k)ck(t0)
for n > k + 1. By induction we deduce that cn is a polynomial in ck. �

From (2) and Lemma 1 we deduce for n ≥ k that

Pn (ck(s) + ck(t))
= Pn (ck(s+ t)) = cn(s+ t)
= Pn(ck(t)) + Pn(ck(s)) + kck(s)Pn−(k−1)(ck(t))

+ (n− (k − 1))Pn−(k−1)(ck(s))ck(t)

+ P̃n (Pk(ck(s)), . . . , Pn−k(ck(s)), Pk(ck(t)), . . . , Pn−k(ck(t))) . (3)

Lemma 2. Let a be a nontrivial additive function, a �= 0. Then the following
assertions hold true:
1. a takes infinitely many values.
2. Consider P (x1, x2) ∈ C[x1, x2]. If P (a(s), a(t)) = 0 for all s, t ∈ C, then

P = 0.

Proof. The first assertion is clear. Since a(s) and a(t) run with s and t inde-
pendently through infinitely many values, it follows from P (a(s), a(t)) = 0 for
all s, t ∈ C by standard arguments that P (x1, x2) = 0. �

Since ck �= 0, from (3) we obtain the polynomial identity

Pn(y + z) = Pn(z) + Pn(y) + kyPn−(k−1)(z) + (n− (k − 1))Pn−(k−1)(y)z

+ P̃n (Pk(y), . . . , Pn−k(y), Pk(z), . . . , Pn−k(z)) (4)

for all n ≥ k. This system of identities is equivalent to the formal translation
equation

G(y + z, x) = G (y,G(z, x)) (Tformal)

in (C[y, z])[[x]] for

G(y, x) = x+ yxk +
∑

n>k

Pn(y)xn,

Pn(y) ∈ C[y], n > k ≥ 2, and the boundary condition

G(0, x) = x. (B)
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Hence we obtain

Theorem 3. F (s, x) = x+ ck(s)xk +
∑
n>k Pn(ck(s))xn is a solution of (T) if

and only if G(y, x) = x+ yxk +
∑
n>k Pn(y)xn is a solution of (Tformal) and

(B).

In the sequel we solve the system consisting of the formal translation equa-
tion (Tformal) and the boundary condition (B). In C[y] we have the formal
derivation with respect to y. In (C[y])[[x]] we have the formal derivation with
respect to x. Moreover the mixed chain rule is valid for formal derivations.

In the present context

∂

∂y
G(y, x)|y=0 = xk +

∑

n>k

hnx
n = H(x)

is called the infinitesimal generator of G. (We set hk := 1.) Notice that in the
situation of an analytic iteration group the coefficient of xk in H(x) may be
different from 1.

Differentiation of (Tformal) with respect to y yields

∂

∂t
G(t, x)|t=y+z =

∂

∂y
G (y,G(z, x)) .

For y = 0 we get

∂

∂z
G(z, x) = H(G(z, x)). (Dformal)

Differentiation of (Tformal) with respect to z and application of the mixed
chain rule yields

∂

∂t
G(t, x)|t=y+z =

∂

∂t
G(y, t)|t=G(z,x)

∂

∂z
G(z, x).

For z = 0 we get

∂

∂y
G(y, x) = H(x)

∂

∂x
G(y, x). (PDformal)

Combining (Dformal) and (PDformal) yields an Aczél–Jabotinsky differential
equation of the form

H(x)
∂

∂x
G(y, x) = H(G(y, x)). (AJformal)

3. The differential equation (PDformal)

Now we solve (PDformal) together with (B) in order to solve (Tformal). The
advantage of this procedure lies in the circumstance that no substitution of
the unknown series G(y, x) is needed and that (PDformal) is a linear equation.
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Writing G(y, x) as
∑
n≥0 Pn(y)xn with Pn(y) ∈ C[y], then (PDformal) reads

as

∑

n≥0

P ′
n(y)xn =

⎛

⎝
∑

n≥0

nPn(y)xn−1

⎞

⎠
(
xk +

∑

�>k

h�x
�

)

=
∑

n≥k

(
n∑

r=k

hr(n+ 1 − r)Pn+1−r(y)

)
xn. (5)

In a completely algebraic way it is possible to prove

Theorem 4. 1. For any generator H(x) = xk +
∑
n>k hnx

n the differential
equation (PDformal) together with (B) has exactly one solution. It is given
by

G(y, x) = x+ yxk +
∑

n>k

Pn(y)xn ∈ (C[y])[[x]].

2. The polynomials Pn, n ≥ k, have a formal degree 	(n − 1)/(k − 1)
 and
they are of the form

Pn(y)=

⎧
⎪⎨

⎪⎩

hny if n < 2k − 1
h2k−1y + k

2 y
2 if n = 2k − 1

hny + n+1
2 hn−k+1y

2 + Φn(y, hk+1, . . . , hn−k) if n ≥ 2k,

(6)

where Φn are polynomials in y and in the coefficients hk+1, . . . , hn−k. They
satisfy Φn(0, hk+1, . . . , hn−k) = 0. The polynomial Φ2k is of the form

Φ2k(y) =

{
Φ4(y) = y3 if k = 2
0 if k > 2.

Using the convention

δk,2 =

{
1 if k = 2
0 if k �= 2,

we write

Φ2k(y) = y3δk,2.

For n > 2k a formal degree of Φn as a polynomial in y is 	(n−1)/(k−1)
.
If k = 2 this formula holds true also for n = 2k, i.e. a formal degree of
Φ2k(y) = Φ4(y) is equal to 3 = 	(4 − 1)/(2 − 1)
.

Proof. For 0 ≤ n < k we obtain P ′
n(y) = 0, whence Pn is constant. According

to (B) P1 = 1 and Pn = 0 for n = 0 or 2 ≤ n < k. In the sequel when solving
differential equations for Pn we will not always mention that due to (B) we



Vol. 79 (2010) Formal equations 119

find a unique solution Pn. For k ≤ n < 2k − 1 we have P ′
n(y) = hn, there-

fore Pn(y) = hny. For n = 2k − 1 we have P ′
2k−1(y) = h2k−1 + ky, whence

P2k−1(y) = h2k−1y + k
2 y

2. In all these situations the assertions about formal
degrees of Pn(y) are satisfied.

For n = 2k we obtain

P ′
2k(y) = h2k +

k+1∑

r=k

hr(2k + 1 − r)P2k+1−r(y)

= h2k + hk(k + 1)
(
hk+1y + y2δk,2

)
+ hk+1ky

= h2k + hk+1(2k + 1)y + 3y2δk,2.

The term 3y2δk,2 occurs since k + 1 = 2k − 1 for k = 2. Thus, P2k(y) =
h2ky + 2k+1

2 hk+1y
2 + y3δk,2. A formal degree of P2k(y) is indeed equal to

	(2k − 1)/(k − 1)
. For 2k < n < 3k − 2, whence k > 2, we derive

P ′
n(y) = hn +

n−k+1∑

r=k

hr(n+ 1 − r)Pn+1−r(y)

= hn +
n−k+1∑

r=k

hr(n+ 1 − r)hn+1−ry

= hn + (n+ 1)hn+1−ky +
n−k∑

r=k+1

hr(n+ 1 − r)hn+1−ry,

since Pn+1−r(y) is equal to hn+1−ry for k ≤ r ≤ n−k+1 (and n−k+1 ≤ 2k−2
by assumption). Therefore,

Pn(y) = hny +
n+ 1

2
hn+1−ky2 +

n−k∑

r=k+1

hr
n+ 1 − r

2
hn+1−ry2.

Moreover, Φn(y, hk+1, . . . , hn−k) =
∑n−k
r=k+1 hr

n+1−r
2 hn+1−ry2 is a polyno-

mial in y of formal degree 2 and Pn(y) is also of formal degree 2 = 	(n −
1)/(k − 1)
.

Now consider n = 3k − 2 and again k > 2 (since 3k − 2 = 2k for k = 2).
Then n− k + 1 = 2k − 1 and we have

P ′
3k−2(y) = h3k−2 +

2k−1∑

r=k

hr(3k − 1 − r)P3k−1−r(y)

= h3k−2 + hk(2k − 1)
(
h2k−1y +

k

2
y2

)
+ h2k−1khky

+
2k−2∑

r=k+1

hr(3k − 1 − r)h3k−1−ry
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and, therefore,

P3k−2(y) = h3k−2y + h2k−1
3k − 1

2
y2 + Φ3k−2(y, hk+1, . . . , h2k−2),

where

Φ3k−2(y, hk+1, . . . , h2k−2) =
(2k − 1)k

6
y3 +

2k−2∑

r=k+1

hr
3k − 1 − r

2
h3k−1−ry2.

A formal degree of P3k−2(y) and of Φ3k−2 as a polynomial in y is equal to
3 = 	(n− 1)/(k − 1)
.

Finally, for n ≥ 3k − 1 we have

P ′
n(y) =

n∑

r=k

hr(n+ 1 − r)Pn+1−r(y)

= hn +
n−k+1∑

r=k

hr(n+ 1 − r)Pn+1−r(y)

= hn + hn−k+1ky +
n−k∑

r=n−2k+3

hr(n+ 1 − r)Pn+1−r(y)

+hn−2k+2(2k − 1)P2k−1(y) +
n−2k+1∑

r=k

hr(n+ 1 − r)Pn+1−r(y)

= hn + hn−k+1ky +
n−k∑

r=n−2k+3

hr(n+ 1 − r)hn+1−ry

+hn−2k+2(2k − 1)
(
h2k−1y +

k

2
y2

)

+
n−2k+1∑

r=k

hr(n+ 1 − r)
(
hn+1−ry +

n+ 2 − r

2
hn+2−r−ky2

+ Φn+1−r(y, hk+1, . . . , hn+1−r−k)
)

The last sum
∑n−2k+1
r=k . . . still contains in the summand for r = k the coeffi-

cient hn−k+1. We obtain that

P ′
n(y) = hn + hn−k+1(n+ 1)y +

n−k∑

r=n−2k+3

hr(n+ 1 − r)hn+1−ry

+hn−2k+2(2k − 1)
(
h2k−1y +

k

2
y2

)
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+
n−2k+1∑

r=k+1

hr(n+ 1 − r)
(
hn+1−ry +

n+ 2 − r

2
hn+2−r−ky2

+ Φn+1−r(y, hk+1, . . . , hn+1−r−k))

+ (n+ 1 − k)
(
n+ 2 − k

2
hn+2−2ky

2

+ Φn+1−k(y, hk+1, . . . , hn+1−2k)
)
.

Hence Pn(y) = hny+ n+1
2 hn−k+1y

2 +Φn(y, hk+1, . . . , hn−k). By the induction
hypothesis, a formal degree of Φn+1−r is 	(n− r)/(k−1)
, k ≤ r < n−2k+ 1.
(The case r = n − 2k + 1 leads to Φ2k(y) which is either zero or of degree
3 = 	(2k − 1)/(k − 1)
 for k = 2.) Thus a formal degree of Pn(y) is equal to

max {3, 	(n− k)/(k − 1)
 + 1} = 	(n− k)/(k − 1)
 + 1 = 	(n− 1)/(k − 1)

which is also a formal degree of Φn as a polynomial in y. �

As in [7] it would be possible to give explicit recurrent relations for the
coefficients Pn(y) in Theorem 4 and in similar results of the present paper. We
will not give further details here.

Theorem 5. Each solution G(y, x) of the system (PDformal) and (B) is a solu-
tion of (Tformal).

Proof. Let z be an indeterminate. We prove that

U(y, z, x) := G(y + z, x)
V (y, z, x) := G(z,G(y, x))

satisfy the system

∂

∂y
f(y, z, x) = H(x)

∂

∂x
f(y, z, x) (7)

f(0, z, x) = G(z, x). (8)

If we further prove that the system (7) and (8) has a unique solution in
(C[y, z])[[x]], then we have shown that G satisfies (Tformal). First we demon-
strate that U satisfies (7) and (8).

∂

∂y
U(y, z, x) =

∂

∂w
G(w, x)|w=y+z

(PDformal)= H(x)
∂

∂x
G(y + z, x)

= H(x)
∂

∂x
U(y, z, x)

and

U(0, z, x) = G(z, x).
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Similarly we prove that V satisfies (7) and (8).
∂

∂y
V (y, z, x) =

∂

∂w
G(z, w)|w=G(y,x)

∂

∂y
G(y, x)

(PDformal)=
∂

∂w
G(z, w)|w=G(y,x)H(x)

∂

∂x
G(y, x)

= H(x)
∂

∂x
G (z,G(y, x)) = H(x)

∂

∂x
V (y, z, x)

and

V (0, z, x) = G(z,G(0, x)) = G(z, x).

In order to show that there is a unique solution of (7) and (8) we write f(y, z, x)
as
∑
n≥0 fn(y, z)xn and we prove by induction that fn(y, z) = Pn(y + z) with

exactly the same polynomials as in Theorem 4. From (7) we get

∑

n≥0

∂

∂y
fn(y, z)xn =

∑

n≥k

(
n∑

r=k

hr(n+ 1 − r)fn+1−r(y, z)

)
xn.

Comparison of coefficients yields ∂
∂y fn(y, z) = 0 for 0 ≤ n < k. Together with

(8) we have f1(y, z) = 1 and fn(y, z) = 0 for n = 0 or 2 ≤ n < k. For n ≥ k
we obtain by the induction hypothesis that

∂

∂y
fn(y, z) =

n∑

r=k

hr(n+ 1 − r)fn+1−r(y, z) =
n∑

r=k

hr(n+ 1 − r)Pn+1−r(y + z)

which is a polynomial Ψn(y + z). From the proof of Theorem 4 we know that
∂
∂w Pn(w) = Ψn(w), therefore, fn(y, z) is of the form Pn(y + z) + f̄n(z) with
a suitable function f̄n(z). On behalf of (8) we deduce that f̄n(z) = 0 which
proves that fn(y, z) = Pn(y + z) with exactly the same polynomials Pn as in
Theorem 4. Hence the solution f of (7) and (8) is uniquely determined. �

4. The differential equation (Dformal)

Since in (Dformal) the series G(z, x) is substituted into H(x) we have to assume
that G(z, x) =

∑
n≥1 Pn(z)xn. Writing G(z, x) as

∑
n≥1 Pn(z)xn with Pn(z) ∈

C[z], (Dformal) reads as
∑

n≥1

P ′
n(z)xn =

∑

n≥k
hn[G(z, x)]n,

which is a formal series of order at least k. Thus, P ′
n(z) = 0 for 1 ≤ n < k,

whence, Pn is constant. From (B) we deduce that P1 = 1 and Pn = 0 for
2 ≤ n < k. Consequently

G(z, x) = x+
∑

n≥k
Pn(z)xn.
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The computation of H(G(z, x)) is described in the following lemmas.

Lemma 6. Let ν be a positive integer, then [G(z, x)]ν , the ν-th multiplicative
power of G(z, x), is of the form

[G(z, x)]ν = xν + νPk(z)xν+k−1 +
∑

n>ν+k−1

(
νPn−ν+1(z) +Q(ν)

n (z)
)
xn

for

Q(ν)
n (z) =

∑

(j1,jk,...,jn−ν )∈N
n−ν−k+2
0∑

ji=ν∑
iji=n

(
ν

j1 jk . . . jn−ν

) n−ν∏

i=k

Pi(z)ji .

Proof. Since [G(z, x)]ν is a formal series of order ν we write it as the for-
mal series

∑
n≥ν P

(ν)
n (z)xn with suitable polynomials P (ν)

n (z). Consider some

n ≥ ν. For the computation of P (ν)
n (z) we can restrict our attention to the ν-th

multiplicative power of a polynomial in x, namely to
[
x+

n−ν+1∑

r=k

Pr(z)xr
]ν
.

The coefficient of xn in this expression is

∑

(j1,jk,...,jn−ν+1)∈N
n−ν−k+3
0∑

ji=ν∑
iji=n

(
ν

j1 jk . . . jn−ν+1

) n−ν+1∏

i=k

Pi(z)ji . (9)

Computing
[
x+
∑n−ν+1
r=k Pr(z)xr

]ν
as
∑
f

∏ν
i=1 f(i), where the sum is taken

over all functions f from {1, . . . , ν} to {x} ∪ {Pi(z)xi | i ≥ k}, each summand
consists of exactly ν factors. If there are exactly j1 factors of the form x
and ji factors of the form Pi(z)xi, i ≥ k, then this summand is of degree
j1 +

∑
i≥k iji. Therefore, in summands of degree n no factors of the form

Pi(z)xi for i > n − ν + 1 may occur. For simplifying the notation we always
assume that j2 = · · · = jk−1 = 0. If

∑
ji = ν and

∑
iji = n, then the

multinomial coefficient
(

ν
j1 jk...jn−ν+1

)
determines the number of all functions

f : {1, . . . , ν} → {x} ∪ {Pi(z)xi | k ≤ i ≤ n − ν + 1} such that
∏ν
i=1 f(i) =

xn
∏n−ν+1
i=k Pi(z)ji .

Now we want to analyze particular cases for n and ν. If n = ν, there is
exactly one summand in (9) namely for j1 = ν, ji = 0 for i ≥ k. Therefore
P

(ν)
ν = 1. For ν < n ≤ ν + k − 2 there exist no sequences (j1, jk, . . . , jn−ν+1)

satisfying the two conditions of (9), whence P
(ν)
n = 0. For n = ν + k − 1

there exists exactly one summand in (9) with nonzero indices j1 = ν − 1,
jk = 1, so that P (ν)

ν+k−1(z) = νPk(z). Finally for n > ν + k − 1 there exists
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one nonzero summand in (9) for j1 = ν − 1 and jn−ν+1 = 1. There may
exist further summands for sequences (j1, jk, . . . , jn−ν+1) where jn−ν+1 = 0.
Thus P (ν)

n (z) = νPn−ν+1(z) + Q
(ν)
n (z) and Q

(ν)
n (z) is the polynomial given

above. �

Lemma 7. Consider H(x) =
∑
n≥k hnx

n and G(z, x) = x +
∑
n≥k Pn(z)xn,

where k ≥ 2. Then

H (G(z, x)) =
2k−2∑

n=k

hnx
n + (h2k−1 + hkkPk(z))x2k−1

+
∑

n>2k−1

(hn + hn−k+1(n− k + 1)Pk(z) + hkkPn−k+1(z)

+Qn (Pk(z), . . . , Pn−k(z), hk, . . . , hn−k))xn

with suitable polynomials Qn.

Proof. By Lemma 6 we obtain

H (G(z, x)) =
∑

ν≥k
hν

(
xν + νPk(z)xν+k−1

+
∑

n>ν+k−1

(
νPn−ν+1(z) +Q(ν)

n (z)
)
xn

)

which is
2k−2∑

n=k

hnx
n + (h2k−1 + hkkPk(z))x2k−1

+
∑

n>2k−1

(hn + hn−k+1(n− k + 1)Pk(z)

+
n−k∑

r=k

hr

(
rPn−r+1(z) +Q(r)

n (z)
))

xn. (10)

Splitting the last sum for r = k and k+1 ≤ r ≤ n−k and collecting the terms
in a suitable way yields the desired expression. For the sake of completeness
we mention that

Qn(Pk(z), . . . , Pn−k(z), hk, . . . , hn−k)

= hkQ
(k)
n (z) +

n−k∑

r=k+1

hr

(
rPn−r+1(z) +Q(r)

n (z)
)
.

�
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For n = 2k we have

Q2k(Pk(z), hk) = hkQ
(k)
2k (z) = hk

∑

(j1,jk)∈N2
0

j1+jk=k
j1+kjk=2k

(
k

jk

)
Pk(z)jk = P2(z)2δk,2.

Lemma 8. Assume that 	(i− 1)/(k − 1)
 is a formal degree of the polynomial
Pi(z) for k ≤ i ≤ n− ν + 1.

1. For n > ν + k − 1 a formal degree of Q(ν)
n (z) is equal to

⌊
n− ν

k − 1

⌋
.

2. For n > 2k a formal degree of Qn(Pk(z), . . . , Pn−k(z), hk, . . . , hn−k) as a
polynomial in z is equal to

⌊
n− 1
k − 1

⌋
− 1.

For k = 2 this formula holds true also for n = 2k = 4.

Proof. By Lemma 6 a formal degree of Q(ν)
n (z) is equal to

n−ν∑

i=k

ji

⌊
i− 1
k − 1

⌋
≤
⌊∑n−ν

i=k ji(i− 1)
k − 1

⌋

=

⌊∑n−ν
i=k iji −∑n−ν

i=k ji
k − 1

⌋

=
⌊
n− j1 − (ν − j1)

k − 1

⌋

=
⌊
n− ν

k − 1

⌋
.

According to the proof of Lemma 7 a formal degree of Qn as a polynomial in
z is equal to 	(n−k)/(k− 1)
 = 	(n− 1)/(k− 1)
− 1 which is a formal degree
of Q(k)

n (z). �

By Lemma 7 the formal differential equation (Dformal) reads as

∑

n≥k
P ′
n(z)xn =

2k−2∑

n=k

hnx
n + (h2k−1 + hkkPk(z))x2k−1

+
∑

n>2k−1

(hn + hn−k+1(n− k + 1)Pk(z) + hkkPn−k+1(z)

+Qn (Pk(z), . . . , Pn−k(z), hk, . . . , hn−k))xn. (11)

In a completely algebraic way it is possible to prove
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Theorem 9. 1. For any generator H(x) = xk +
∑
n>k hnx

n the differential
equation (Dformal) together with (B) has exactly one solution. It is given
by

G(z, x) = x+ zxk +
∑

n>k

Pn(z)xn ∈ (C[z])[[x]].

2. The polynomials Pn, n ≥ k, have a formal degree 	(n − 1)/(k − 1)
 and
their structure is similar to (6).

Proof. Comparing coefficients in (11) we obtain for k ≤ n ≤ 2k − 2 that
P ′
n(z) = hn. Together with (B) we deduce that Pn(z) = hnz. For n = 2k−1 we

derive that P2k−1(z) = k
2 z

2 +h2k−1z. For n = 2k we have Q2k = P2(z)2δk,2 =
z2δk,2 and

P ′
2k(z) = h2k + hk+1(k + 1)Pk(z) + kPk+1(z) + z2δk,2

= h2k + hk+1(k + 1)z + k
(
hk+1z + z2δk,2

)
+ z2δk,2

= h2k + hk+1(2k + 1)z + 3z2δk,2.

The term kz2δk,2 occurs since k + 1 = 2k − 1 for k = 2. Therefore,

P2k(z) = h2kz + hk+1
2k + 1

2
z2 + z3δk,2.

For n ≤ 2k a formal degree of Pn(z) is obviously 	(n− 1)/(k − 1)
.
Assume that n > 2k. Then

P ′
n(z) = hn + hn−k+1(n− k + 1)Pk(z) + kPn−k+1(z)

+Qn (Pk(z), . . . , Pn−k(z), hk, . . . , hn−k) .

By the induction hypothesis we write Pn−k+1(z) as hn−k+1z + Φ̃n−k+1

(z, hk, . . . , hn−2k+2) with a suitable polynomial Φ̃n−k+1.
As a polynomial in z a formal degree of Φ̃n−k+1 is equal to 	(n−k)/(k−1)
.
Thus

P ′
n(z) = hn + hn−k+1(n+ 1)z + kΦ̃n−k+1(z, hk, . . . , hn−2k+2)

+Qn (Pk(z), . . . , Pn−k(z), hk, . . . , hn−k)

and consequently

Pn(z) = hnz + hn−k+1
n+ 1

2
z2 + Φn(z, hk, . . . , hn−k)

and Φn(0, hk, . . . , hn−k) = 0. From the representation of P ′
n(z) above and from

Lemma 8 it follows that a formal degree of Pn(z) is equal to 	(n− 1)/(k− 1)

which is a formal degree of Qn (or of Φ̃n−k+1) increased by 1. Obviously a
formal degree of Pn(z) is a formal degree of Φn. �

We omit here a detailed proof of the following theorem.
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Theorem 10. Each solution G(z, x) of both (Dformal) and (B) is a solution of
(Tformal).

For proving this theorem we show that

U(y, z, x) := G(y + z, x)
V (y, z, x) := G (z,G(y, x))

both satisfy the system

∂

∂z
f(y, z, x) = H (f(y, z, x))

f(y, 0, x) = G(y, x),

where ord(f(y, z, x)) ≥ 1. This system has the unique solution f(y, z, x) =
x+
∑
n≥k Pn(y+z)xn with exactly the same polynomials Pn as in Theorem 9.

5. The differential equation (AJformal)

Now we turn our attention to the Aczél–Jabotinsky differential equation.
Again we assume that G(y, x) =

∑
n≥1 Pn(y)xn and H(x) =

∑
n≥k hnx

n and
hk = 1. The left hand side of (AJformal) is the right hand side of (PDformal).
It was computed as the right hand side of (5) as

∑

n≥k

(
n∑

r=k

hr(n+ 1 − r)Pn+1−r(y)

)
xn.

For the right hand side of (AJformal) we have

H(G(y, x)) ≡ P1(y)kxk mod xk+1.

Comparing the coefficients of xk we obtain that P1(y) = P1(y)k. Therefore,
P1(y) is a (k − 1)-th root of 1 and by (B) P1(y) = 1. Consequently

H (G(y, x)) ≡ xk + (hk+1 + kP2(y))xk+1 mod xk+2.

Comparison of coefficients yields that 2P2(y) + hk+1 = hk+1 + kP2(y). Hence
for k �= 2 (i.e. k > 2) we derive P2(y) = 0. Similarly we prove that Pn(y) = 0
for 2 < n < k. Therefore,

G(y, x) = x+
∑

n≥k
Pn(y)xn.

Consequently, the left hand side of (AJformal) can be written as

∑

n≥k

(
hn +

n+1−k∑

r=k

hr(n+ 1 − r)Pn+1−r(y)

)
xn.
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Using the notation introduced in Lemma 6 the right hand side of (AJformal) is
given by (10) as was shown in the proof of Lemma 7, i.e.

H (G(y, x)) =
2k−2∑

n=k

hnx
n + (h2k−1 + hkkPk(y))x2k−1

+
∑

n>2k−1

(hn + hn−k+1(n− k + 1)Pk(y)

+
n−k∑

r=k

hr

(
rPn−r+1(y) +Q(r)

n (y)
))

xn.

We need some more information about the polynomials Q(r)
n (y).

Lemma 11. Assume that n > 2k − 1 and k ≥ 2.
1. Q

(r)
n (y) = 0 for r ≥ k and n− 2k + 2 < r ≤ n− k (thus k > 2).

2.
∑n−k
r=k hrQ

(r)
n (y) = 0 for 2k ≤ n ≤ 3(k − 1) (thus k > 2).

3.
∑n−k
r=k hrQ

(r)
n (y) =

∑n−2k+2
r=k hrQ

(r)
n (y) for all k ≥ 2.

4. Q
(n−2k+2)
n (y) =

(
n+2−2k

2

)
Pk(y)2 for n ≥ 3k − 2.

5. Assume that n > 3k − 2. If Pk(y) is a polynomial and Pi(y), i ≥ k + 1,
are given by

Pi(y) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

hiPk(y) if i < 2k − 1
h2k−1Pk(y) + k

2 Pk(y)2 if i = 2k − 1
hiPk(y) + i+1

2 hi−k+1Pk(y)2

+ Φi(Pk(y), hk, . . . , hi−k) if i ≥ 2k,

with polynomials Φi, then
n−k∑

r=k

hrQ
(r)
n (y) = hn+2−2k

((
n+ 2 − 2k

2

)
+ k(k − 1)

)
Pk(y)2

+ Q̂n(Pk(y), hk, . . . , hn+1−2k),

where Q̂n is a polynomial in Pk(y) and in the coefficients hk, . . . , hn+1−2k.
6. If k > 2, then Q̂3k−1(Pk(y), hk) = 0.

Proof. Assume that n − 2k + 2 < r ≤ n − k, then n < 2k + r − 2. According
to Lemma 6

Q(r)
n (y) =

∑

(j1,jk,...,jn−r)∈N
n−r−k+2
0∑

ji=r∑
iji=n

(
r

j1 jk . . . jn−r

) n−r∏

i=k

Pi(y)ji .

We have to show that this is an empty sum.
If j1 = r, then ji = 0 for all i > 1 and

∑
iji = r ≤ n− k < n. Thus there

are no sequences of this form.
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If j1 = r − 1, then there exists exactly one i0 > 0 such that ji0 �= 0, and
then ji0 = 1. From n =

∑
iji = r− 1 + i0 we derive that i0 = n− r+ 1 which

is impossible since by assumption i0 ≤ n− r.
If j1 = r − 2, then n =

∑
iji ≥ r − 2 + 2k which is a contradiction to

n < 2k + r − 2.
If j1 = r − ν for 2 < ν ≤ r, then n =

∑
iji ≥ r − ν + νk > r − ν + 2k +

(ν − 2) = r + 2k − 2 which is a contradiction n < 2k + r − 2. This completes
the proof of the first assertion.

The second and third assertion follow immediately from the first one.
In order to prove the fourth assertion, we assume that r = n + 2 − 2k

and n ≥ 3k − 2. We prove that there exists only one summand in Q
(r)
n (y),

namely for the sequence (n − 2k, 2, 0, . . . , 0). This sequence yields the sum-
mand

(
n+2−2k

2

)
Pk(y)2. This is the only possible sequence starting with j1 =

n − 2k = r − 2, since
∑
iji = n. Obviously the case j1 = r = n + 2 − 2k is

impossible. The case j1 = r − 1 is also impossible since it would imply the
existence of exactly one i0 ≤ n− r such that ji0 = 1, but then i0 = n+ 1 − r
which is not possible. If j1 ≤ r − 3, then we obtain as in the proof of the first
assertion that n =

∑
iji > r − 2 + 2k = n which is a contradiction.

For proving the fifth assertion, we already know that

n−k∑

r=k

hrQ
(r)
n (y) = hn−2k+2

(
n+ 2 − 2k

2

)
Pk(y)2 +

n−2k+1∑

r=k

hrQ
(r)
n (y).

Due to the construction of Pi, the coefficient hn−2k+2 occurs in Pn−2k+2(y),
in Pn−k+1(y) and it can occur in Pi(y) for i > n− k+ 1. Because of Lemma 6
only Pn−2k+2(y) can occur as a factor of Q(r)

n (y) from our sum. It can occur
in those Q(r)

n (y) which satisfy n− r ≥ n+ 2 − 2k, thus, for r ≤ 2k − 2 and of
course k ≤ r ≤ n − 2k + 1. The polynomials Pi(y) for i ≥ n − k + 1 do not
occur in these Q(r)

n (y), since we have k ≤ r ≤ n− k. Hence, hn−2k+2 occurs in
Q

(r)
n (y) just as a coefficient of Pn−2k+2(y).

Now we study all the summands for (j1, jk, . . . , jn−r) of Q(r)
n (y) for k ≤

r ≤ 2k − 2 with jn−2k+2 �= 0.
Consider the case jn−2k+2 = 1. If

∑
i>1 ji > 2, then

∑
iji ≥ n+2−2k+2k >

n, whence this situation does not occur.
If
∑
i>1 ji = 1, then j1 = r − 1 and

∑
iji = r − 1 + n− 2k + 2 ≤ 2k − 2 −

1 + n− 2k + 2 = n− 1, whence this situation is also impossible.
If
∑
i>1 ji = 2, then j1 = r − 2, there exists exactly one i0 with k ≤ i0 ≤

n−r, i0 �= n−2k+2 and ji0 = 1. Then from n =
∑
iji = r−2+ i0 +n−2k+2

we obtain i0 = 2k−r. From i0 ≥ k we get r ≤ k and consequently r = k. More-
over n− 2k + 2 > k since n > 3k − 2. So in this situation there exists exactly
one summand of Q(k)

n (y) which contains Pn+2−2k(y) as a factor, namely the
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summand for j1 = k − 2, jk = 1 and jn+2−2k = 1 which is

k(k − 1)Pk(y)Pn−2k+2(y).

The situation jn+2−2k ≥ 2 is impossible since then
∑
iji ≥ 2(n− 2k+ 2) +

r − 2 ≥ 2n − 4k + 4 + k − 2 = n + (n − (3k − 2)) > n. In conclusion, the
coefficient hn−2k+2 occurs only in the form

hn−2k+2k(k − 1)Pk(y)2

in
∑n−2k+1
r=k hrQ

(r)
n (y). This finishes the proof of the fifth assertion.

By definition

Q̂3k−1(Pk(y), hk) =
k+1∑

r=k

hrQ
(r)
3k−1(y) − hk+1

((
k + 1

2

)
+ k(k − 1)

)
Pk(y)2.

The polynomial Q(k+1)
3k−1 (y) was computed in 4. The polynomial Q(k)

3k−1(y) con-
tains the summand k(k − 1)Pk(y)Pk+1(y) as described in 5. If k > 2 this
summand is equal to hk+1k(k − 1)Pk(y)2. There are no other summands in
Q

(k)
3k−1(y), since if (j1, jk, . . . , j2k−1) satisfies

∑
ji = k and

∑
iji = 3k − 1,

then 2k − 1 =
∑
iji −∑ ji =

∑2k−1
i=k (i − 1)ji which has the unique solution

jk = jk+1 = 1 and ji = 0 for i > k + 1. �

Lemma 12. Assume that n ≥ 2k + 1. For any coefficients hk+1, . . . , hn−k we
have

n−k∑

r=k+1

(2r − n− 1)hrhn+1−r = 0.

We present only a sketch of the proof. If n ≡ 0 mod 2, then the above sum
consists of an even number of summands. In pairs the first and the last sum-
mand, the second and the last but one etc. cancel. If n ≡ 1 mod 2, then the
above sum consists of an odd number of summands. Again in pairs the first
and the last summand, the second and the last but one etc. cancel. Finally,
there remains one summand for r = 	n/2
 + 1 which is also zero, since in this
particular situation 2r − n− 1 = 0.

Theorem 13. 1. For any generator H(x) = xk +
∑
n>k hnx

n and for any
polynomial Pk(y) ∈ C[y] with Pk(0) = 0 the differential equation
(AJformal) together with (B) has exactly one solution of the form

G(y, x) = x+ Pk(y)xk +
∑

n>k

Pn(y)xn ∈ (C[y])[[x]].
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The polynomials Pn(y) for n > k are given by

Pn(y) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

hnPk(y) if n < 2k − 1
h2k−1Pk(y) + k

2 Pk(y)2 if n = 2k − 1
hnPk(y) + n+1

2 hn−k+1Pk(y)2

+ Φn(Pk(y), hk+1, . . . , hn−k) if n ≥ 2k,

with polynomials Φn, n ≥ 2k, in Pk(y) and hk+1, . . . , hn−k.
2. Assume that Pk(y) = y. The polynomials Pn, n ≥ k, have a formal degree

	(n− 1)/(k − 1)
 and their structure is similar to (6).

Proof. Comparing the coefficients of x2k−1 in (AJformal) we obtain that h2k−1+
kPk(y) = h2k−1 + kPk(y). Therefore, this equation does not determine Pk(y).
According to (B) the polynomial Pk(y) must vanish at y = 0. Therefore at the
moment Pk(y) can be any polynomial with Pk(0) = 0.

Now consider 2k ≤ n ≤ 3(k− 1), whence k > 2. Comparison of coefficients
yields

hn +
n+1−k∑

r=k

hr(n+ 1 − r)Pn+1−r(y)

= hn + hn−k+1(n− k + 1)Pk(y) +
n−k∑

r=k

hr

(
rPn−r+1(y) +Q(r)

n (y)
)
.

Using Lemma 11.2 (i.e. point 2 of Lemma 11) we obtain

(n+ 1 − k)Pn+1−k(y) +
n−k∑

r=k+1

hr(n+ 1 − r)Pn+1−r(y) + hn+1−kkPk(y)

= hn−k+1(n− k + 1)Pk(y) + kPn−k+1(y) +
n−k∑

r=k+1

hrrPn−r+1(y).

Therefore

(n+ 1 − 2k)Pn+1−k(y) = (n+ 1 − 2k)hn+1−kPk(y)

+
n−k∑

r=k+1

hr(2r − n− 1)Pn+1−r(y).

For n = 2k we get Pk+1(y) = hk+1Pk(y). Consider some n with 2k < n ≤
3(k − 1). By induction we have already shown that Pr(y) = hrPk(y) for
k + 1 ≤ r < n+ 1 − k. Then by an application of Lemma 12 we obtain that
Pn+1−k(y) = hn−k+1Pk(y). Therefore

Pr(y) = hrPk(y), k + 1 ≤ r ≤ 2k − 2.
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For n = 3k − 2 we get

h3k−2 +
2k−1∑

r=k

hr(3k − 1 − r)P3k−1−r(y)

= h3k−2 + h2k−1(2k − 1)Pk(y) +
2k−2∑

r=k

hr

(
rP3k−1−r(y) +Q

(r)
3k−2(y)

)
.

Either by direct calculations (for k = 2) or by Lemma 11.2 (for k > 2) we
derive that

(2k − 1)P2k−1(y) +
2k−2∑

r=k+1

hr(3k − 1 − r)P3k−1−r(y) + h2k−1kPk(y)

= h2k−1(2k − 1)Pk(y) + kP2k−1(y) +

(
2k−2∑

r=k+1

hrrP3k−1−r(y)

)
+Q

(k)
3k−2(y).

According to Lemma 11.4 we obtain

(k − 1)P2k−1(y)

= (k − 1)h2k−1Pk(y) +
2k−2∑

r=k+1

hr(2r − 3k + 1)P3k−1−r(y) +
(
k

2

)
Pk(y)2

and therefore, due to Lemma 12,

P2k−1(y) = h2k−1Pk(y) +
k

2
Pk(y)2.

Finally assume that n > 3k − 2. Then

hn + (n+ 1 − k)Pn+1−k(y) +
n−k∑

r=k+1

hr(n+ 1 − r)Pn+1−r(y) + hn−k+1kPk(y)

= hn + hn−k+1(n− k + 1)Pk(y) + kPn−k+1(y)

+
n−k∑

r=k+1

hrrPn−r+1(y) +
n−k∑

r=k

hrQ
(r)
n (y).

Then

(n+ 1 − 2k) (Pn+1−k(y) − hn−k+1Pk(y))

=
n−k∑

r=k+1

hr(2r − n− 1)Pn+1−r(y) +
n−k∑

r=k

hrQ
(r)
n (y). (12)
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For n = 3k − 1 we deduce

k (P2k(y) − h2kPk(y))

=
2k−1∑

r=k+1

hr(2r − 3k)P3k−r(y) +
2k−1∑

r=k

hrQ
(r)
3k−1(y)

= hk+1(2 − k)P2k−1(y) +
2k−1∑

r=k+2

hr(2r − 3k)P3k−r(y) +
2k−1∑

r=k

hrQ
(r)
3k−1(y)

= hk+1(2 − k)
(
h2k−1Pk(y) +

k

2
Pk(y)2

)
+

2k−1∑

r=k+2

hr(2r − 3k)h3k−rPk(y)

+
k+1∑

r=k

hrQ
(r)
3k−1(y)

= hk+1(2 − k)
k

2
Pk(y)2 +

2k−1∑

r=k+1

hr(2r − 3k)h3k−rPk(y) +
k+1∑

r=k

hrQ
(r)
3k−1(y)

= hk+1(2 − k)
k

2
Pk(y)2 +

k+1∑

r=k

hrQ
(r)
3k−1(y).

(By Lemma 12 the sum
∑2k−1
r=k+1 hr(2r−3k)h3k−rPk(y) disappears. According

to Lemma 11.3, both for k = 2 and k > 2 the sum
∑2k−1
r=k hrQ

(r)
3k−1(y) consists

of two summands only.) For k = 2 we compute explicitly

P4(y) = h4P2(y) +
1
2

(
Q

(2)
5 + h3Q

(3)
5

)

= h4P2(y) +
1
2
(
2P2(y)P3(y) + 3h3P2(y)2

)

= h4P2(y) +
5
2
h3P2(y)2 + P2(y)3.

According to Lemma 11.5 and Lemma 11.6, for k > 2 we obtain

P2k(y) = h2kPk(y) +
hk+1

k

(
(2 − k)k

2
+
(
k + 1

2

)
+ k(k − 1)

)
Pk(y)2

+ Q̂3k−1(Pk(y), 1)

= h2kPk(y) +
2k + 1

2
hk+1Pk(y)2.

Therefore P2k(y) satisfies the assertion. Consider n > 3k− 1 and by induction
we assume that the polynomials Pr(y) for r < n + 1 − k have the desired
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representation. The right hand side of (12) is then

n−2k+1∑

r=k+1

hr(2r − n− 1)
(
hn+1−rPk(y) + hn−r−k+2

n− r + 2
2

Pk(y)2

+ Φn−r+1 (Pk(y), hk+1, . . . , hn−r−k+1)
)

+hn−2k+2(n− 4k + 3)
(
h2k−1Pk(y) +

k

2
Pk(y)2

)

+
n−k∑

r=n−2k+3

hr(2r − n− 1)hn−r+1Pk(y) + hn+2−2k

×
((

n+ 2 − 2k
2

)
+ k(k − 1)

)
Pk(y)2 + Q̂n(Pk(y), hk, . . . , hn+1−2k)

)

=
n−k∑

r=k+1

hr(2r − n− 1)hn−r+1Pk(y)

+hn+2−2k

(
(n− 4k + 3)

k

2
+
(
n+ 2 − 2k

2

)
+ k(k − 1)

)
Pk(y)2

+
n−2k+1∑

r=k+1

hr(2r − n− 1)
(
hn−r−k+2

n− r + 2
2

Pk(y)2

+ Φn−r+1 (Pk(y), hk+1, . . . , hn−r−k+1))

+ Q̂n(Pk(y), hk, . . . , hn+1−2k)
)
.

Therefore,

Pn+1−k(y)
= hn+1−kPk(y)

+
hn+2−2k

n+ 1 − 2k
(n−4k + 3)k+(n+2−2k)(n+ 1 − 2k) + 2k(k − 1)

2
Pk(y)2

+ Φn+1−k(Pk(y), hk+1, . . . , hn+1−2k)

= hn+1−kPk(y) + hn+2−2k
(n+ 1 − 2k)(n+ 2 − k)

2(n+ 1 − 2k)
Pk(y)2

+ Φn+1−k(Pk(y), hk+1, . . . , hn+1−2k)

as it was claimed. Moreover we saw, that it was not necessary to impose any
further condition on Pk(y). So Pk(y) can be any polynomial with Pk(0) = 0.

If Pk(y) = y, then for k ≤ n ≤ 2k we immediately see that Pn(y) has a
formal degree 	(n− 1)/(k − 1)
. By induction, for n > 3k − 1 we derive from
Lemma 8.1 and (12) that a formal degree of Pn+1−k(y) is
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max {	(n− k − 1)/(k − 1)
, 	(n− k)/(k − 1)
} = 	(n− k)/(k − 1)

which finishes the proof. �

Theorem 14. Each solution G(y, x) of (AJformal) with G(y, x) ≡ x+ yxk mod
xk+1 is a solution of (Tformal).

For proving this theorem we show that

U(y, z, x) := G(y + z, x)
V (y, z, x) := G (z,G(y, x))

both satisfy the system

H(x)
∂

∂x
f(y, z, x) = H (f(y, z, x))

f(y, z, x) = x+ (y + z)xk +
∑

n>k

fn(y, z)xn.

Proceeding as in the proof of Theorem 13, it is easy to prove that this system
has the unique solution f(y, z, x) = x + (y + z)xk +

∑
n>k Pn(y + z)xn with

exactly the same polynomials Pn as in Theorem 13.2.

6. Reordering of the summands

From the particular representation of G(y, x) as

G(y, x) = x+ yxk +
∑

n>k

Pn(y)xn

with polynomials Pn which have a formal degree 	(n− 1)/(k − 1)
 and which
satisfy Pn(0) = 0, we also get a representation of G(y, x) as

G(y, x) =
∑

n≥0

φn(x)yn (13)

as an element of (C[[x]])[[y]]. Introducing coefficients of the polynomials Pr(y)
so that Pr(y) =

∑dr

j=1 Pr,jy
j , where dr = 	(r − 1)/(k − 1)
 is a formal degree

of Pr(y), r ≥ k, for n ≥ 1 we have

φn(x) =
∑

r≥k
Pr,nx

r.

Since the degrees dr are monotonically increasing the sum
∑
n≥0 φn(x) belongs

to C[[x]] and (φn(x)yn)n≥0 is a summable family in (C[[x]])[[y]]. This allows us
to rewrite (PDformal) and (B) as

∑

n≥1

nφn(x)yn−1 = H(x)
∑

n≥0

φ′
n(x)yn, (14)

φ0(x) = x, (15)
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where (φ′
n(x)yn)n≥0 is also a summable family. We note that (14) is satisfied

if and only if

φn+1(x) =
1

n+ 1
H(x)φ′

n(x) (14n)

holds true for all n ≥ 0. Therefore

φ1(x) = H(x),
φ2(x) = H(x)H ′(x)/2,

φ3(x) = H(x) (H(x)H ′(x))′
/6 =

(
H(x)H ′(x)2 +H(x)2H ′′(x)

)
/6.

Now, given a formal series H(x) =
∑
n≥k hnx

n, we want to solve the system
((14),(15)) and obtain some further properties of its solutions.

Theorem 15. For any generator H(x) =
∑
n≥k hnx

n, k ≥ 2, hk �= 0, the sys-
tem ((14),(15)) has a unique solution. For n ≥ 0 the order of φn(x) is equal
to n(k − 1) + 1 and φn(0) = 0.

Proof. From (15) we deduce that φ0(x) = x which is of order 1 = 0(k− 1) + 1.
Assume that n ≥ 0 and the assertions are true for n. Then φn+1(x) is uniquely
given by 1

n+1 H(x)φ′
n(x) and ord(φn+1(x)) = ord(H(x)) + ord(φ′

n(x)) = k +
n(k − 1) + 1 − 1 = (n + 1)(k − 1) + 1. Moreover φ0(0) = 0 and φn(0) = 0,
n ≥ 1, since H(0) = 0, which finishes the proof. �

Corollary 16. We assume that
∑
n≥0 φn(x)yn =

∑
r≥1 Pr(y)xr is the solution

of ((14),(15)) for a given generator H(x). Writing

Pr(y) =
∑

j≥0

Pr,jy
j , r ≥ 1, and φn(x) =

∑

r≥1

Pr,nx
r, n ≥ 0,

we deduce that Pr = 0 for 2 ≤ r < k. Moreover for r ≥ k the series Pr(y) is
a polynomial which has a formal degree 	(r − 1)/(k − 1)
 and which satisfies
Pr(0) = 0. Consequently

∑

n≥0

φn(x)yn = x+
∑

r≥k
Pr(y)xr ∈ (C [y])[[x]].

Proof. From φ0(x) = x we obtain that P1,0 = 1 and Pr,0 = 0 for all r ≥ 2. Since
ord(φn(x)) = n(k−1) + 1 for n ≥ 0, we see that Pr,n = 0 for 1 ≤ r ≤ n(k−1).
Especially for 1 ≤ r ≤ k − 1 and n ≥ 1 we have r ≤ n(k − 1) and, there-
fore, Pn,r = 0 for n ≥ 1 and 1 ≤ r ≤ k − 1. Thus P1 = 1 and Pr = 0 for
2 ≤ r < k. Assume that r ≥ k. Then there exists some integer s ≥ 1 so
that (s − 1)(k − 1) + 1 ≤ r < s(k − 1) + 1. Then Pr,n = 0 for all n ≥ s. In
the case r = (s − 1)(k − 1) + 1 we have Pr,s−1 �= 0 since ord(φs−1(x)) = r.
Therefore, s − 1 = 	(r − 1)/(k − 1)
 is a formal degree for Pr. Moreover
Pr(0) = Pr,0 = 0. �
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Since φ1(x) = H(x) and Pr(0) = 0 for r ≥ k we have

Pr(y) = hry +
�(r−1)/(k−1)�∑

j=2

Pr,jy
j , r ≥ k.

Now we want to describe the coefficients Pr,j for j ≥ 2, r ≥ 2k − 1.
Consider the situation for j = 2. Then

φ2(x) =
1
2
H(x)H ′(x)

=
1
2

⎛

⎝
∑

ν≥k
hνx

ν

⎞

⎠

⎛

⎝
∑

μ≥k
μhμx

μ−1

⎞

⎠

=
1
2

∑

r≥2k−1

⎛

⎜⎝
∑

ν+μ=r+1
ν≥k, μ≥k

μhνhμ

⎞

⎟⎠xr

=
1
2

∑

r≥2k−1

⎛

⎝
r+1−k∑

μ=k

μhμhr+1−μ

⎞

⎠xr.

Corollary 17. The coefficients Pr,2 for r ≥ 2k − 1 are of the form

P2k−1,2 =
k

2
h2

k

P2k,2 =
2k + 1

2
hkhk+1

Pr,2 =

⎧
⎪⎨

⎪⎩

r+1
2

(
hkhr+1−k +

∑r/2
ν=k+1 hνhr+1−ν

)
r ≡ 0 mod 2

r+1
2

(
hkhr+1−k +

∑(r−1)/2
ν=k+1 hνhr+1−ν + 1

2 h2
(r+1)/2

)
r ≡ 1 mod 2.

This proves the second summand of Pn(y), n ≥ 2k − 1, in (6).
Using (14n), it is possible to prove the following

Theorem 18. If φn(x) =
∑
r≥n(k−1)+1 Pr,nx

r and H(x) =
∑
r≥k hrx

r, then

φn+1(x) =
1

n+ 1

∑

r≥(n+1)(k−1)+1

⎛

⎝
r+1−k∑

ν=n(k−1)+1

νhr+1−νPν,n

⎞

⎠xr, n ≥ 0.

By induction this formula allows the computation of the coefficients Pr,n+1

of φn+1(x) for r = (n+ 1)(k− 1) + 1 and r = (n+ 1)(k− 1) + 2. For n ≥ 0 we
obtain

P(n+1)(k−1)+1,n+1 =
hn+1
k

(n+ 1)!

n∏

j=1

(j(k − 1) + 1) ,
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and

P(n+1)(k−1)+2,n+1 =
hnkhk+1

(n+ 1)!

n+1∑

r=1

n+1∏

s=r+1

((s− 1)(k − 1) + 2)
r−1∏

j=1

(j(k − 1) + 1) .

Theorem 19. Let H(x) =
∑
n≥k hnx

n, k ≥ 2, hk �= 0, be a generator and
assume that

∑
n≥0 φn(x)yn is a solution of ((14),(15)). Then φ0(x) = x and

φn(x)=
1
n!

∑

r≥n(k−1)+1

⎛

⎝
∗r∑

(ν1,...,νn−1)

n−1∏

s=1

hνs

(
r+s−

s∑

t=1

νt

)
hr+(n−1)−∑n−1

t=1 νt

⎞

⎠xr

for n ≥ 1. In
∑∗r

(ν1,...,νn−1)
we are taking the sum over all (n − 1)-tuples

(ν1, . . . , νn−1) of integers, such that k ≤ νs ≤ r− (n− s)k+ (n−1)−∑s−1
t=1 νt.

This theorem shows that the coefficient Pr,n of xr in φn(x) depends only on
hk, . . . , hr−(n−1)(k−1).

Proof. We prove this theorem by induction on n. For n = 0 see (15). For n = 1
the sum

∑∗r
(ν1,...,νn−1)

consists of one summand (for the empty tuple) and the
formula above specializes to φ1(x) =

∑
r≥k hrx

r which is H(x) as we had
already seen above. Assume that n ≥ 1 and that φn has the representation
above. By Pr,n we indicate the coefficient

∗r∑

(ν1,...,νn−1)

n−1∏

s=1

hνs

(
r + s−

s∑

t=1

νt

)
hr+(n−1)−∑n−1

t=1 νt

of xr in φn for r ≥ n(k − 1) + 1. From (14n) we derive that

φn+1(x) =
1

n+ 1
H(x)

1
n!

∑

r≥n(k−1)+1

rPr,nx
r−1

=
1

(n+ 1)!

∑

r≥(n+1)(k−1)+1

⎛

⎝
r−n(k−1)∑

�=k

h�(r + 1 − �)Pr+1−�,n

⎞

⎠xr.

Now we expand
∑r−n(k−1)
�=k h�(r + 1 − �)Pr+1−�,n and obtain

r−n(k−1)∑

�=k

h�(r + 1 − �)

×
∗(r+1−�)∑

(ν1,...,νn−1)

n−1∏

s=1

hνs

(
r + 1 − �+ s−

s∑

t=1

νt

)
hr+1−�+(n−1)−∑n−1

t=1 νt
. (*)

Let (ν1, . . . , νn−1) be an (n − 1)-tuple from the sum
∑∗(r+1−�)

(ν1,...,νn−1)
. Consider

the n-tuples (μ1, . . . , μn) given by μ1 := � and μs+1 := νs for 1 ≤ s ≤ n − 1.
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Then

k ≤ μ1 ≤ r − nk + n = r − (n+ 1 − 1)k + (n+ 1) − 1.

Moreover, for 1 ≤ s ≤ n− 1 we have

k ≤ νs ≤ r + 1 − �− (n+ 1 − (s+ 1))k + (n− 1) −
s−1∑

t=1

νt.

Therefore we also have

k ≤ μs+1 ≤ r − (n+ 1 − (s+ 1))k + (n+ 1) − 1 − μ1 −
s−1∑

t=1

μt+1.

Thus

k ≤ μs ≤ r − (n+ 1 − s)k + (n+ 1) − 1 −
s−1∑

t=1

μt, 2 ≤ s ≤ n,

and each summand in (*) yields a summand of the form
∗r∑

(μ1,...,μn)

n∏

s=1

hμs

(
r + s−

s∑

t=1

μt

)
hr+n−∑n

t=1 μt
. (**)

Conversely each n-tuple (μ1, . . . , μn) belonging to this sum yields a sum-
mand of (*) namely the summand for � = μ1 and (ν1, . . . , νn−1) = (μ2, . . . , μn).
Thus (*) equals (**) and φn+1 has the desired representation. �

Now we describe the solutions of (14) and (15) still in another way. We
need some preparatory remarks and definitions:

For n ≥ 1 let In be the set of all nonnegative integer sequences (ij)j≥0

with i0 ≥ 1,
∑
j≥0 ij = n, and

∑
j≥0 jij = n−1. Therefore, only finitely many

components ij can be different from zero. To be more precise,

In =

⎧
⎨

⎩(ij)j≥0

∣∣∣ ij ∈ Z, ij ≥ 0, i0 ≥ 1,
n−1∑

j=0

ij = n,

n−1∑

j=1

jij = n− 1

⎫
⎬

⎭ .

If (ij)j≥0 belongs to In, n ≥ 1, then ij = 0 for j ≥ n. The sets In are all finite.
For instance I1 contains only one sequence, namely ι := (1, 0, 0, . . .).

Consider two integer sequences u = (uj)j≥0 and v = (vj)j≥0. We define

u ≺ v

if either

u0 = v0, u1 = v1 − 1, uj = vj for j > 1 (≺1)

or

u0 =v0−1, ∃s>1:us−1 =vs−1+1, us=vs − 1, uj=vj for j /∈{0, s−1, s} .
(≺2)
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If we put r := s− 1 then (≺2) reads as

v0 =u0 + 1,∃r ≥ 1 : vr=ur − 1, vr+1 =ur+1 + 1, vj=uj for j �∈ {0, r, r + 1} .

Assume that v ∈ In, n > 1, and that u ≺ v. If u is also supposed to be
a sequence of nonnegative integers with u0 ≥ 1, then v must satisfy certain
properties: For applying (≺1) it is necessary to have v1 ≥ 1, for (≺2) v0 > 1
and vs ≥ 1 for some s > 1.

Lemma 20. Let n ≥ 1 and assume that i = (ij)j≥0 belongs to In.

1. If i0 = 1, then i = (1, n− 1, 0, 0 . . .).
2. If in−1 �= 0, then in−1 = 1 and ij = 0 for all 1 ≤ j < n− 1. If n > 1, then

i0 = n− 1.
3. Let � = (�j)j≥0 be a nonnegative integer sequence. If n > 1 and � ≺ i,

then � ∈ In−1.
4. If i ≺ �, then � ∈ In+1.
5. For each � ∈ In+1 there exists some k = (kj)j≥0 ∈ In such that k ≺ �.
6.

In+1 =
⋃

k∈In

{� | k ≺ �} .

7. The set of all � ∈ In+1 with i ≺ � is the union of {(i0, i1 + 1, i2, i3, . . .)}
and
{

(i0+1, . . . , ir−1, ir − 1, ir+1+1, ir+2, ir+3, . . .)
∣∣ 1≤r≤n−1, ir>0

}
.

Proof. The proof of assertions 1., 2., 4., and 6. is left to the reader.
In order to prove 3., assume that n > 1, i ∈ In and � ≺ i is a nonnegative

integer sequence. If (≺1) is applied, thus i1 ≥ 1, then
∑

j≥0

�j = i0 + (i1 − 1) +
∑

j≥2

ij =
∑

j≥0

ij − 1 = n− 1

and
∑

j≥0

j�j = (i1 − 1) +
∑

j≥2

jij =
∑

j≥0

jij − 1 = n− 2.

Moreover, �0 = i0 > 0 and �j ≥ 0 for j ≥ 1. If (≺2) is applied, thus there
exists some s > 1 so that is ≥ 1, then

∑

j≥0

�j = (i0 − 1) +
s−2∑

j=1

ij + (is−1 + 1) + (is − 1) +
∑

j>s

ij =
∑

j≥0

ij − 1 = n− 1
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and

∑

j≥0

j�j =
s−2∑

j=0

jij + (is−1 + 1)(s− 1) + (is − 1)s

+
∑

j>s

jij =
∑

j≥0

jij + s− 1 − s = n− 2.

We have to show that �0 = i0 − 1 is positive. Assuming that i0 = 1, we obtain
from 1. that i = (1, n−1, 0, . . .) and, therefore, there does not exist some s > 1
such that is ≥ 1. So for i0 = 1 (≺2) cannot be applied and in our situation
i0 ≥ 2, whence �0 ≥ 1.

In order to prove 5., let � belong to In+1. Since
∑
j≥0 j�j = n ≥ 1, there

exists at least one j ≥ 1 so that �j ≥ 1. Let s be the largest index with this
property. If s = 1, then � = (1, n, 0, 0, . . .) and by assumption n ≥ 1, so that
k = (1, n − 1, 0, 0, . . .) belongs to In and k ≺ �. If s > 1, then �0 > 1 and
k = (�0 − 1, �1, . . . , �s−1 + 1, �s − 1, 0, 0, . . .) belongs to In and k ≺ �.

Finally for 7., let i belong to In. If i ≺ �, then either �1 = i1 + 1 and �j = ij
for j �= 1, or �0 = i0 + 1 and there exists some r ≥ 1 so that �r = ir − 1,
�r+1 = ir+1 + 1 and �j = ij for j �∈ {0, r, r + 1}. From �r ≥ 0 we deduce that
ir > 0. �

For n ≥ 1, u = (uj)j≥0 ∈ In, v = (vj)j≥0, and u ≺ v we define

K̃(u, v) :=

{
u0 if (≺1) is applied
us−1 if (≺2) is applied.

We note that in the first case u0 = v0 and in the second case us−1 = vs−1+1 =
ur = vr + 1 for r = s− 1.

For v ∈ In, n > 1, we set

K(v) :=
∑

u∈In−1
u≺v

K̃(u, v)K(u)

and K(ι) := 1 for ι := (1, 0, 0, . . .). This definition determines the value K(v)
recursively.

The proof of the next lemma is trivial, thus it is omitted.

Lemma 21. Consider n ≥ 2, then

K(1, n− 1, 0, 0 . . .) = 1.

If i1 = · · · = in−2 = 0, then

K(n− 1, i1, . . . , in−2, 1, 0, 0, . . .) = 1.
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Theorem 22. Let H(x) be a generator. Then the sequence (φn)n≥0 given by
φ0(x) = x and

φn(x) =
1
n!

∑

i∈In

K(i)
n−1∏

j=0

[
H(j)(x)

]ij
, n ≥ 1,

satisfies the system ((14),(15)) where H(j)(x) = dj

dxj H(x), j ≥ 0.

Proof. By induction we proof that (14n) is satisfied for all n ≥ 0. φ1(x) = H(x)
satisfies this equation for n = 0. Now let n > 0. We have

1
n+ 1

H(x)φ′
n(x)

=
1

(n+ 1)!
H(x)

∂

∂x

⎛

⎝
∑

i∈In

K(i)
n−1∏

j=0

[
H(j)(x)

]ij
⎞

⎠

=
1

(n+ 1)!

∑

i∈In

n−1∑

r=0

⎛

⎝H(x)K(i)ir
r−1∏

j=0

[
H(j)(x)

]ij [
H(r)(x)

]ir−1

×
[
H(r+1)(x)

]ir+1+1 n−1∏

j=r+2

[
H(j)(x)

]ij
⎞

⎠ . (16)

Consider the summand for r = 0. The sequence of exponents of H(j)(x) for
j ≥ 0 is � = (i0, i1 + 1, i2, i3, . . .) ∈ In+1. From Lemma 20.7 we deduce that
i ≺ � and K̃(i, �) = i0. For r > 0 this sequence is � = (i0 +1, i1, . . . , ir−1, ir−1,
ir+1 + 1, ir+2 . . .) ∈ In+1. Again we deduce that i ≺ � and K̃(i, �) = ir. More-
over, from Lemma 20.7 and (16) we derive that

1
n+ 1

H(x)φ′
n(x) =

1
(n+ 1)!

∑

i∈In

∑

�∈In+1
i≺�

K̃(i, �)K(i)
n∏

j=0

[
H(j)(x)

]�j

=
1

(n+ 1)!

∑

�∈In+1

∑

i∈In
i≺�

K̃(i, �)K(i)
n∏

j=0

[
H(j)(x)

]�j

=
1

(n+ 1)!

∑

�∈In+1

K(�)
n∏

j=0

[
H(j)(x)

]�j

= φn+1(x).

�

There exists also an approach with Lie–Gröbner-series (cf. [2] or [3, chap-
ter 1]) to solve ((14),(15)). Define an operator

D : C[[x]] → C[[x]], D(f(x)) := H(x)f ′(x).
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Lemma 23. Let H be a generator of order k ≥ 2. If (φn)n≥0 satisfies the system
((14),(15)), then

φn(x) =
1
n!
Dn(x), n ≥ 0.

Proof. For n = 0 we obtain from (15) that x = φ0(x) = D0(x). Assume that
n > 0 and that the assertion is true for n− 1, then from (14n−1) we derive

φn(x) =
1
n
H(x)φn−1(x)

=
1
n
H(x)

∂

∂x

(
1

(n− 1)!
Dn−1(x)

)

=
1
n!
Dn(x)

and the proof is finished. �

Theorem 24. The series

G(y, x) :=
∑

n≥0

1
n!
Dn(x)yn,

which is a Lie–Gröbner-series, satisfies (Tformal) and (B).

Proof. Let x, y, z be distinct indeterminates. The family (Dn(x))n≥0 is a
summable family, since ordD0(x) = ordx = 1 < k = ordH(x) =
ordD(x), ordD2(x) = ord (H(x)H ′(x)) = ord (D(x)) + k − 1 > ordD(x),
and ordDn(x) = ord

(
Dn−1(x)

)
+ k − 1 > ordDn−1(x). Consequently

(znDn(x))n≥0 is also a summable family.
Similarly we see that (Dn(G(z, x)))n≥0 and (znDn(G(z, x)))n≥0 are sum-

mable families and we obtain that

G(y,G(z, x)) =
∑

n≥0

1
n!
ynDn

⎛

⎝
∑

ν≥0

1
ν!
zνDν(x)

⎞

⎠

=
∑

n≥0

∑

ν≥0

1
n!

1
ν!
ynzνDn+ν(x)

=
∑

N≥0

N∑

n=0

1
N !

N !
n!(N − n)!

ynzN−nDN (x)

=
∑

N≥0

1
N !

(
N∑

n=0

(
N

n

)
ynzN−n

)
DN (x)
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=
∑

N≥0

1
N !

(y + z)NDN (x)

= G(y + z, x).

Thus G(y, x) satisfies (Tformal). Moreover, (B) is satisfied, since G(0, x) =
D0(x) = x. �

We note that Lie–Gröbner-series in the context of iteration groups have
already been used by St. Scheinberg [11] and also in [9].

7. Normal forms

Let Γ1 be the set of all formal power series f(x) ∈ C[[x]] with f(x) ≡ x mod x2.

Theorem 25. Assume that G(y, x) is a solution of (Tformal). For all S ∈ Γ1

the series G̃(y, x) := S−1 (G(y, S(x))) is a solution of (Tformal). If G(y, x)
satisfies (B) then also G̃(y, x) satisfies (B).

Proof. It is straight forward that

G̃(y + z, x) = S−1 (G(y + z, S(x)))
= S−1 (G(y,G(z, S(x))))
= S−1

(
G(y, S(S−1(G(z, S(x)))))

)

= S−1
(
G(y, S(G̃(z, x)))

)

= G̃
(
y, G̃(z, x)

)

and

G̃(0, x) = S−1 (G(0, S(x))) = S−1 (S(x)) = x.

�

Let Σ be the set of all solutions of (Tformal) and (B). This is the set of all
formal iteration groups of type II. Then the relation ∼ defined by

G1(y, x) ∼ G2(y, x) if and only if ∃S ∈ Γ1 : G2(y, x) = S−1(G1(y, S(x)))

for G1, G2 ∈ Σ, is an equivalence relation on Σ, called conjugation on Σ.

Theorem 26. Assume that H(x) is the infinitesimal generator of G(y, x) ∈ Σ
and let S(x) ∈ Γ1. The infinitesimal generator of G̃(y, x) := S−1(G(y, S(x)))
is

H̃(x) = [S′(x)]−1
H (S(x)) .
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Proof. We have

H̃(x) =
∂

∂y
G̃(y, x)|y=0

=
∂

∂z
S−1(z)|z=G(0,S(x))

∂

∂y
G (y, S(x)) |y=0

=
∂

∂z
S−1(z)|z=S(x)H (S(x)) .

Since S−1(S(x)) = x we deduce ∂
∂x

(
S−1(S(x))

)
= 1. Therefore

1 =
∂

∂z
S−1(z)|z=S(x)

∂

∂x
S(x),

and
∂

∂z
S−1(z)|z=S(x) = [S′(x)]−1,

which proves the theorem. �

Theorem 27. Consider G(y, x) = x + yxk +
∑
n>k Pn(y)xn ∈ Σ with infin-

itesimal generator H(x), S(x) ∈ Γ1, and G̃(y, x) := S−1 (G(y, S(x))) with
generator H̃(x) = [S′(x)]−1H(S(x)). Then the following assertions hold true.
1. G(z, x) is a solution of (Dformal) if and only if

∂

∂z
G̃(z, x) = H̃

(
G̃(z, x)

)
.

2. G(y, x) is a solution of (PDformal) if and only if
∂

∂y
G̃(y, x) = H̃(x)

∂

∂x
G̃(y, x).

3. G(y, x) is a solution of (AJformal) if and only if

H̃(x)
∂

∂x
G̃(y, x) = H̃

(
G̃(y, x)

)
.

Theorem 28. For each H(x) =
∑
n≥k hnx

n, k ≥ 2, hk = 1, there exist some
S(x) ∈ Γ1 and exactly one h ∈ C, so that

(xk + hx2k−1)S′(x) = H (S(x)) .

Proof. Assume that S(x) = x+
∑
n≥2 snx

n, then (xk +hx2k−1)S′(x) expands
to

xk +
2k−2∑

n=k+1

(n− k + 1)sn−k+1x
n + (ksk + h)x2k−1

+
∑

n≥2k

((n− k + 1)sn−k+1 + h(n− 2k + 2)sn−2k+2)xn.
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For the computation of H(S(x)) we note that for ν ≥ 2 there exist polynomials
Rn,ν(s2, . . . , sn−1) so that
⎡

⎣x+
∑

n≥2

snx
n

⎤

⎦
ν

= xν + νs2x
ν+1 +

∑

n≥3

(νsn +Rn,ν(s2, . . . , sn−1))xν+n−1.

Therefore,

H (S(x)) =
∑

ν≥k
hν

⎛

⎝xν + νs2x
ν+1 +

∑

n≥3

(νsn +Rn,ν(s2, . . . , sn−1))xν+n−1

⎞

⎠

=
∑

n≥k

(
hn +

n−1∑

r=k

hrrsn−r+1 +
n−2∑

r=k

hrRn−r+1,r(s2, . . . , sn−r)

)
xn.

Next we determine the coefficients of S so that (xk+hx2k−1)S′(x) = H (S(x))
is satisfied. For k + 1 ≤ n ≤ 2k − 2 comparison of coefficients yields:

(n− k + 1)sn−k+1 = hn +
n−1∑

r=k

hrrsn−r+1 +
n−2∑

r=k

hrRn−r+1,r(s2, . . . , sn−r).

(17)

Let n = k + 1 (for k �= 2), then s2 = hk+1/(2 − k), thus it is uniquely deter-
mined. If 2 < ν ≤ k − 1 and s2, . . . , sν−1 are uniquely determined by this
equation, then (17) for n := ν + k − 1 ≤ 2k − 2 shows that sν = sn−k+1 is
uniquely determined as

1
n− 2k + 1

(
hn +

n−1∑

r=k+1

hrrsn−r+1 +
n−2∑

r=k

hrRn−r+1,r(s2, . . . , sn−r)

)
.

Comparing the coefficients of x2k−1 yields

ksk + h = h2k−1 +
2k−2∑

r=k

hrrs2k−r +
2k−3∑

r=k

hrR2k−r,r(s2, . . . , s2k−r−1)

which shows that h is uniquely determined by

h = h2k−1 +
2k−2∑

r=k+1

hrrs2k−r +
2k−3∑

r=k

hrR2k−r,r(s2, . . . , s2k−r−1),

but sk is not determined by this equation. For that reason we choose sk ∈ C

arbitrarily but fixed.
Finally for n ≥ 2k we obtain

(n− k + 1)sn−k+1 + h(n− 2k + 2)sn−2k+2

= hn +
n−1∑

r=k

hrrsn−r+1 +
n−2∑

r=k

hrRn−r+1,r(s2, . . . , sn−r).
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Now sn−k+1 is uniquely determined by s2, . . . , sn−k and h as

1
n− 2k + 1

(
hn +

n−1∑

r=k+1

hrrsn−r+1

+
n−2∑

r=k

hrRn−r+1,r(s2, . . . , sn−r) − h(n− 2k + 2)sn−2k+2

)
.

Since sk could be chosen arbitrarily, S is not uniquely determined. �

We have just shown that for each formal iteration group of type II, there
exists a unique normal form with respect to conjugation, so that the infinites-
imal generator of this normal form is xk + hx2k−1 for some h ∈ C.

8. Normal forms and (PDformal)

In this section we consider formal iteration groups G(y, x) of type II in normal
form. Thus the infinitesimal generator is given by

H(x) = xk + hx2k−1, k ≥ 2,

with some h ∈ C.
Similar computations as in the proof of Theorem 4 yield

Theorem 29. The solution of (PDformal) and (B) for H(x) = xk + hx2k−1 is
given by

G(y, x) =
∑

n≥0

Pn(k−1)+1(y)xn(k−1)+1

where

Pn(k−1)+1(y) =

⎧
⎪⎪⎨

⎪⎪⎩

1 if n = 0
y if n = 1
∏n−1

i=1
(i(k − 1) + 1)

yn

n!
+ hQn(y, h) if n ≥ 2,

and where Qn(y, h), n ≥ 2, is a polynomial in y of degree n−1 and a polynomial
in h of degree 	n/2
 − 1.

Moreover, in the sequel we assume that h is an indeterminate over (C[y])[[x]].
Since for n ≥ 2 the degree of Pn(k−1)+1(y) as a polynomial in h is 	n/2
, we
can write G(y, x) as

∑

r≥0

Gr(y, x)hr ∈ (C[[x, y]])[[h]].
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From (B) we deduce that G0(0, x) = x and Gr(0, x) = 0 for r ≥ 1. Instead
of (PDformal) we obtain

∑

r≥0

∂

∂y
Gr(y, x)hr =

(
xk + hx2k−1

)
⎛

⎝
∑

r≥0

∂

∂x
Gr(y, x)hr

⎞

⎠

=
∑

r≥0

xk
∂

∂x
Gr(y, x)hr +

∑

r≥0

x2k−1 ∂

∂x
Gr(y, x)hr+1

This is a system of equations for Gr(y, x), r ≥ 0, given by
∂

∂y
G0(y, x) = xk

∂

∂x
G0(y, x) (18)

and
∂

∂y
Gr(y, x) = xk

∂

∂x
Gr(y, x) + x2k−1 ∂

∂x
Gr−1(y, x), r ≥ 1. (19)

In order to simplify notation let [r] stand for r(k−1)+1 for any nonnegative
integer r.

Theorem 30. Consider H(x) = xk + hx2k−1 where h is an indeterminate over
C[[x, y]]. The solution of ((18),(19)) and (B) is given by

∑

r≥0

Gr(y, x)hr

where

Gr(y, x) =
∑

n≥r

∑

(j1,...,jr)
1≤j1

js≥js−1+2, s≥2
jr≤n+r−1

∏n+r−1
i=1 [i]∏r
s=1[js]

x[n+r]

n!
yn, r ≥ 0.

Proof. In order to solve (18) we assume that

G0(y, x) =
∑

n≥0

φ(0)
n (x)yn.

G0(y, x) satisfies (18) if and only if
∑

n≥1

nφ(0)
n (x)yn−1 =

∑

n≥0

xkφ(0)′
n (x)yn

which is equivalent to

(n+ 1)φ(0)
n+1(x) = xkφ(0)′

n (x), n ≥ 0.

From (B) we deduce that x = G0(0, x) = φ
(0)
0 (x) and therefore φ(0)

1 (x) = xk =
x[1], 2φ(0)

2 (x) = kx2k−1 whence φ(0)
2 (x) = [1]x

[2]

2! and by induction φ
(0)
n (x) =

∏n−1
i=1 [i]x

[n]

n! .
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Consider r = 1 and assume that

G1(y, x) =
∑

n≥0

φ(1)
n (x)yn.

G1(y, x) satisfies (19) if and only if

∑

n≥0

(n+ 1)φ(1)
n+1(x)yn =

∑

n≥0

xkφ(1)′
n (x)yn + x2k−1

∑

n≥0

n∏

i=1

[i]
xn(k−1)

n!
yn

which is equivalent to

(n+ 1)φ(1)
n+1(x) = xkφ(1)′

n (x) +
n∏

i=1

[i]
x[n+2]

n!
, n ≥ 0.

From (B) we deduce that φ(1)
0 = 0, φ(1)

1 (x) = x[2] = [1]
[1]

x[2]

1! ,

φ
(1)
2 (x) =

2∑

j1=1

[1][2]
[j1]

x[3]

2!

and by induction

φ(1)
n (x) =

n∑

j1=1

∏n
i=1[i]
[j1]

x[n+1]

n!
, n ≥ 2.

Assume that r ≥ 2 and that Gr−1 has the representation as was claimed.
If

Gr(y, x) =
∑

n≥0

φ(r)
n (x)yn,

then Gr(y, x) satisfies (19) if and only if
∑

n≥0

(n+ 1)φ(r)
n+1(x)yn

=
∑

n≥0

xkφ(r)′
n (x)yn+x2k−1

∑

n≥r−1

∑

(j1,...,jr−1)
1≤j1

js≥js−1+2, s≥2
jr−1≤n+r−2

∏n+r−1
i=1 [i]
∏r−1
s=1[js]

x(n+r−1)(k−1)

n!
yn

which is equivalent to

(n+ 1)φ(r)
n+1(x) = xkφ(r)′

n (x), n < r − 1,

and

(n+ 1)φ(r)
n+1(x) = xkφ(r)′

n (x) +
∑

(j1,...,jr−1)
1≤j1

js≥js−1+2, s≥2
jr−1≤n+r−2

∏n+r−1
i=1 [i]
∏r−1
s=1[js]

x[n+r+1]

n!
, n≥r − 1.
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From (B) we deduce that φ(r)
0 = 0. Therefore also φ(r)

1 = · · · = φ
(r)
r−1 = 0.

Comparing the coefficients of yr−1 we obtain that

rφ(r)
r (x) =

∑

(j1,...,jr−1)
1≤j1

js≥js−1+2, s≥2
jr−1≤2r−3

∏2r−2
i=1 [i]

∏r−1
s=1[js]

x[2r]

(r − 1)!
,

whence

φ(r)
r (x) =

∑

(j1,...,jr−1)
1≤j1

js≥js−1+2, s≥2
jr−1≤2r−3

∏2r−2
i=1 [i]

∏r−1
s=1[js]

[2r − 1]
[2r − 1]

x[2r]

r!
.

Let jr := 2r − 1, then for any sequence (j1, . . . , jr−1) from this sum (actually
it consists of one summand only) we have jr − jr−1 ≥ (2r− 1) − (2r− 3) = 2.
Moreover the sequence (j1, . . . , jr) = (1, 3, . . . , 2r − 1) is the only sequence of
length r with the properties j1 ≥ 1, js ≥ js−1 + 2 for s ≥ 2, and jr ≤ 2r − 1.
Consequently

φ(r)
r (x) =

∑

(j1,...,jr)
1≤j1

js≥js−1+2, s≥2
jr≤2r−1

∏2r−1
i=1 [i]∏r
s=1[js]

x[2r]

r!
.

Assume that n ≥ r and

φ(r)
n =

∑

(j1,...,jr)
1≤j1

js≥js−1+2, s≥2
jr≤n+r−1

∏n+r−1
i=1 [i]∏r
s=1[js]

x[n+r]

n!
.

Then we obtain from

(n+ 1)φ(r)
n+1(x) = xkφ(r)′

n (x) +
∑

(j1,...,jr−1)
1≤j1

js≥js−1+2, s≥2
jr−1≤n+r−2

∏n+r−1
i=1 [i]
∏r−1
s=1[js]

x[n+r+1]

n!

that

φ
(r)
n+1(x) =

∑

(j1,...,jr)
1≤j1

js≥js−1+2, s≥2
jr≤n+1+r−2

∏n+1+r−1
i=1 [i]∏r
s=1[js]

x[n+1+r]

(n+ 1)!

+
∑

(j1,...,jr−1)
1≤j1

js≥js−1+2, s≥2
jr−1≤n+1+r−3

∏n+1+r−2
i=1 [i]
∏r−1
s=1[js]

[n+ 1 + r − 1]
[n+ 1 + r − 1]

x[n+1+r]

(n+ 1)!
.
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In the right sum let jr := n+ 1 + r − 1, then jr − jr−1 ≥ 2. Since, moreover,
the set of all sequences (j1, . . . , jr) with the properties 1 ≤ j1, js ≥ js−1 + 2
for s ≥ 2, and jr ≤ n+ 1 + r− 1 partitions into the two sets of sequences with
jr ≤ n+ 1 + r − 2 and jr = n+ 1 + r − 1 we see that

φ
(r)
n+1(x) =

∑

(j1,...,jr)
1≤j1

js≥js−1+2, s≥2
jr≤n+1+r−1

∏n+1+r−1
i=1 [i]∏r
s=1[js]

x[n+1+r]

(n+ 1)!
,

which finishes the proof. �

Remark 31 . In the previous theorem the indeterminate h can be replaced by
an arbitrary complex number h, since for each r ≥ 0 the coefficient Gr(y, x)
belongs to (C[x])[[y]] and ordGr(y, x) is equal to r. Consequently, the family
(Gr(y, x))r≥0 is summable and, therefore, for any h ∈ C also (hrGr(y, x))r≥0

is summable.
Hence, replacing the indeterminate by an arbitrary complex number makes

sense and Theorem 30 describes the solution of (PDformal) for any generator
H(x) of an iteration group of type II in normal form.

9. Normal forms and (Dformal)

In this section we consider formal iteration groups G(y, x) of type II in normal
form. Thus the infinitesimal generator is given by

H(x) = xk + hx2k−1, k ≥ 2, h ∈ C.

Again we assume that h is an indeterminate over C[[x, y]] and we write G(y, x)
as

∑

r≥0

Gr(y, x)hr ∈ (C[[x, y]])[[h]].

For the proof of the main theorem we need the following lemma which can
easily be proved by differentiating the primitive function, or by suitable partial
differentiation.

Lemma 32. 1. Let s > 1 be an integer. Then
∫

dy

(1 − (k − 1)yxk−1)s
=

1
(s− 1)(k − 1)xk−1(1 − (k − 1)yxk−1)s−1

+ c(x)

with c(x) ∈ C[[x]].
2. If, moreover, r is a positive integer, then there exists a polynomial Qr of

degree r such that
∫

(ln(1 − (k − 1)yxk−1))r

(1 − (k − 1)yxk−1)s
dy =

Qr(ln(1 − (k − 1)yxk−1)
xk−1(1 − (k − 1)yxk−1)s−1

+ c(x)
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with c(x) ∈ C[[x]].
3. If P̂n is a polynomial of degree n ≥ 0, then there exists a polynomial Pn

of degree n such that
∫
P̂n(ln(1 − (k − 1)yxk−1))

(1 − (k − 1)yxk−1)s
dy =

Pn(ln(1 − (k − 1)yxk−1)
xk−1(1 − (k − 1)yxk−1)s−1

+ c(x)

with c(x) ∈ C[[x]].
The left hand side denotes the primitive functions of the integrand in
(C[[x]])[[y]].

Theorem 33. The solution of (Dformal) and (B) for H(x) = xk + hx2k−1 is
given by

G(y, x) =
∑

r≥0

Gr(y, x)hr

where

Gr(y, x)=x[r](1−(k−1)yxk−1)−[r]/(k−1)Pr(ln(1−(k−1)yxk−1)), r ≥ 0,

where [r] stands for r(k− 1) + 1 and Pr are polynomials of degree r. Moreover
P0 = 1 and P1(z) = −z/(k − 1).

Proof. In the present setting, from (Dformal) we derive

∑

r≥0

∂

∂y
Gr(y, x)hr =

⎛

⎝
∑

r≥0

Gr(y, x)hr

⎞

⎠
k

+ h

⎛

⎝
∑

r≥0

Gr(y, x)hr

⎞

⎠
2k−1

. (20)

Comparing the coefficients of h0 we obtain the differential equation

∂

∂y
G0(y, x) = G0(y, x)k.

From (B) we deduce that G0(0, x) = x and Gr(0, x) = 0 for r ≥ 1. It is easy
to prove that G0(y, x) = x(1 − (k − 1)yxk−1)−1/(k−1) satisfies this differential
equation and boundary condition.

Comparison of coefficients of h1 yields

∂

∂y
G1(y, x) = kG0(y, x)k−1G1(y, x) +G0(y, x)2k−1.

First we solve the homogeneous equation

∂

∂y
G̃1(y, x) = kG0(y, x)k−1G̃1(y, x).

Straight forward computations show that G̃1(y, x)=c(1−(k−1)yxk−1)−k/(k−1)

for some c ∈ C. Now by variation of the integration constant we solve the inho-
mogeneous equation together with the boundary equation G1(0, x) = 0. We
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set c = 1 in G̃1(y, x) and we set G1(y, x) = C1(y, x)G̃1(y, x). Then

∂

∂y
G1(y, x) = G̃1(y, x)

∂

∂y
C1(y, x) + C1(y, x)

∂

∂y
G̃1(y, x)

= G̃1(y, x)
∂

∂y
C1(y, x) + kG0(y, x)k−1G1(y, x).

Therefore the differential equation for G1 reduces to

∂

∂y
C1(y, x) = (1 − (k − 1)yxk−1)k/(k−1)G0(y, x)2k−1

= (1 − (k − 1)yxk−1)k/(k−1)x2k−1(1 − (k − 1)yxk−1)−(2k−1)/(k−1)

= x2k−1(1 − (k − 1)yxk−1)−1.

Consequently, C1(y, x) = (−1/(k − 1))xk ln(1−(k−1)yxk−1)+D1(x). Due to
the boundary condition G1(0, x) = 0 we have C1(0, x) = 0, whence D1(x) = 0.
In conclusion

G1(y, x) = (−1/(k − 1))xk ln(1 − (k − 1)yxk−1)(1 − (k − 1)yxk−1)−k/(k−1).

Now we assume that the hypothesis is true for G0(y, x), . . . , Gn(y, x), n ≥ 1,
and we prove that it also holds for Gn+1(y, x). In order to compute the right
hand side of (20) we note that

⎡

⎣
∑

r≥0

Gr(y, x)hr

⎤

⎦
m

=
∑

N≥0

⎛

⎜⎜⎜⎝
∑

(j0,...,jN )∑
ji=m∑
iji=N

(
m

j0 . . . jN

) N∏

i=0

Gi(y, x)ji

⎞

⎟⎟⎟⎠h
N .

Therefore we obtain from (20) that

∂

∂y
Gn+1(y, x)

= kG0(y, x)k−1Gn+1(y, x)

+
∑

(j0,...,jn)∑
ji=k∑

iji=n+1

(
k

j0 . . . jn

) n∏

i=0

Gi(y, x)ji

︸ ︷︷ ︸
=:φn+1(G0,...,Gn)

+
∑

(j0,...,jn)∑
ji=2k−1∑

iji=n

(
2k − 1
j0 . . . jn

) n∏

i=0

Gi(y, x)ji

︸ ︷︷ ︸
=:ψn+1(G0,...,Gn)

= kG0(y, x)k−1Gn+1(y, x) + φn+1(G0, . . . , Gn) + ψn+1(G0, . . . , Gn).

Similar to the case n = 1, the solutions of the homogeneous equation are
c(1 − (k − 1)yxk−1)−k/(k−1) for c ∈ C. By variation of constants we set
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Gn+1(y, x) = Cn+1(y, x)(1 − (k − 1)yxk−1)−k/(k−1) which leads to the dif-
ferential equation

∂

∂y
Cn+1(y, x)

= (1 − (k − 1)yxk−1)k/(k−1) (φn+1(G0, . . . , Gn) + ψn+1(G0, . . . , Gn)) .

From the induction hypothesis we determine the structure of the summands
of φn+1 and ψn+1. These summands are integer multiples of terms of the form

n∏

i=0

Gi(y, x)ji

=
n∏

i=0

(
x[i](1 − (k − 1)yxk−1)−[i]/(k−1)Pi(ln(1 − (k − 1)yxk−1))

)ji

= x
∑
ji[i](1 − (k − 1)yxk−1)−∑ ji[i]/(k−1)

n∏

i=0

Pi(ln(1 − (k − 1)yxk−1))ji .

Since Pi are polynomials of degree i, the product
∏n
i=0 Pi is a polynomial of

degree
∑
iji. Moreover

∑
[i]ji = (k − 1)

∑
iji +

∑
ji. Hence, the summands

of φn+1 are multiples of

x(n+1)(k−1)+k(1 − (k − 1)yxk−1)−((n+1)(k−1)+k)/(k−1)

· P̃n+1(ln(1 − (k − 1)yxk−1))

= x[n+2](1 − (k − 1)yxk−1)−[n+2]/(k−1)P̃n+1(ln(1 − (k − 1)yxk−1))

with suitable polynomials P̃n+1 of degree n + 1. Similarly the summands of
ψn+1 are multiples of

x[n+2](1 − (k − 1)yxk−1)−[n+2]/(k−1)P̄n+1(ln(1 − (k − 1)yxk−1))

with suitable polynomials P̄n+1 of degree n. The coefficients of these terms are
nonnegative integers. Now we prove that there exists at least one summand
in φn+1 with positive coefficients: If n = 1, then consider (j0, j1) = (k − 2, 2)
which satisfies ji ≥ 0,

∑
ji = k and

∑
iji = 2 = n + 1. If n > 1, then con-

sider j0 = k − 2, j1 = 1, jn = 1 and ji = 0 for 1 < i < n which also satisfies
ji ≥ 0,

∑
ji = k and

∑
iji = n+1. The corresponding multinomial coefficients(

k
j0...jn

)
are positive. In conclusion

φn+1 + ψn+1 = x[n+2](1 − (k − 1)yxk−1)−[n+2]/(k−1)

· P̂n+1(ln(1 − (k − 1)yxk−1))

with a suitable polynomial P̂n+1 of degree n + 1. Therefore, we have to solve
the differential equation
∂

∂y
Cn+1(y, x) = x[n+2](1 − (k − 1)yxk−1)−(n+1)P̂n+1(ln(1 − (k − 1)yxk−1)).
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Due to Lemma 32 there exists a polynomial Pn+1 of degree n+ 1 so that

Cn+1(y, x) = x[n+2]Pn+1(ln(1 − (k − 1)yxk−1))
xk−1(1 − (k − 1)yxk−1)n

+Dn+1(x).

According to (B) we have Cn+1(0, x) = 0, whence Dn+1(x) = 0. In conclusion
we obtain

Gn+1(y, x) = Cn+1(y, x)(1 − (k − 1)yxk−1)−k/(k−1)

= x[n+2]Pn+1(ln(1 − (k − 1)yxk−1))
xk−1(1 − (k − 1)yxk−1)n

(1 − (k − 1)yxk−1)−k/(k−1)

= x[n+1](1−(k−1)yxk−1)−[n+1]/(k−1)Pn+1(ln(1 − (k − 1)yxk−1)).

�

Remark 34 . In the previous theorem the indeterminate h can be replaced by
an arbitrary complex number h, since for each r ≥ 0 the coefficient Gr(y, x)
belongs to (C[x])[[y]] and ordGr(y, x) is equal to r. Consequently, the family
(Gr(y, x))r≥0 is summable and, therefore, for any h ∈ C also (hrGr(y, x))r≥0

is summable.
Hence, replacing the indeterminate by an arbitrary complex number makes

sense and Theorem 33 describes the solution of (Dformal) for any generator
H(x) of an iteration group of type II in normal form.

Remark 35 . So far the application of normal forms of (AJformal) did not lead to
clear and easy to understand representations of the coefficients of the solution.
Hence, we do not present this approach in the present paper.
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