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Abstract. We investigate the translation equation
F(s+ta) = F(s,F(t,2), st€C, (T)

in C[z], the ring of formal power series over C. Here we restrict ourselves to iteration groups
of type II, i.e. to solutions of (T) of the form F(s,z) = z + cx(s)z® mod z*+1, where k > 2
and ¢ # 0 is necessarily an additive function. It is easy to prove that the coefficient functions
cn(s) of

F(s,z) =x+ Z cn(s)x™

n>k

are polynomials in cg(s). It is possible to replace this additive function ¢ by an indetermi-
nate. In this way we obtain a formal version of the translation equation in the ring (Cly])[z].
We solve this equation in a completely algebraic way, by deriving formal differential equa-
tions or an Aczél-Jabotinsky type equation. This way it is possible to get the structure of
the coefficients in great detail which are now polynomials. We prove the universal charac-
ter (depending on certain parameters, the coefficients of the infinitesimal generator H of
an iteration group of type II) of these polynomials. Rewriting the solutions G(y,x) of the
formal translation equation in the form Y < ¢n(z)y™ as elements of (C[x])[y], we obtain
explicit formulas for ¢, in terms of the derivatives H(j)(w) of the generator H and also
a representation of G(y,z) as a Lie-Grobner series. Eventually, we deduce the canonical
form (with respect to conjugation) of the infinitesimal generator H as z* + hz?*~! and find
expansions of the solutions G(y,z) = 3, Gr(y,z)h" of the above mentioned differential
equations in powers of the parameter h.
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1. Introduction

In [1] we introduce the method of “formal functional equations” to solve the
translation equation (and the associated system of cocycle equations) in rings
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of formal power series over C in the case of iteration groups of type I. Let C[x]
be the ring of formal power series F(x) = ) ., c 2" over C in the indeter-
minate x, and denote by (T, o) the group of formal series which are invertible
with respect to substitution o. We consider the translation equation

F(s+t,z)=F (s, F(t,x)), s,t€C, (T)

for Fy(z) = F(t,z) = Y ,~ c(t)z” € T, t € C. (Cf. the introduction of [1]
for the motivation to study (T) and basic results on its solutions (F});ec.) A
family (F})iec which satisfies (T) is called iteration group, and neglecting the
trivial iteration group, there are two types of such groups, namely iteration
groups of type I where the coefficient ¢; is a generalized exponential function
different from 1, and iteration groups of type II, where ¢; = 1.

In the present paper we will only treat iteration groups of type II, and then
it is known (see Sect. 2) that for each iteration group of this type there exists
an integer k > 2 such that

Fi(z)=z+cp(t)a*+---, teC,

where ¢, : C — C is an additive function different from 0.

Similarly as in [1], it is our main purpose to get detailed information on the
coefficient functions ¢, of a solution of (T) as polynomials in cy, but also to
study the dependence of iteration groups of type II on parameters h which are
related to the infinitesimal generator H of an iteration group of type II when
the generator is in the uniquely determined normal form H(z) = z* + ha? =1,
Furthermore we obtain several other representations of iteration groups of
type II, i.e. Lie—Grobner series expansions and representations involving the
iterates H)(z), j > 0, of the infinitesimal generator.

Using the formulation of (T) in the case of iteration groups of type II
as an infinite system of functional equations (2) (in fact of inhomogeneous
Cauchy equations) and using some basic properties of additive functions we
see in Sect. 2 that (T) may be replaced by a “formal translation equation” of
type II, namely

G(y + z, l‘) =G (y7 G(Z’ $)) (Tformal)
G0,z) ==z (B)

where G(y,z) € (C[y])[x] is a formal series in x whose coefficients are poly-
nomials in y, and where (Ttormar) is an identity in (Cly, z])[x]. We obtain the
form of iteration groups of type II by replacing y by an arbitrary additive
function ¢; # 0. It should be mentioned that the underlying infinite system
of functional equations (2) is much more complicate and interesting than the
corresponding system for iteration groups of type I. (See [7].)

(Ttormal) can be solved by using various differentiation processes which are,
however, purely algebraic operations. Hence we may again speak of a “method
of formal functional equations” to solve (T) in the case of iteration groups
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of type II. This approach yields three types of differential equations, namely
(Dformal)7 (PDformal) and (AJformal)-

In Sect. 3 (PDformal) is solved in such a way that it yields rather detailed
information on the coefficient functions of an iteration group of type II (Theo-
rem 4). In particular, it gives universal representations of the coefficient func-
tions as polynomials in ¢ (replacing y) where the coefficients of the generator
H(x) = 2%+ hjy 2%+ + .- of the iteration groups serve as parameters (The-
orem 4). (PDstormal) has the advantage that it is a linear (partial) differential
relation where no substitution of the unknown G(y, x) is needed.

In Sect. 4 we use the formal differential equation (Dgormal) to construct
all iteration groups of type II. The result (Theorem 9) is essentially the same
as Theorem 4. In Sect. 5 a formal analogue to the (third) Aczél-Jabotin-
sky differential equation, (AJformal), in connection with the appropriate initial
condition G(y,z) = = + yx* mod ¥, is applied to obtain the structure of
iteration groups of type II, again (Theorem 13). Here the calculations are more
delicate. But since Aczél-Jabotinsky type equations play a critical role in sev-
eral problems of iteration theory, e.g. the description of all maximal families
of commuting (invertible) formal series (see [8,10]), it would be helpful and
interesting to apply the formal Aczél-Jabotinsky equation also to obtain solu-
tions of such problems which would mean to study them under a weaker initial
condition.

Since G(y, x), a solution of (Tformal), belongs to (C[y])[x], it is also an ele-
ment of C[y, =], the ring of formal power series in two indeterminates over C,
and hence it may be seen as an element G(y,xz) = >, ¢n(x)y™ of (Clz])[y].
This approach is worked out in Sect. 6. It follows from _(PDforIna]) that the fam-
ily (¢n(x))n>0, a summable family of formal power series, is the solution of
the rather simple recursion (14,,), (15). We obtain explicit formulas for ¢,, in
terms of the derivatives H)(z) of the generator H (Theorem 22) and also a
representation of G(y,z) as a Lie-Grobner series (Theorem 24).

In Sect. 7 we deduce in Theorem 28 as basis for Sects. 8 and 9, the exis-
tence and uniqueness of the binomial normal forms z* + ha?*~! for generators
of iteration groups of type II (see also e.g. [7]), with respect to simultaneous
conjugation of iteration groups.

In Sects. 8 and 9 we follow the classical ideas of the theory of differential
equations in the complex domain to find expansions of the solutions G(y, z) =
> rs0Gr(y,z)h" of (PDformal) and (Dgoymal) in powers of the parameter h,
provided the generator is already in normal form H(z) = z* + ha?*~1. We
present such expansions for (PDgormar) in Theorem 30 in Sect. 8.

In Sect. 9 we use (Dformal) to give another solution of the above mentioned
problem (Theorem 33). Interestingly, we obtain for G, (y, ) the structure

21— (k= 1)yt~ )~ VE=Dp (In(1 = (k — Dya*t),  r>0,
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where [r] := r(k—1)+1 and P, is a polynomial of degree r, so that only powers
x®, the binomial (algebraic) series (1 — (k —1)yz*~1)~%/(*=1) and polynomials
inIn(1— (k —1)yz*~1) are involved. Go(y, ) = 2(1 — (k —1)ya®~1)~1/ k=1 jg
the only remaining term of G(y, x) if h = 0. These functions play an important
role in the theory of reversible formal power series (see [6, Sect. 0.3]).

At the end of this introduction we mention work of D. Gronau on the solu-
tion of the formal translation equation [4,5] and a different approach to solve
the translation equation in C[x] by Jabloniski and Reich [7].

2. The formal translation equation in C[x]

We study the translation equation

F(s+t,z)=F (s, F(t,x)), s,t e C, (T)
where
F(&m)zw—i—ch(s)x"GCﬂxﬂ, k>2, seC, (1)
n>k

with coefficient functions ¢,: C — C, n > k, and ¢; # 0. Due to the form (1)
we have

v

F(S,F(t,az)):x—l—ch(t)x”—i—Zc,,(s) x—l—ch(t)m" , s,teC.

The family F = (F(s,z))sec satisfies (T) if and only if the coefficient
functions ¢, satisfy a system of functional equations of the form

en(s+1t) = cn(t) + cnls), k<n<2k-2,
Cok—1(8+1) = cap—1(t) + cap—1(8) + kcp(s)cr(t)
cor(s +1) = can(t) + can(s) + kep(s)eny1(t) + (B + Dewya(s)e(t)  (2)
(s+1)

+(n—(k—=1))cn_r-1)(s)cx(t)
+ pn (Ck(s)v R Cnfk(s)’ Ck(t)» R Cnfk(t)) ’ n> 2ka

for all s,t € C, where P, are universal polynomials which are linear in ¢;(s)
for k < j < n—k. The particular form of these equations is obvious for n < 2k.
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In order to prove the form of the remaining equations in (2), for v > k we
compute the first terms of

v

c(s) |z + Z cn ()™

n>k
v Vﬁj
— V\ i n
ey (8) jgo <])a: gcn(t)x
v—2 v
=c,(s) |z +v Z cn(t)z" T 4 Z (V> x7 Z en(t)a”
n>k im0 M n>k

=c(s) (¥ + vep(t)z” 1) mod z¥tF,

since for 0 < j < v—2 we estimate that ord(z7[Y_, <, cn(t)z"] ™) = k(v—j)+
j>kv+(w—2)1—k)=v+2(-1+k) >v—1+k Assume that v >n—k+1,
then the order of ¢, (s)[F(t,x)]” — ¢, (s)z” is greater than n. Therefore, these
¢y (s) do not occur in ¢, (s + t) with exception of ¢,(s). Moreover, ¢,_k+1(s)
occurs only in the summand ¢, _g1+1(s)(n — k + 1)eg(t).

For v > k and j > n — k 4+ 1 we analyze in which terms of [F(t,z)]” the
coefficient function ¢;(t) occurs: Since j > k > 2, the order of these terms is
at least j +v — 1 which is greater than n —k+1+k —1 = n. Thus these terms
do not occur in ¢, (s + t). Obviously the terms ¢, (t) and kcg(s)c,—gy1(t) are
summands in ¢, (s + t).

According to (2), ¢ is an additive function. Each solution (F(s,z))sec of
(T) of the form F(s,z) = = + cp(s)z¥ mod z**! is called an iteration group
of type II. In the present manuscript we restrict ourselves to iteration groups
of type IIL.

Let F be an iteration group of type II. From F(0 4 0,2) = F(0, F(0,x))
we obtain F'(0,z) =z, i.e. ¢,(0) =0 for n > k.

Lemma 1. If F' is an iteration group of type II, then there exist polynomials
P,(y) € Cly], such that
cn(s) = Po(ck(s)), s€C, n>k.

Proof. The assertion is trivial for n = k. Assume that n > k. Using (2) for
n = 2k we obtain from cox (s + t) = cor(t + s) that
crt1(8)er(t) = cryr(t)en(s), s,t€C.

Since ¢, # 0 there exists some ¢y € C so that cx(tg) # 0 and we derive

Mck(s), seC.

Ck+1(s) = Ck(to)
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Hence cj41 is a polynomial in c¢j. Assume that n > k+1 and ¢; are polynomi-
als in ¢, for k¥ < j < n. Then we have n+ k — 1 > 2k and using (2) we obtain
from cpqp—1(s +1t) = cpyr—1(t + s) that
ker(s)en(t) + nen(s)ep(t) + Poyr1 (cu(s), ... cno1(s), cr(t), ..., cn_1(t))

= ke (t)en(s)+ne, (t)ep(8)+ Prgk—1 (ck(t), ..oy cna1(t), cr(8), ..y en—1(5)) .

Therefore ¢, (s) is equal to

cnlto) () + Prir—1 (cr(to), . n_1(5)) = Poyr—1 (cu(s), ..., cn_1(to))
cx(to)

(n — k)ex(to)
for n > k 4+ 1. By induction we deduce that c¢,, is a polynomial in cy. O

From (2) and Lemma 1 we deduce for n > k that
P (ck(s) + cx(t))
=P, (ci(s+1) =cu(s+1)
= Pp(ck(t)) + Pa(cx(s)) + kew(s) P x—1)(ck(t))
+(n = (k=1)) Po—e—1)(cr(s))cr(t)
+ P, (Pu(cr(s)), . - s Po_i(cr(s)), Pr(cu(t), ..., Pak(cx(t)) . (3)
Lemma 2. Let a be a nontrivial additive function, a # 0. Then the following
assertions hold true:

1. a takes infinitely many values.
2. Consider P(x1,x2) € Clay,z2). If P(a(s),a(t)) =0 for all s,t € C, then
P=0.

Proof. The first assertion is clear. Since a(s) and a(t) run with s and ¢ inde-
pendently through infinitely many values, it follows from P(a(s),a(t)) = 0 for
all s,t € C by standard arguments that P(zy,2z2) = 0. O

Since ¢y, # 0, from (3) we obtain the polynomial identity
+Pn (Pe(y), - - Paek(y), Pre(2), ..., Paok(2)) (4)

for all n > k. This system of identities is equivalent to the formal translation
equation

G(erz,:c) = G(y,G(z,x)) (Tformal)
in (Cly, 2])[x] for
Gy, x) =w+ya* + ) Pu(y)a",
n>k
P,(y) € Cly],n > k > 2, and the boundary condition

G(0,z) = x. (B)
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Hence we obtain

Theorem 3. F(s,z) = x—|—ck( )a* 4+ 3, o Pa(ck(s))z™ is a solution of (T) if
and only if G(y,x) = x +yx* + 3, Pu(y)z™ is a solution of (Tiormal) and
(B).

In the sequel we solve the system consisting of the formal translation equa-
tion (Ttorma1) and the boundary condition (B). In Cly] we have the formal
derivation with respect to y. In (C[y])[z] we have the formal derivation with
respect to x. Moreover the mixed chain rule is valid for formal derivations.

In the present context

aﬁG(y, 2)ly=o = 2* + Y hpa" = H(z)
n>k
is called the infinitesimal generator of G. (We set hy, := 1.) Notice that in the
situation of an analytic iteration group the coefficient of z* in H(x) may be
different from 1.
Differentiation of (Ttorma1) With respect to y yields

0 0
P G(t, ) li=y+= = o G (y,G(z,2)).
For y = 0 we get
0
%G(Z,‘T) = H(G(Z,IZ’)) (Dformal)

Differentiation of (Tformal) With respect to z and application of the mixed
chain rule yields

0 0 0
&G(t $)|t=y+z - a (y7 )|t G( za:)a (Z l‘)

For z = 0 we get

0 0
Yo — H(z)Z
9y () = H(z) 5

Combining (Dsormar) and (PDsormal) yields an Aczél-Jabotinsky differential
equation of the form

G(ya x) (PDformad)

G(y7 ZC) = H(G(y> l’)) (AJformal)

3. The differential equation (PDgormal)

Now we solve (PDformal) together with (B) in order to solve (Tformar). The
advantage of this procedure lies in the circumstance that no substitution of
the unknown series G(y, x) is needed and that (PDgormal) is & linear equation.
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Writing G(y,x) as >, 5o Pu(y)z™ with P,(y) € Cly], then (PDtormal) reads
as

> Palwa” = | D nPaly)e (mk +2 W>

n>0 n>0 1>k
= Z ( hr(n +1- T)Pn+1—r(y)> x". (5)
n>k \r==k

In a completely algebraic way it is possible to prove

Theorem 4. 1. For any generator H(z) = ¥+ _, hpa™ the differential
equation (PDiormal) together with (B) has exactly one solution. It is given

by
Gy, z) =z +ya" + ) Pa(y)a”™ € (Cly))[x].
n>k

2. The polynomials P,, n > k, have a formal degree |(n — 1)/(k — 1)] and
they are of the form

hny if n<2k—1
Po(y)=1 hor—1y + 5 3? if n=2k—1
By + 42 by 1 y? + ©n (Y, Prg s o hk) if 0> 2k,
(6)
where ®,, are polynomials iny and in the coefficients hyy1,..., hp—x. They

satisfy 5, (0, h41y ..., hn—k) = 0. The polynomial Poy, is of the form

Oyu(y)=9y> f k=2
@zk(y){o4( ! if k>2

Using the convention

1 ifk=2
Ok2 = .
0 if k# 2,

we write
Dor(y) = 4> 0k 2-

Forn > 2k a formal degree of ®,, as a polynomial iny is [(n—1)/(k—1)].
If k = 2 this formula holds true also for n = 2k, i.e. a formal degree of
Dar(y) = Daly) s equal to 3 = | (4— 1)/(2—1)].

Proof. For 0 < n < k we obtain P/ (y) = 0, whence P, is constant. According
to (B) Po=1and P, =0for n =0 or 2 <n < k. In the sequel when solving
differential equations for P, we will not always mention that due to (B) we
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find a unique solution P,. For k < n < 2k — 1 we have P/ (y) = h,, there-
fore P,(y) = hpy. For n = 2k — 1 we have Py, _,(y) = hog—1 + ky, whence
Psp_1(y) = hop—1y + §y2. In all these situations the assertions about formal
degrees of P, (y) are satisfied.
For n = 2k we obtain
k+1

Py(y) = haw + Z he(2k +1 = 1) Pog1—r(y)
r=k

= hog + hi(k + 1) (his1y + ¥*0k2) + his1ky
= hog + hir1(2k + 1)y + 3y*0k 2.
The term 3y%di 2 occurs since k + 1 = 2k — 1 for k = 2. Thus, Py(y) =

hory + 21627+1hk+1y2 + y38k2. A formal degree of Py(y) is indeed equal to
[(2k —1)/(k —1)]. For 2k < n < 3k — 2, whence k > 2, we derive

n—k+1
Phy)=ha+ D> he(n+1=7)Papir(y)
r==k

n—k+1
= h, + Z he(n+1—7r)hpi1-y
r=k

n—k
- hn + (TL + 1)hn+17ky + Z hr(n +1- T)hnqtlfrya
r=k+1

since P11, (y) isequal to b1y for k <r <n—k+1 (and n—k+1 < 2k—2
by assumption). Therefore,

n—k
nt1 n+1l-—r
Pu) = byt " bt S T

2 2
r=k+1
Moreover, @, (y, hgt1y---shn—k) = Z:;:+1 hr%l_r hpi1-ry? is a polyno-
mial in y of formal degree 2 and P,(y) is also of formal degree 2 = |[(n —

D/(k—=1)].
Now consider n = 3k — 2 and again k > 2 (since 3k — 2 = 2k for k = 2).
Then n — k+ 1 =2k — 1 and we have

2k—1
Py 5(y) = hae—2+ Y he(3k —1—1)Psx_1_,(y)
r==k
k 2
= h3k—2 + hk(Qk - 1) h2k—1y + 5 Yy -+ hzk_lkhky

2k—2

+ > he(3k—1—1)hgo1ry
r=k+1
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and, therefore,

3k -1
P3j_o(y) = hap—2y + har—1 Y2 + ®ar—a(Y, hiy1, - -+ hok—2),

where
2h—2
2k
Dag_2(y, ity - -, har—2) = (7 Z h h3k 1y
r=k+1

A formal degree of Ps;_2(y) and of ®3,_o as a polynomial in y is equal to

3=[(n-1)/(k=1)].
Finally, for n > 3k — 1 we have

n

Prlz(y) = Z hr(n +1- r)PnJrlfr(y)

r=k
n—k+1
=hnt D> he(n+1=7)Poi1,(y)
r=Fk
n—k
=hn + hn7k+1ky + Z hr(n +1- T)PnJrlf'r(y)
r=n—2k+3
n—2k+1
+hnoki2(2k = DPoya () + D> he(n+1=7)Poy1_r(y)
r=k
n—k
=hn+ho_ppiky+ Y e+ 1=1)hngp1y
r=n—2k+3

k
+hp_ory2(2k — 1) (h2k—1y + 5 y2)

n—2k+1

+ Z (n+1-—r) (hnﬂry +

n+2—r

9 hn+27r7ky2

+ (I)n+1—r(y7 hk+17 ey hn+1—r—k))

The last sum > "_, 2k+1still contains in the summand for r = k the coeffi-
cient hy,_py1. We obtain that

n—k

P’I/L(y) =hn +hp—gr1(n+ 1)y + Z he(n+1—=7)hpi1-vy
r=n—2k+3

k
+ hp—ok12(2k — 1) <h2k—1y + 3 ?ﬁ)
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n—2k-+1

n+2—r
+ Z hr(n +1- T) <hn+1—ry + T hn+2—r—ky2
r=k+1
+ o1 (Y Prgts o hnp1—r—k))
n+2—k
+ (n +1- k) (2 hn+272kf‘/2

+ @1k (Y g1y s hn+12k)> .

Hence P, (y) = hpy+ %“ ho—ks1y? +®@n(y, hks1, - - -, hn_g). By the induction
hypothesis, a formal degree of ®,, 41, is [(n—7)/(k—1)], k <r <n—2k+1.
(The case 7 = n — 2k + 1 leads to ®o(y) which is either zero or of degree
3=1[(2k—-1)/(k—1)] for k =2.) Thus a formal degree of P, (y) is equal to

max {3, [(n —k)/(k =1 ] +1} = [(n = k)/(k=1)] +1=[(n = 1)/(k = 1)]

which is also a formal degree of ®,, as a polynomial in y. 0

As in [7] it would be possible to give explicit recurrent relations for the
coefficients P, (y) in Theorem 4 and in similar results of the present paper. We
will not give further details here.

Theorem 5. Fach solution G(y,x) of the system (PDtormal) and (B) is a solu-
tion of (Ttormal)-

Proof. Let z be an indeterminate. We prove that

Uly,z,2z) =Gy + z,x)
V(y, z,2) == G(2,G(y, x))

satisfy the system

5 J02.0) = H@) 5 (0,2.0) @
f@0,z,2) = G(z,x). (8)

If we further prove that the system (7) and (8) has a unique solution in
(Cly, 2])[z], then we have shown that G satisfies (Tiormal). First we demon-
strate that U satisfies (7) and (8).

(PDtormal)

H(nc)2 Gy +z,2)

0 0
o U(y7 Z, l‘) = ow G(w7 x)|w:y+z Oz

dy

= H@) - Uy, )

and

U(0,z,z) = G(z, ).
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Similarly we prove that V satisfies (7) and (8).

0 0 0

—V(y,z,1) = 0 Gz, w)|u,=G(y,x)6—y G(y,x)

dy

(PDtormal) 0 0
= % G(zaw”w:G(y,x)H(x)%G(yaw)

= H@)E G0 0) = H) o V(y,22)

and
V(0,z,2) = G(2,G(0,2)) = G(z,x).
In order to show that there is a unique solution of (7) and (8) we write f(y, z, z)

as y_.~o fn(y,2)x™ and we prove by induction that f,(y,2) = P,(y + z) with
exactly the same polynomials as in Theorem 4. From (7) we get

8 . n N

Z 87 fn(yaz)x = Z <Z hr(n +1- r)fn-l-l—r(yaz)) €T
n>0 Yy n>k \r==k

Comparison of coefficients yields a% fn(y,z) =0 for 0 < n < k. Together with

(8) we have fi1(y,z) =1 and f,(y,2z) =0forn=0o0r 2 <n < k. Forn >k

we obtain by the induction hypothesis that

a n n
37@/ fn(ya Z) = Z hr(” +1- r)fn+1—r(yaz) = Zhr(n +1- T)Pn+1—r(y + Z)
r=k r==k

which is a polynomial ¥,,(y + z). From the proof of Theorem 4 we know that
3% Pp(w) = ¥y (w), therefore, f(y,z) is of the form P, (y + z) + fn(2) with
a suitable function f,(z). On behalf of (8) we deduce that f,(z) = 0 which
proves that f,(y,z) = P,(y + z) with exactly the same polynomials P, as in
Theorem 4. Hence the solution f of (7) and (8) is uniquely determined. O

4. The differential equation (Dgormai)

Since in (Dyormal) the series G(z, z) is substituted into H(x) we have to assume
that G(z,2) = >, 5, Pu(2)a". Writing G(z,2) as ), 5 Pa(2)2"™ with P, (2) €
Clz], (Dorma1) reads as

Y Pz =) halGz )],

n>1 n>k

which is a formal series of order at least k. Thus, P)(z) =0 for 1 < n < k,
whence, P, is constant. From (B) we deduce that P, = 1 and P, = 0 for
2 < n < k. Consequently

G(z,x) =x + Z P,(z)z".

n>k
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The computation of H(G(z,x)) is described in the following lemmas.

Lemma 6. Let v be a positive integer, then [G(z,x)]”, the v-th multiplicative
power of G(z,x), is of the form

Gl =2 +vP e P 4 3 (vPin(2) + QY () o
n>v+k—1

for

Proof. Since [G(z,z)]” is a formal series of order v we write it as the for-

mal series Y P (z)a™ with suitable polynomials P,Sy)(z). Consider some

n>v
n > v. For the computation of P.") (z) we can restrict our attention to the v-th
multiplicative power of a polynomial in x, namely to

n—v+1 v
T+ Z P,.(z)x“”] .
r=k

The coefficient of 2™ in this expression is

n—v+1

2 (j oo > I ner ®)
(19 7n—u+1)€Nn7U7k+3 1 ceeJn—v+1 i—k
i
Computing [Jc + E::,:H Pr(z)xr} as Y ¢ [1;—, f(i), where the sum is taken
over all functions f from {1,...,v} to {z} U {P;(2)z* | i > k}, each summand

consists of exactly v factors. If there are exactly j; factors of the form z
and j; factors of the form P;(z)x?, i > k, then this summand is of degree
J1 + D>k tji- Therefore, in summands of degree n no factors of the form
P;(z)a® for i > n — v + 1 may occur. For simplifying the notation we always
assume that jo = --+ = jp_1 = 0. If > j; = v and > ij; = n, then the
multinomial coefficient (j1 jk---’;nfu#»l) determines the number of all functions
fA{L .. = {2} U{Pi(2)2" | k <i < n—v+1} such that [[,_, f(i) =
" H?;,:H P;(z)7%.

Now we want to analyze particular cases for n and v. If n = v, there is
exactly one summand in (9) namely for j1 = v, j; = 0 for i« > k. Therefore
PV(V) = 1. For v < n < v+ k — 2 there exist no sequences (ji, jk,- - - Jn—v+1)
satisfying the two conditions of (9), whence PY = 0. Forn=v+k-1
there exists exactly one summand in (9) with nonzero indices j; = v — 1,

Jr = 1, so that Plfi)k,fl(z) = vPy(z). Finally for n > v + k — 1 there exists
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one nonzero summand in (9) for j;3 = v — 1 and j,—,+1 = 1. There may
exist further summands for sequences (j1,Jk, - - -, Jn—v+1) Where j,_,+1 = 0.

Thus P (2) = vPu_pi1(2) + QY (2) and QY (2) is the polynomial given
above. O

Lemma 7. Consider H(xz) = Y <, hna™ and G(z,2) = o+ >, ~, Pa(2)2",
where k > 2. Then B B

2k—2
H(G(z,2)) = Y hna" + (hor-1 + hgkPi(2)) 2**

+ Y (hnt bk (n— k4 DPu(2) + hikPa_g11(2)
n>2k—1

+Qn (Pk(z), . ,Pn,k(z), hg, ..., hn,k)) "
with suitable polynomials Q,,.

Proof. By Lemma 6 we obtain

= Z hy <x" + vPy(z)2v L

v>k

s (”an+1<z>+czg”><z>)“n>

n>v+k—1
which is
2k—2

> b + (hak—1 + hikPe(z)) 275!
n=k

+ > (At hoeggr (0 — k+ 1) Pe(z)
n>2k—1

+ Zh (rPn r1(2) + Qﬁﬁ(z))) ", (10)

Splitting the last sum for r = k and k+1 < r < n—k and collecting the terms
in a suitable way yields the desired expression. For the sake of completeness
we mention that

Qn(Pr(2), . ()hk7~-- Pon—t)

= hQ} (2) Z e (rPacria(2) + QO (2)) -
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For n = 2k we have

2 .
Qar(Pi(2), hie) = QS (2) = hie Y ( )Pk(Z)“ = Py(2)*0y,2-
(31,91 )ENG Jk
j1tig=k
J1Hkip=2k

Lemma 8. Assume that |(i —1)/(k —1)] is a formal degree of the polynomial
Pi(z) fork<i<n-—-v+1.

1. Forn>v+k—1 a formal degree of QL”)(Z) is equal to
n—v
=i
2. Forn > 2k a formal degree of Qn(Pi(2), ..., Pn—k(2),hy. .. hn_i) as a
polynomial in z is equal to

-

For k = 2 this formula holds true also for n = 2k = 4.

Proof. By Lemma 6 a formal degree of Q%V)(z) is equal to

$ 1t < [ B
~ k—1 kE—1

_ Dk i = Dy Ji
k—1

_ ﬂjl(le)J

k-1

o _n—y
k=1

According to the proof of Lemma 7 a formal degree of @), as a polynomial in
zisequalto [(n—k)/(k—1)] = [(n—1)/(k—1)| — 1 which is a formal degree

of Q) (2). O
By Lemma 7 the formal differential equation (Dsormar) reads as
2%k—2
Z P;L(Z).%'n = Z hpx™ + (h2k71 + hkkPk(z)) 2kl
n>k n=k
+ > (o + b1 (n =k + 1) Pr(2) + hikPa i1 (2)
n>2k—1
+Qn (Pk(z),...7Pn,k(z),hk,...7hn,k))x”. (11)

In a completely algebraic way it is possible to prove
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Theorem 9. 1. For any generator H(z) = ¥+ _, hya™ the differential
equation (Diormal) together with (B) has exactly one solution. It is given

by
G(z,x) =z + 22" + Z P,(z)x" € (Clz))[x]-
n>k
2. The polynomials P,, n > k, have a formal degree |(n —1)/(k —1)| and

their structure is similar to (6).

Proof. Comparing coefficients in (11) we obtain for k¥ < n < 2k — 2 that
P! (z) = hy,. Together with (B) we deduce that P, (z) = hyz. For n = 2k—1 we
derive that Pop_1(z) = §z2 + hak—12. For n = 2k we have Qo = P2(2)%0k2 =
225;672 and
Pék(z) = hgk + hk+1(k + l)Pk(z) + ]{JP]H_l(Z) + 225k72

= hok + hiy1(k+ 1)z + k (hey12 + 2°0k2) + 22652

= hzk + hk+1(2k‘ + 1)2’ + 322(5]“72.
The term k‘zzékg occurs since k + 1 = 2k — 1 for k = 2. Therefore,

2k +1

Poy(2) = harz + iy 2%+ z36k72.

For n < 2k a formal degree of P,(z) is obviously |(n —1)/(k —1)].

Assume that n > 2k. Then

Pl(2) =hp+ hp_gy1(n—k+1)Py(2) + kP _41(2)
+Qn (Pe(2), ..., Poci(2), Py ooy i) -

By the induction hypothesis we write P,_jt1(2) as hn_pt12 + B pt1
(z,hiy .oy hp_oky2) with a suitable polynomial ®,, .

As a polynomial in z a formal degree of ®,,_j 1 is equal to [(n—Fk)/(k—1)].

Thus

P(2) = hn + h—gr1(n+ 1)z + k®p_x11(2, bty -, B2 2)
+Q7L (Pk‘(z)a Tt Pn—k(z)7 hka Tt hn—k)

and consequently

1
Pn(z) = hnz“i’hn—k—i—ln+ 22 +(I)n(za hka"'ahn—k)

and ®,,(0, bk, ..., hy—x) = 0. From the representation of P/ (z) above and from
Lemma 8 it follows that a formal degree of P, (z) is equal to [(n—1)/(k —1)]
which is a formal degree of @,, (or of @n,kﬂ) increased by 1. Obviously a
formal degree of P,(z) is a formal degree of ®,,. O

We omit here a detailed proof of the following theorem.
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Theorem 10. Each solution G(z,z) of both (Dtorma1) and (B) is a solution of
(Tformal)-

For proving this theorem we show that
Uy, z,z) := Gy + z,x)
Viy,z,z) := G(z,G(y,x))
both satisfy the system

o Fy,2,7) = H(f(5,70))
£5,0.9) = Gy, ),

where ord(f(y, z,x)) > 1. This system has the unique solution f(y,z,x) =
x+ > < Pu(y+2)z™ with exactly the same polynomials P, as in Theorem 9.

5. The differential equation (AJtormal)

Now we turn our attention to the Aczél-Jabotinsky differential equation.
Again we assume that G(y,z) = >, <, Pu(y)2" and H(z) = >, -, hpa™ and
hy, = 1. The left hand side of (AJfOH;al) is the right hand side of (PDrtormal)-
It was computed as the right hand side of (5) as

Z <Z hT(n +1- T)P7L+1—r(y)> ",

n>k \r=k
For the right hand side of (AJ¢ormal) we have
H(G(y,x)) = Pi(y)"=" mod 2*.

Comparing the coefficients of x* we obtain that P;(y) = Pi(y)*. Therefore,
Py (y) is a (k — 1)-th root of 1 and by (B) P;(y) = 1. Consequently

H(G(y,x)) = 2" + (hg41 + kP2(y)) 2" mod zF+2,

Comparison of coefficients yields that 2Ps(y) + hxt1 = hirt1 + kP2(y). Hence
for k # 2 (i.e. k > 2) we derive Py(y) = 0. Similarly we prove that P,(y) =0
for 2 < n < k. Therefore,

Gy,z) =x+ Z P, (y)a".

n>k

Consequently, the left hand side of (AJformal) can be written as

n+l—k
Z (hn + Z he(n+1-— T)Pn+1_,.(y)> x™.

n>k r==k
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Using the notation introduced in Lemma 6 the right hand side of (AJtormal) is
given by (10) as was shown in the proof of Lemma 7, i.e.
2k—2
H(G(y,z)) = Z hnx™ + (hog—1 + hykPy(y)) 221

+ 3 (hn+ hopgr(n— k+ 1) Pi(y)
n>2k—1

+ Z h (rPn r+1(y) + Q%”(y))) "

We need some more information about the polynomials Q'r )( ).

Lemma 11. Assume that n > 2k — 1 and k > 2.

L QV)=0forr>kandn—2k+2<r<n—k (thus k> 2).

2. Y hQ (y) =0 for 2k <n < 30k =1) (thus > 2).

3. Z::;l: thg')(y) => k2, Q ( ) for all k > 2.

4. QU (y) = ("3 2k)Pk( )2 forn > 3k — 2.

5. Assume that n > 3k — 2. If Pi(y) is a polynomial and P;(y), i > k+ 1,

are given by

hiPy.(y) if i < 2k —1
hok—1Px(y) + £ Pu(y)? ifi=2k—1

F)i =
W) = hiPy) + 52 i1 Pu)?

+(b ( (y))hkn-"ahifk) 1f222k7

with polynomials ®;, then

+Qun(Pr(), bty -+ oy hn1—21),

where Qn is a polynomial in Py(y) and in the coefficients hy, ..., hpt1—2k.
6. Ifk > 2, then ngfl(Pk(y),hk) =0.

Proof. Assume that n — 2k +2 < r < n — k, then n < 2k + r — 2. According
to Lemma 6

n—r
r N
QY (y) = > (j e ) 1 Ay
(G1dpre j n,r)eNg’*’kJrz 19k - Jn—r ik
Yii=r
>iji=n
We have to show that this is an empty sum.
If jy =, then j; =0 for all i > 1 and > ij; = < n —k < n. Thus there

are no sequences of this form.
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If j1 = r — 1, then there exists exactly one ip > 0 such that j;, # 0, and
then j;, = 1. From n = Y ij; = r — 1 4+ ip we derive that ig = n —r + 1 which
is impossible since by assumption ig < n — 7.

If j1 = r—2, then n = > ij; > r — 2 + 2k which is a contradiction to
n<2k+r—2.

Ifjp=r—vfor2<v<r thenn=>ij,>r—v+vk>r—v+2k+
(v —2) = r+ 2k — 2 which is a contradiction n < 2k 4+ r — 2. This completes
the proof of the first assertion.

The second and third assertion follow immediately from the first one.

In order to prove the fourth assertion, we assume that r = n + 2 — 2k
and n > 3k — 2. We prove that there exists only one summand in Q%r) (y),
namely for the sequence (n — 2k,2,0,...,0). This sequence yields the sum-
mand (n+22_2k) Py(y)?. This is the only possible sequence starting with j; =
n —2k =r — 2, since Y ij; = n. Obviously the case j; = r = n+ 2 — 2k is
impossible. The case j; = r — 1 is also impossible since it would imply the
existence of exactly one 79 < n —r such that j;, =1, but then ip =n+1—r
which is not possible. If j; < r — 3, then we obtain as in the proof of the first
assertion that n = > ij; > r — 2 + 2k = n which is a contradiction.

For proving the fifth assertion, we already know that

= n+2— 2k <
D QYY) = hn-okge ) Pe(y)®+ > hQY(y).
r==k r==k

Due to the construction of P;, the coefficient h,_sg42 occurs in P,_or12(y),

in P,_k4+1(y) and it can occur in P;(y) for ¢ > n — k + 1. Because of Lemma 6

only P, _sr+2(y) can occur as a factor of Q' (y) from our sum. It can occur

in those Q" (y) which satisfy n —r > n + 2 — 2k, thus, for » < 2k — 2 and of

course k < r < n — 2k + 1. The polynomials P;(y) for i > n — k + 1 do not

occur in these ng) (y), since we have k < r < n — k. Hence, h,,_aj12 occurs in
,(f)(y) just as a coefficient of P,,_ogy2(y).

Now we study all the summands for (ji,jg, ..., jn—r) Of ng) (y) for k <
r< 2k — 2 with jn72k+2 # 0.

Consider the case jn—opr2 = L.IEY ", | 4i > 2, then Y ij; > n4+2—2k+2k >
n, whence this situation does not occur.

If) ,o1ji=1thenjy =r—Tland ) iji=r—1+n—-2k+2<2k -2~
1+n—2k+2=n—1, whence this situation is also impossible.

If ;o1 Ji = 2, then j; = r — 2, there exists exactly one ig with k& < ip <
n—r, iy #n—2k+2and j;, = 1. Then fromn = > ij; =r—2+ig+n—2k+2
we obtain ig = 2k —r. From iy > k we get » < k and consequently r = k. More-
over n — 2k + 2 > k since n > 3k — 2. So in this situation there exists exactly
one summand of Q%k)(y) which contains P,12_2x(y) as a factor, namely the
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summand for j; = k — 2, jr = 1 and j,12-9r = 1 which is

k(k —1)Pr(y) Pr—2k+2(y)-

The situation j,2-2r > 2 is impossible since then Y ij; > 2(n — 2k +2) +
r—2>2n—-4k+4+k—-2=n+ (n— (3k—2)) > n. In conclusion, the
coefficient h,,_ox12 occurs only in the form

P —ops2k(k — 1) Py(y)?

in Yo L, (T)(y). This finishes the proof of the fifth assertion.
By deflmtlon

k+1
Q3—1(Pi(y Zh ng 1) — higa (<k21> + k(k — 1)> Pi(y)®.

The polynomial Qg; 1)( ) was computed in 4. The polynomial Q3k 1(y) con-

tains the summand k(k — 1)Py(y)Pr+1(y) as described in 5. If k& > 2 this

summand is equal to hxy1k(k — 1)Py(y)?. There are no other summands in

g’z)_l(yL since if (Ji1, jk,--.,J2x—1) satisfies > j; = k and > ij; = 3k — 1,

then 2k — 1 = > "4ij; — > ji = ZQE (i — 1)j; which has the unique solution

jk:jk+1:1andjl—0forz>k+l O
Lemma 12. Assume that n > 2k + 1. For any coefficients hi41, ..., hn_p we
have
n—k
> @r—n—1Dhhy_, =0.
r=k+1

We present only a sketch of the proof. If n = 0 mod 2, then the above sum
consists of an even number of summands. In pairs the first and the last sum-
mand, the second and the last but one etc. cancel. If n = 1 mod 2, then the
above sum consists of an odd number of summands. Again in pairs the first
and the last summand, the second and the last but one etc. cancel. Finally,
there remains one summand for r = [n/2| 4+ 1 which is also zero, since in this
particular situation 2r —n —1 = 0.

Theorem 13. 1. For any generator H(z) = z* + 3, _, hox" and for any
polynomial Py(y) € Cly] with Pr(0) = 0 the differential equation
(AJtormal) together with (B) has exactly one solution of the form

G(y,x) =x + Pr(y)x —I—ZP (Cly))[=]-

n>k
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The polynomials Py, (y) for n > k are given by

B Pr(y) if n<2k—1
hok—1Pc(y) + & Pie(y)? if n=2k—1
b Py(y) + 24 hyy o1 Pr(y)?

+ @, (Pi(y), hie1s- - oy hn—g) if n > 2k,

Pn(y) =

with polynomials ®,, n > 2k, in Py(y) and hgt1,. .., hp—r.
2. Assume that Py(y) =y. The polynomials P,, n >k, have a formal degree
[(n—1)/(k—1)] and their structure is similar to (6).

Proof. Comparing the coefficients of 22*~! in (AJgormal) We obtain that hog_ 1+
kPy(y) = hog—1 + kP (y). Therefore, this equation does not determine Py(y).
According to (B) the polynomial Pj(y) must vanish at y = 0. Therefore at the
moment Py (y) can be any polynomial with Pj(0) = 0.

Now consider 2k < n < 3(k — 1), whence k > 2. Comparison of coefficients
yields

n+l—k
hn + Z hr(n +1-— 7n)-anLlfr(y)
r=k
n—k
= i+ b (0= k+ D) + D by (1P () + Q).
r==k

Using Lemma 11.2 (i.e. point 2 of Lemma 11) we obtain

n—Fk

(n+1—Fk)Poy1-k(y) + Z he(n+1—7)Puy1-r(y) + hot1-1kPr(y)
r=k+1

n—k
= hn—k+1(n —k+ 1)Pk(y) + kpn—k—&-l(y) + Z hrTPn—r+1(y)-

r=k+1
Therefore
(n+1=2k)P1x(y) = (n+1—=2k)h,1-1Pr(y)
n—k
+ > he(@r—n— 1Py, (y).
r=k+1

For n = 2k we get Pyi1(y) = hi41Px(y). Consider some n with 2k < n <
3(k — 1). By induction we have already shown that P.(y) = h,Py(y) for
k+1<r<n-+1—k. Then by an application of Lemma 12 we obtain that
Poi1-k(y) = hp—k41Pr(y). Therefore

P.(y) = hyPi(y), k+1<r<2k—2.
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For n = 3k — 2 we get

2k—1
hsk—2+ Y he(3k —1—1)Psr_1_,(y)
r==k
2k—2
= hgk—2 + hog—1(2k — 1) Py (y) + Z D (7’P3k—1—r( )+ Q?J,;) 5y ))
r==k

Either by direct calculations (for k& = 2) or by Lemma 11.2 (for k > 2) we
derive that

2k—2

(2k = D)Por1(y) + Y he(Bk =1 —7)Py10(y) + hox—1kPi(y)
r=k+1

2k—2
:h2k71(2k—1)P]€( )—l—kPQk 1 ( Z h,rP3p,_1— 7, )) g]l? 2( )
r=k+1

According to Lemma 11.4 we obtain

(k= 1)Pop-1(y)
2k—2 k

= (k — 1)h2k_1pk(y) + Z hr(2’l" — 3k + 1)P3k_1_r(y) + (2> Pk(’y)z
r=k+1

and therefore, due to Lemma 12,

k
Po_1(y) = hox—1Pr(y) + 5 Pu(y)®.

Finally assume that n > 3k — 2. Then

n—=k
hn+ (n4+1=E)Pop1 k(@) + Y he(n+1=7)Pu1r(y) + b1k Pi(y)
r=k+1

= hn + hp—ps1(n =k + 1) Pi(y) + kPo—r+1(y)
n—=k

n—k
+ Z hrrpn—r+1(y) + Z thng) (y)
r=k

r=k+1

Then

(n+1-=2k) (Puy1-£Yy) — bn—rr1Pr(y ))
n—k

= > h(2r—n—1)Pop1 +ZhQ . (12)

r=k+1
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For n = 3k — 1 we deduce

k (Por(y) — harPr(y))

2k—1 2k—1
= > he(2r — 3k) Py, (y) ZhQSkl
r=k+1
2k—1 2k—1
= his1 (2= k) Pa1(y) + Y he(2r — 3k) P Z heQU)
r=k+2

k 2k—1
= hp1(2— k) (h%_lpk( )+ 5 Pev) ) > he(2r = 3k)hgk—r Pe(y)
r=k+2
k+1

+Zh Q41 ()

2k—1 k+1

k r
= hi1 (2= k)5 Pely)® + S he(2r = 3k)hae—r Pi(y) + Z heQS) L (
r=k+1
k41
= his1(2— k)5 +Zh QS (

(By Lemma 12 the sum Z k+1 hy(2r — 3k)hsk—r P (y) disappears. According

to Lemma 11.3, both for £ = 2 and £ > 2 the sum Z% " Qg,;) 1(y) consists
of two summands only.) For k = 2 we compute explicitly

; ( @ | p, Q(s))

= hiPaly) + 5 (2P2(u)Poy) + 3hsPalv)?)

Py(y) = haPa(y) +

5
= haPa(y) + 5 hsPa(y)” + Pa(y)®.

According to Lemma 11.5 and Lemma 11.6, for £ > 2 we obtain

Po(y) = o Paly) + 51 (W n (’“ N 1) . 1)) Pe(y)?

k 2 2
+ Qar—1(Pe(y), 1)
2k +1
= horPi(y) + his1Pr(y)?.

Therefore Py (y) satisfies the assertion. Consider n > 3k — 1 and by induction
we assume that the polynomials P,(y) for r < n + 1 — k have the desired



134 H. FRIPERTINGER AND L. REICH AEM
representation. The right hand side of (12) is then

n—2k+1 n—r+ 9
Z hr(ZT -—n—- 1) (threrk(y) + hnfrkaer Pk(y)2
r=k+1

+ (I)nfr+1 (Pk(y)a thrla sy hnrkJrl))

k
+ hp—opro(n — 4k + 3) <h2k—1pk(y) + 5 Pk(y)z)

n—k
+ > he(@r—n—Dhy 1 Pe(y) + hngaon
r=n—2k+3
n+2-—2k A
X (( 5 ) + k(k — 1)) Pe(y)? + Qn(Pr(y), b ahn+12k)>
n—k
= he(2r —n — Dhy—ri1Pe(y)
r=k+1
k +2 -2k
gz (0= k495 + (") ke ) R
n—2k+1
n—r-+2
+ ._Zk;l he(2r —n —1) <hn,k+22 Pu(y)?

+ q)n7r+1 (Pk(y)a thrlv ceey hnfr7k+1))
+ Qn(Pk(y)7 hk7 sy hn+172k)) .

Therefore,

Pn+1—k(y)
= hpt1-kPs(y)
N hpio—or (n—4k+ 3)k+(n+2—2k)(n+ 1 — 2k) + 2k(k — 1) Po(y)?
n+1-—2k 2
+ @1k (Pr(y), g1+ - Py —2k)
n+1-2k)(n+2-k)
2(n+1—2k)

+ @1k (Pr(y)s Py - - hng1—2k)

= g1k Pr(y) + hnto—ok Pi(y)?

as it was claimed. Moreover we saw, that it was not necessary to impose any
further condition on Py (y). So Px(y) can be any polynomial with Py (0) = 0.

If Pr(y) = y, then for k < n < 2k we immediately see that P,(y) has a
formal degree |(n —1)/(k — 1)]. By induction, for n > 3k — 1 we derive from
Lemma 8.1 and (12) that a formal degree of P, 41_x(y) is
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max {|[(n —k—1)/(k=1)], [(n = k)/(k = 1)]} = [(n = k)/(k—1)]
which finishes the proof. O

Theorem 14. Each solution G(y, ) of (AJtormal) with G(y,z) = = + yx* mod
2**1 s a solution of (Tormal)-

For proving this theorem we show that
Uly, z,2) := G(y + 2,2)
V(y,z,2) := G (2,G(y,x))
both satisfy the system

Hw) o (3. ) = H (f(y, )

Fza) =a+ g+ 225 + 3 fuly, )2,
n>k

Proceeding as in the proof of Theorem 13, it is easy to prove that this system
has the unique solution f(y,z,2) =z + (y + 2)a* + 3, ., Pu(y + 2)z" with
exactly the same polynomials P,, as in Theorem 13.2.

6. Reordering of the summands

From the particular representation of G(y,x) as
Gy, x) =z +ya* + ) Puy)a”
n>k

with polynomials P,, which have a formal degree [(n —1)/(k — 1)] and which
satisfy P,(0) = 0, we also get a representation of G(y,x) as

Gly,x) =Y dalx)y" (13)
n>0
as an element of (C[z])[y]. Introducing coefficients of the polynomials P, (y)
so that P.(y) = Z?;l P, ;y?, where d, = [(r —1)/(k — 1)] is a formal degree
of P.(y), r > k, for n > 1 we have
On(x) = Z Pz
r>k

Since the degrees d, are monotonically increasing the sum ano ¢n(z) belongs
to Clz] and (¢n(2)y™)n>0 is a summable family in (C[z])[y]. This allows us
to rewrite (PDformar) and (B) as

Y ndn(x)y" = H(x) Y ¢ (x)y", (14)

n>1 n>0

¢0(‘T) =, (15)
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where (¢),(2)y")n>0 is also a summable family. We note that (14) is satisfied
if and only if

1 /

bna(a) = —— H(z)oh(a) (14,)

holds true for all n > 0. Therefore
¢1(z) = H(z),

$2(x) = H(z)H'(x)/2,
¢3(x) = H(x) (H(x)H'(x))' /6 = (H(x)H' () + H(2)*H" (x)) /6.

Now, given a formal series H(x) = > -, h,2™, we want to solve the system
((14),(15)) and obtain some further properties of its solutions.

Theorem 15. For any generator H(z) =3, <) hna", k > 2, hy # 0, the sys-
tem ((14),(15)) has a unique solution. For n > 0 the order of ¢n(x) is equal
ton(k—1)+1 and ¢,(0) = 0.

Proof. From (15) we deduce that ¢g(x) =  which is of order 1 = 0(k —1) + 1.
Assume that n > 0 and the assertions are true for n. Then ¢, 41(z) is uniquely
given by n%_l H(x)¢! (z) and ord(¢n41(x)) = ord(H (z)) + ord(¢),(x)) = k +
nk—1)4+1—-1= (n+1)(k— 1)+ 1. Moreover ¢o(0) = 0 and ¢,(0) = 0,
n > 1, since H(0) = 0, which finishes the proof. O

Corollary 16. We assume that 3, - ¢n(2)y" = 2,5 Pr(y)a" is the solution
of ((14),(15)) for a given generator H(x). Writing

Pr(y) :Z-Pr,jij r>1, and ¢n(x) :Zpr,nxra n >0,

j>0 r>1

we deduce that P. = 0 for 2 < r < k. Moreover for r > k the series P,(y) is
a polynomial which has a formal degree |(r —1)/(k — 1)] and which satisfies
P.(0) = 0. Consequently

> on(@)yt =z +> Py € (Cly)[a].

n>0 r>k

Proof. From ¢o(x) = « we obtain that P; o = 1 and P, o = 0 for all » > 2. Since
ord(¢,(x)) =n(k—1)+1 for n > 0, we see that P,,, =0 for 1 <r <n(k—1).
Especially for 1 < r < k—1and n > 1 we have r < n(k — 1) and, there-
fore, P,, =0forn >1and 1 <r <k—1 Thus P, =1 and P = 0 for
2 < r < k. Assume that » > k. Then there exists some integer s > 1 so
that (s —1)(k—1)+1 <r < s(k—1)+ 1. Then P.,, =0 for all n > s. In
the case 7 = (s — 1)(k — 1) + 1 we have P, _; # 0 since ord(¢s—1(x)) = .
Therefore, s — 1 = [(r — 1)/(k — 1)] is a formal degree for P,. Moreover
P.(0) = P,y = 0. 0
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Since ¢1(x) = H(z) and P.(0) =0 for r > k we have

-0/
Py)=hy+ Y., Py, r>k
=2

Now we want to describe the coefficients P, ; for j > 2, r > 2k — 1.
Consider the situation for j = 2. Then

1
Oal) = 5 () (2)
1 -
=3 Z hyx” Z phyat !
v>k pn>k
1

=5 Z Z whyhy, | 2"

r>2k—1 \ viu=r+1
= v>k, pn>k

r+1—=k

== Z Z phyhey—, | 2"

r>2k—1 n=~k

DO | =

Corollary 17. The coefficients P, o for r > 2k — 1 are of the form
k

Pog_1,2 = 5 hi
2k +1
Pop o = 5 hihiit
% (hkhr+1 k-t ZV k1 huhr+17u) r = 0 mod 2

Pr,2:

r r—1)/2 —
+ (hkhwrpk + 2 by + 3 h’%’r-‘,—l)/?) 7 = 1mod 2.

This proves the second summand of P, (y), n > 2k — 1, in (6).
Using (14,,), it is possible to prove the following

Theorem 18. If ¢ () = 32, 5 (k1)1 Prna” and H(x) =32, 5 hea”, then

r>n

r+l1—k

1
¢n+1(l’) = nrl Z Z I/hr+17VPV,'n, x , n Z 0.
r>(n+1)(k—1)+1 \v=n(k—1)+1

By induction this formula allows the computation of the coefficients P, 11
of ppy1(z) forr=(n+1)(k—1)+1land r=(n+1)(k—1)+2. For n > 0 we
obtain

hn—i—l

ﬁ E—1)+1),

L=l

Poinyk-1)+1,n41 =
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and
n+1l n+l r—1
P(n+1)(k-,1)+2’n+1 k+1' Z H S - 1 ) + 2) H ( (k/’ - 1) + 1)
r=1s=r+1 Jj=1

Theorem 19. Let H(z) = >, 5, hn2" k > 2,hy # 0, be a generator and
assume that 3, <, én(2)y" is a solution of ((14),(15)). Then ¢o(z) = x and

1
Pn(@)= > Z th <T+ 5= ZW> ()=S0t v | 2

Tr>n(k—1)4+1 \(V1,..,vn_1) s=1
forn > 1. In Z(Vh
(v1,. . Un_1) of integers, such thatk <vs <r—(n—s)k+(n—1)— Zt 1Vt

wn_1) We are taking the sum over all (n —1)- tuples

This theorem shows that the coefficient P, ,, of 2" in ¢, (z) depends only on
Ry ooy =1y (k—1)-

Proof. We prove this theorem by induction on n. For n = 0 see (15). For n = 1
the sum Z (1, vm_,) COnsists of one summand (for the empty tuple) and the
formula above specializes to ¢1(z) = Y -, hya” which is H(z) as we had

already seen above. Assume that n > 1 and that ¢, has the representation
above. By P, we indicate the coefficient

*7 n—1 s
Z H hy, (r + 5= Z Vt) hr+(n—1)—2;;’f v
t=1

(v1,.vn—1) s=1

of " in ¢, for r > n(k — 1) + 1. From (14,,) we derive that

Ont1(x) = ! H(m)l‘ Z P’

n+1 T or>n(k—1)+1
1 r—n(k—1)
BRG] > Y h(r+1-0Pa g | "
D r>(n+1)(k—1)+1 =k

Now we expand > ,_; n(k—1) he(r+1—£)P.+1_4, and obtain

r—n(k—1)

> h(r+1-20)

=k
#(r+1—€) n—1 s
(W1, n_1) s=1 t=1

#(r+1—20)
(V15esn—1

the n-tuples (g1, ..., i) given by py := £ and pgy1 :=vs for 1 < s <n—1.

Let (v1,...,vp—1) be an (n — 1)-tuple from the sum ) )~ Consider
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Then
k<wy <r—-nk+n=r—(n+1-1Dk+(n+1)—1.

Moreover, for 1 < s < n — 1 we have
E<vi<r4+1l—-tl—(n+1—(s+1)k+(n—-1) Zut

Therefore we also have
s—1

k<pspr <r—(n+1—(s+1))k+n+1)—1—p—>
t=1

Thus
E<pus<r—(mn+1l-s)k+(n+1 —1—Zut, 2<s<mn,

and each summand in (*) yields a summand of the form

Z H hu, (7" +s- Z Mt) R ST (**)

(1505 pim) 5=1

Conversely each n-tuple (u1, ..., t,) belonging to this sum yields a sum-
mand of (*) namely the summand for ¢ = p1 and (v1, ..., vp—1) = (f2, .-, tn)-
Thus (*) equals (**) and ¢,+1 has the desired representation. O

Now we describe the solutions of (14) and (15) still in another way. We
need some preparatory remarks and definitions:

For n > 1 let I,, be the set of all nonnegative integer sequences (i;);>0
with io > 1, 37,544 =n, and ) ;5 ji; = n— 1. Therefore, only finitely many
components i; can be different from zero. To be more precise,

I = (ij)j>0 | i €Z, i; >0, ig > 1, Y ij=n, Y jij=n—1

If (ij) >0 belongs to I,, n > 1, then i; = 0 for j > n. The sets I,, are all finite.
For instance I; contains only one sequence, namely ¢ := (1,0,0,...).
Consider two integer sequences u = (u;);>0 and v = (v;);>0. We define

u < v
if either
up =vo, uy = vy — 1, uj =v; forj>1 (<1)
or
up=vo—1, Is>1:us_1=vs_1+1, us=v, — 1, u;=v; for j ¢{0,s—1,s}.
(<2)
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If we put r := s — 1 then (<3) reads as
vo=uo+1,3Ir >1:v,=u, — 1, vyp1=urq1 + 1, vj=u; for j & {0, 7,7+ 1}.

Assume that v € I, n > 1, and that v < v. If u is also supposed to be
a sequence of nonnegative integers with ug > 1, then v must satisfy certain
properties: For applying (<1) it is necessary to have v; > 1, for (<2) vy > 1
and vg > 1 for some s > 1.

Lemma 20. Let n > 1 and assume that i = (i;);>0 belongs to I,.

1. Ifig=1, theni=(1,n—1,0,0...).
2. Ifin—1#0, theni,—1 =1andi; =0 foralll <j<n—1.1Ifn>1, then

io =n-—1.
3. Let £ = ({);>0 be a nonnegative integer sequence. If n > 1 and £ < i,
then 0 € I,_4.

4. Ifi </, thenl € I, 41.
For each € € I, there exists some k = (k;);>0 € I, such that k < ¢.

ot

L= {¢1k=<¢).

kely

7. The set of all € € I,4q1 with i < € is the union of {(ig,i1 + 1,i2,i3,...)}
and

{Go+1,. . ir—1,ir — Lipy1+ 1 ipq0,0pgs,..) | 1<r<n—1,4,>0}.

Proof. The proof of assertions 1., 2., 4., and 6. is left to the reader.
In order to prove 3., assume that n > 1, ¢ € I, and ¢ < 7 is a nonnegative
integer sequence. If (<) is applied, thus ¢; > 1, then

S lj=ig+ -1+ =Y ij—l=n-1

>0 j>2 >0
and

Yol =1 —1)+> jij=> ji;—1l=n-—2.

Jj=0 Jj>2 >0
Moreover, ¢y = ig > 0 and ¢; > 0 for j > 1. If (<9) is applied, thus there
exists some s > 1 so that i4, > 1, then

s—2

Zej:(z‘o—1)+Zz‘j+(z‘s_1+1)+(z‘s—1)+Zz'j=Zij—1=n—1

>0 j=1 j>s §>0
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and
s—2

> it =" jig 4 (ism1 +1)(s — 1) + (is — 1)s
j=0

i>0 =
+> jij=> jij+s—1—s=n-2.
i>s i>0
We have to show that £y = ig — 1 is positive. Assuming that ig = 1, we obtain
from 1. that i = (1,n—1,0,...) and, therefore, there does not exist some s > 1
such that i > 1. So for ig = 1 (<2) cannot be applied and in our situation
ig > 2, whence {5 > 1.

In order to prove 5., let ¢ belong to I,,41. Since ijo jl; = n > 1, there
exists at least one j > 1 so that £; > 1. Let s be the largest index with this
property. If s = 1, then ¢ = (1,7,0,0,...) and by assumption n > 1, so that
k= (1,n —1,0,0,...) belongs to I,, and k < ¢. If s > 1, then ¢, > 1 and
k=W—1,01,...,05_1+ 1,45 —1,0,0,...) belongs to I, and k < £.

Finally for 7., let 7 belong to I,,. If i < £, then either {; =i, +1 and ¢; = i;
for j # 1, or £y = ip + 1 and there exists some r > 1 so that ¢, = i, — 1,
lri1 =iy + 1 and £ =i; for j & {0,r,r +1}. From £, > 0 we deduce that
i > 0. O

Forn > 1, u= (uj)j>0 € In, v = (vj);>0, and u < v we define
R(u,v) = U %f (<1) 15 appl%ed
us—1 if (<2) is applied.

We note that in the first case ug = vy and in the second case us_1 = vs_1+1 =
U =v, +1forr=s5—1.
Forv e I,, n>1, we set

K(v) = Z K (u,v) K (u)

wel, 1
u=<v

and K(¢) :=1 for ¢ := (1,0,0,...). This definition determines the value K(v)
recursively.
The proof of the next lemma is trivial, thus it is omitted.

Lemma 21. Consider n > 2, then
K(1,n—1,0,0...) =1.
Ifiy=---=1in,_o=0, then
K(n—1,4i1,...,1,-2,1,0,0,...) = 1.
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Theorem 22. Let H(z) be a generator. Then the sequence (¢n)n>0 given by
do(z) = x and

ZK H[HU) } n>1,

! i€l 7=0

satisfies the system ((14),(15)) where HY) (x) = % H(x),j > 0.

)

Proof. By induction we proof that (14,,) is satisfied for all n > 0. ¢4 (z) = H(z)
satisfies this equation for n = 0. Now let n > 0. We have

s H(@)6),(2)
_ (nil)!H(x)aax ;IK 1:1 [H0)()"
_ n+1 L ; z;) lj [H(J } . {Hm(x)rﬂ
X [H““)(g;)r’”“+1 iH_; [H(j)(x)rj . (16)

Consider the summand for 7 = 0. The sequence of exponents of H)(x) for
j > 0is €= (ig,i1 + 1,42,13,...) € I,41. From Lemma 20.7 we deduce that
i < ¢ and f((i,ﬁ) = 4g. For r > 0 this sequence is { = (ig+1,%1,. .. 41,0 — 1,
irp14 1,4p49...) € Iy1. Again we deduce that i < £ and K (i, £) = i,. More-
over, from Lemma 20.7 and (16) we derive that

1

g H(@)n(2) = n+1, Y Y K

[H(J)( )r

4:15

1€1l, €t j:O
1<
n ) 0.
S S KaorH]] [H(J)(x)} ’
! Celntr i€y j=0
_ (J }
n+1 > KOT] [
Lel, 11 j=0
= ¢n+l(w)'

0

There exists also an approach with Lie-Grébner-series (cf. [2] or [3, chap-
ter 1]) to solve ((14),(15)). Define an operator

D:Cla] - Cla],  D(f(2)) = H(x)f ().
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Lemma 23. Let H be a generator of order k > 2. If (¢ )n>0 satisfies the system
((14),(15)), then

Proof. For n = 0 we obtain from (15) that x = ¢o(x) = D°(z). Assume that
n > 0 and that the assertion is true for n — 1, then from (14,,_,) we derive

6nw) = - H(@)bn-1(0)

- %H(x)% ((n . D! Dnl(“’)>

= % D" (x)

and the proof is finished. O

Theorem 24. The series

1 n n
G(y, @) ::Z;D (@)y",
n>0

which is a Lie-Grobner-series, satisfies (Ttorma1) and (B).

Proof. Let x,y,z be distinct indeterminates. The family (D™(z)),>0 is a
summable family, since ord D°(x) = ordz = 1 < k = ordH(z) =
ord D(x), ord D?(x) = ord (H(z)H'(z)) = ord (D(z)) + k — 1 > ord D(z),
and ord D"(z) = ord (D" !(z)) + k —1 > ord D" !(z). Consequently
(2" D"™(x))n>0 is also a summable family.

Similarly we see that (D"(G(z,2)))n>0 and (2"D"(G(z,x)))n>0 are sum-
mable families and we obtain that

n>0 v>0
11
n v yn+v
=2 > oy D ()
n>0v>0
N
1 N! N N
Yy DY)
' nl |
== N n{(N —n)
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=Y ) DY)

N>0
=Gy + 7).
Thus G(y,x) satisfies (Ttormal). Moreover, (B) is satisfied, since G(0,z) =
D%(z) = x. O

We note that Lie—Grobner-series in the context of iteration groups have
already been used by St. Scheinberg [11] and also in [9].

7. Normal forms

Let I'; be the set of all formal power series f(z) € C[z] with f(z) = x mod z?.

Theorem 25. Assume that G(y,x) is a solution of (Ttormal). For all S € Ty
the series G(y,xz) = S;l (G(y,S(x))) is a solution of (Tiorma1). If G(y,x)
satisfies (B) then also G(y,x) satisfies (B).

Proof. Tt is straight forward that

and

O

Let X be the set of all solutions of (Ttorma1) and (B). This is the set of all
formal iteration groups of type II. Then the relation ~ defined by

Gl(yax> ~ Gz(y,$) if and Only it 35 e F1: GQ(Z],I') = Sil(Gl(ya S(.’E)))
for G1,G2 € ¥, is an equivalence relation on ¥, called conjugation on X.

Theorem 26. Assume that H(x) is the infinitesimal generator of G(y,x) € X
and let S(x) € T'y. The infinitesimal generator of G(y,z) := S~1(G(y, S(x)))
18

H(z) = [S"(x)] " H (S(x)).
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Proof. We have

O Gy.2)ly0

H(ﬂf)*af
9 4
0z

0

0
'(2)] 2200, @) gy G (y,5()) |y=o0

=3, S7H2) =5 H (S()) -
Since S7(S(z)) = x we deduce a% (S71(S(x))) = 1. Therefore

a 9
1= e S 1(z)|zzs(r)% S(x),

and
0 57 ) ems) = (5@
82: z= xr k)
which proves the theorem. 0

Theorem 27. Consider G(y,z) = & + ya* + 3 _, Pa(y)a™ € ¥ with infin-
itesimal generator H(z),S(x) € Ty, and G(y,z) = S~ (G(y, S(x))) with
generator H(z) = [S'(z)]" H(S(z)). Then the following assertions hold true.
1. G(z,z) is a solution of (Dtormal) 4f and only if

% G(z,z)=H (G(z,x)) .
2. G(y,x) is a solution of (PDtormai) if and only if

y.0) = H(x) o Gl )

3. G(y,x) is a solution of (AJtormal) of and only if
9 - _

26 i (G : ) .
2 Gy,) = A (G )
Theorem 28. For each H(x) =3, 5, hnt", k > 2, hy =1, there exist some
S(z) € T'1 and ezactly one h € C, so that

(2% + ha?* 1S (z) = H (S(z)).

H(z)

Proof. Assume that S(z) = z+ Y, <, sp2"™, then (2 + ha?*~1)S’(x) expands
to -
2k—2
zk 4 Z (n—k+1)sp_pp12" + (ksp, + h)a?*1
n=k+1
+ Z ((n—k+1)sp—gr1 +h(n—2k+2)sp_oks2) z"
n>2k
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For the computation of H(S(x)) we note that for v > 2 there exist polynomials
R, . (s2,...,8,-1) so that

v

T+ Z spx| =¥ 4 vsz' T + Z (vsp + Ruu(s2,- -+, Sn—1)) vl

n>2 n>3

Therefore,

H (S(I)) = Z hy | ¥ + V52IV+1 + Z (Vsn + Rn,u(52a s Sn—l)) vl

v>k n>3
n—1 n—2
= E h,, + E hyTSp—ri1 + E heRy—ri1 (525 -y Sp—r) | ™.
n>k r==k r==k

Next we determine the coefficients of S so that (z* +ha?*=1)S"(z) = H (S(x))
is satisfied. For k + 1 < n < 2k — 2 comparison of coefficients yields:

n—1 n—2

(n —k+ l)sn—k+1 = hn + Z hrrsn—r-i-l + Z h7'Rn—T+1,7'(527 s 78n—r)~
r==k r==k
(17)
Let n = k+ 1 (for k # 2), then so = hg+1/(2 — k), thus it is uniquely deter-
mined. If 2 < v < k—1 and so,...,5s,_1 are uniquely determined by this

equation, then (17) for n := v+ k — 1 < 2k — 2 shows that s, = s,_g41 18
uniquely determined as

1 n—1 n—2
m (hn + Z hpr8p_py1 + Z h7'Rn—r+1,r(327 ) Sn—'r) .

r=k+1 r=k
Comparing the coefficients of 22¥~1 yields
2k—2 2k—3
ksg +h=har1+ Z hersog—r + Z hyRog (82, ..., S2p—r—1)
r=k r=k

which shows that h is uniquely determined by

2%k—2 2%—3
h=hor_1+ E hersog—r + E hyRop—rr(S2,. .. S2k—r—1),
r=k+1 r=k

but sj is not determined by this equation. For that reason we choose s, € C
arbitrarily but fixed.
Finally for n > 2k we obtain
(n—k+1)sp—gr1+ h(n—2k+2)sp_o2k42
n—1 n—2

= hy, + Z hr’rsnfr+1 + Z harfrJrl,r(SZy SERE) Snf'r)~
r=k r=k
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Now $,,_k+1 is uniquely determined by so,...,s,_; and h as
1 n—1
n—2k+1 (hn + 2 hersuern
r=k+1
n—2
+ Z har—r+1,r(527 LR Sn—r) - h(n -2k + 2)£n—2k+2> .
r==k
Since s could be chosen arbitrarily, S is not uniquely determined. O

We have just shown that for each formal iteration group of type II, there
exists a unique normal form with respect to conjugation, so that the infinites-
imal generator of this normal form is z* + ha?*~! for some h € C.

8. Normal forms and (PDormal)

In this section we consider formal iteration groups G(y, ) of type II in normal
form. Thus the infinitesimal generator is given by

H(z) = oF + ha®F 1, k>2,
with some h € C.

Similar computations as in the proof of Theorem 4 yield

Theorem 29. The solution of (PDioymal) and (B) for H(xz) = 2% + ha?*~1 is
given by

Gy, ) =Y Pue—nypa(p)a"- D4
n>0
where
1 fn=0
Pue-1y+1(y) =Y - . ifn=1
II._, Gk-1+1) % +hQu(y.h) if n > 2,

and where Q,(y,h),n > 2, is a polynomial iny of degree n—1 and a polynomial
in h of degree |n/2] — 1.

Moreover, in the sequel we assume that h is an indeterminate over (C[y])[].
Since for n > 2 the degree of P,,_1)11(y) as a polynomial in h is [n/2], we
can write G(y, z) as

S Gy, )h" € (Cla.y])[h]-

r>0
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From (B) we deduce that Go(0,z) = z and G,.(0,z) = 0 for r > 1. Instead
of (PDformal) we obtain

ZgammuwwWH)Z%a@mr

r>0 r>0
_ § l‘ - y’ hr+§ {E2k 1 I)hr+1
r>0 r>0

This is a system of equations for G,.(y,z), r > 0, given by

0 0

and

0
oz %Gr_l(y,l‘), r>1 (19)

In order to simplify notation let [r] stand for r(k—1)+1 for any nonnegative
integer 7.

2 _ ki 2k—1
99 Gr(y,z) = 2"~ Gr(y,2) + @

Theorem 30. Consider H(z) = z* + ha®*~1 where h is an indeterminate over
Clz,y]. The solution of ((18),(19)) and (B) is given by

Z G, (y,z)h"

r>0

where

[T ) aletl >
Z Z T_.l] = Y r=>0.
n>r (F1s-ees s=1lJ$

1<31
JsZds_142, s>2
Jr<ntr—1

Proof. In order to solve (18) we assume that
=Y D)y
n>0
Gol(y, x) satisfies (18) if and only if
Z ne'® (x Z 2* o0 (z)
n>1 n>0

which is equivalent to
(n+ 1oy (@) = a*6" (@), n>0.

From (B) we deduce that z = Gy (0 x) (() ) x) and therefore (bgo)(:v) =aF =
[, 2¢éo)( ) = kz?*~1 whence ¢>2 ( ) =11 ]“"? and by induction ¢£?)(a:) =
n—1r.1z"

[Tz 5
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Consider » = 1 and assume that

Gi(y,x) =Y ¢\ (x

n>0
G1(y, x) satisfies (19) if and only if

n(k 1)
S0+ Dy = 3 et + o Y [T
n>0 n>0 n>0:i=1
which is equivalent to
n [n+2]
(n+ 1o () = 2*6M () H 12 n > 0.

From (B) we deduce that ¢(()1) =0, (;551)(:5) =zl = % 1[7’

(1)

and by induction

i ] , n > 2.

Assume that r > 2 and that G,_1 has the representation as was claimed.

If
Gy, x) => o ()y"
n>0
then G, (y, ) satisfies (19) if and only if
> (n+ Doy @)y
n>0
n+r—1r. (n+r—1)(k—1)
_ - i x "
_Z xkqﬁ(’)' y +$2k 1 Z Z le_ll [ ] ' y
n>0 n>r—1  (G1.odr—1) Hs:l[ S] n
1<j1
Js>ds—1+2, s>2
Jr—1<n+r—2
which is equivalent to
(n+ Do) (0) = a6l (@), n<r—1,
and
ntr—1 [n4r+1]
T r 1= €
(n+ Dol @) =t @)+ Y =il Cnzrol

—1p . |
(G1see» ]",‘_1) H;:lbs] n

Gs>de_1+2, s>2
Jr_1<n+r—2
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From (B) we deduce that d)((]r) = 0. Therefore also d)Y) =...= qzﬁ(r)l =0.
Comparing the coefficients of y" !

2r—2ry.
(r) _ | ) xl?r]
’r'¢r (.T}) (hy; . HZ;%[]S] (7’ N 1)| )

we obtain that

whence
Ow- Yy Mol oy
T - —17 . °
(s rdr—1) [T5=1[s] 2r—1] 7!
1<j1
s 112, 522

Jp—1<2r=3
Let j, := 2r — 1, then for any sequence (j1,...,j-—1) from this sum (actually
it consists of one summand only) we have j,. — j,—1 > (2r — 1) — (2r — 3) = 2.
Moreover the sequence (ji,-...,7-) = (1,3,...,2r — 1) is the only sequence of

length r with the properties 71 > 1, js > js—1 + 2 for s > 2, and j, < 2r — 1.
Consequently

21112’ 2127]
ww= Y e

1<j1
Js2js—1+2, =2
jr<2r—1

Assume that n > r and

+r—1r,
gy et
- T . .
" Hg:l[]s] n'
jSsti?ilz, s>2
jr<n+r—1

Then we obtain from
Hn+T—1[i] Z[n+r+1]

(n+ Doyl @) =M@+ 3 LS
(F1s--es Jr—1) Hs:l[ 9] °
1<j1
Jjs>2js—112, s=2
Jr_1<n+r—2

that
n414r—1y. n -
=y He e
" (G1sees Jr) Hs:l []s] (TL + 1)'
1<j1

Js>is_1+2, s>2
Jjr<ntl4r—2

7% In+ 147 —1] gl
Z Hr—l[-s] [TL—|—]_—|—7"—]_] (n+1)'

s=1

1<j1
Js2js—1+2, s>2
Jp_1<n+l4r—3
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In the right sum let j,. :==n+4+1+r — 1, then j,. — j._1 > 2. Since, moreover,
the set of all sequences (ji,...,j,) with the properties 1 < j1, js > js—1 + 2
for s > 2, and j, < n+14r — 1 partitions into the two sets of sequences with
jr<n+14+r—2and j, =n+1+1r — 1 we see that

. H”+1+T*1 [’L] x[n—i—l—i—r]
¢EL-‘1)-1 (Z‘) = Z

i=1
) 1<ay
Jjs2ds—1+2, s>2

[licilis]  (n+1)7
Jr<ntitr—1

which finishes the proof. O

Remark 31. In the previous theorem the indeterminate i can be replaced by
an arbitrary complex number h, since for each r > 0 the coefficient G, (y,x)
belongs to (Clx])[y] and ord G, (y,x) is equal to r. Consequently, the family
(Gr(y,2))r>0 is summable and, therefore, for any h € C also (h"G,(y,z))r>0
is summable.

Hence, replacing the indeterminate by an arbitrary complex number makes
sense and Theorem 30 describes the solution of (PDgoymar) for any generator
H(x) of an iteration group of type II in normal form.

9. Normal forms and (D¢ormal)

In this section we consider formal iteration groups G(y,x) of type II in normal
form. Thus the infinitesimal generator is given by

H(z) = 2" + ha®*~1  k>2 heC.

Again we assume that h is an indeterminate over C[z, y] and we write G(y, x)
as

"Gy )b € (Cla yDIAL.
r>0

For the proof of the main theorem we need the following lemma which can
easily be proved by differentiating the primitive function, or by suitable partial
differentiation.

Lemma 32. 1. Let s> 1 be an integer. Then

dy _ 1
/ == Dga 0~ (5= D= D11 = (o= Dgar- 11+ )

with c(z) € Clz].
2. If, moreover, r is a positive integer, then there exists a polynomial Q, of
degree r such that

/ (In(1 — (k — V)yak=1))r du — Q,(In(1 — (k — 1)yzk—1) o(z)
T B D
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with c(z) € Clz].
3. If P, is a polynomial of degree n > 0, then there exists a polynomial P,
of degree n such that

/ P,(In(1 — (k — 1)ya*=1)) P,(In(1 — (k — 1)ya*1)

R S T

with ¢(x) € Clz].
The left hand side denotes the primitive functions of the integrand in

(Cl=Dlyl-

Theorem 33. The solution of (Diormal) and (B) for H(z) = z* + ha?*~1 is
given by

Gly,x) =) Gy, 2)h"
r>0
where
Grly @) =2l (1= (k=1)ya" 1) OV/EDP (I(1-(k-1)ya 1), r=0,
where [r] stands for r(k—1)+1 and P, are polynomials of degree r. Moreover
Py=1and Pi(z) = —z/(k—1).
Proof. In the present setting, from (Dgormal) we derive
2k—1

k
Z%GT(WWZ > Gy )" | +h (D Gry, )b . (20)

r>0 r>0 r>0

Comparing the coefficients of h’ we obtain the differential equation

0
aiy GO(yvz) = GO(ya z)k'

From (B) we deduce that G(0,x) = z and G,(0,2) = 0 for r > 1. It is easy
to prove that Go(y, =) = 2(1 — (k — 1)ya®~1)71/(*=1) satisfies this differential
equation and boundary condition.

Comparison of coefficients of h' yields

0
aiy Gl (y7 LU) = kGO(ya w)k_lGl(yu (E) + GO(y7 x)2k_1'

First we solve the homogeneous equation

0 - .
87y Gl(y,ZE) = kGO(?ﬁx)kilGl(yam)'

Straight forward computations show that G (y, z) =c(1—(k—1)yak—1)~F/(:=1)

for some ¢ € C. Now by variation of the integration constant we solve the inho-
mogeneous equation together with the boundary equation G1(0,z) = 0. We
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set ¢ =1in Gy (y,z) and we set Gy (y,z) = C1(y,2)G1(y, z). Then

9 G(y.z) = Crl 1)L Culyo ) + Culy, 2) 2 G (9. 2)

Ay dy dy
~ 0 B
= Gl(yam)aiy Cl(yvx) + kGO(yax)k 1G1(y7x)'
Therefore the differential equation for G; reduces to
0
57 Caly.) = (1= (k = =)D Gy, )
— ( _ (]C _ 1)y$k_1)k/(k_1)$2k_1(1 _ (k _ 1)yxk—1)—(2k—1)/(k—1)
_ $2k71(1 _ (k _ 1)y$k71)71.

Consequently, Cy(y,z) = (—=1/(k — 1)) 2% In(1— (k—1)yz*~1)+ Dy (x). Due to
the boundary condition G1(0,x) = 0 we have C(0,z) = 0, whence Dy (z) = 0.
In conclusion

Gi(y, @) = (=1/(k = 1) 2" In(1 — (k = 1)ya")(1 — (k — Ly~ *=1,

Now we assume that the hypothesis is true for Gy (y, x), ..., Gn(y,z), n > 1,
and we prove that it also holds for G,,41(y,z). In order to compute the right
hand side of (20) we note that

m

Y awaor| =X | Y | (jO.TjN>ﬁGi(y,x)ji n.

r>0 N2>0 (Jo»---+iN
ji=m
Yiji=N

Therefore we obtain from (20) that

0
872/ GnJrl(yv 1’)
= kGo(y, )" Gryi(y, )

> (jo.l.{.jn>.ﬁa"(y’w+ 2 ('%_'1)12[&@’%)%

oo mrdn) i=0 Gorgmy MO -sdn/ 5
pop e S Jim2i1
Siji=nt1 Siji=n

::¢n+1(GO~,---7Gn) ::wn+1(G07---7Gn)
= kGo(l/, x)kilGn—&-l(ya JJ) + ¢n+1(G0a BE) Gn) =+ ¢n+1(GO7 B Gn)

Similar to the case n = 1, the solutions of the homogeneous equation are
c(l — (k — Dya*H=*F/F=1 for ¢ € C. By variation of constants we set
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Gri1(y,2) = Cpy1(y, 2)(1 — (k — 1)yak=1)=*/ (=1 which leads to the dif-
ferential equation

0

2o, ’

By +1(y, @)

=(1— (k- yz" HED (¢, 1 (Go,. .., Gp) + Yni1(Go, ..., Gr)).

From the induction hypothesis we determine the structure of the summands
of ¢p41 and 1, +1. These summands are integer multiples of terms of the form

H Gi (y7 x)L
=0

=TT (=" = & = 1yya* )" EDPn(1 - (k - 1>yx’€—1>>)ﬁ
=0

= 2 Jill(1 — (k= 1)yak—1)~ 2o/ (k=) HPi(ln(l — (k= 1)y ).
i=0

Since P; are polynomials of degree 4, the product []\_, P; is a polynomial of
degree Y ij;. Moreover > [i]j; = (kK —1)>_ij; + >_ j;- Hence, the summands
of ¢,4+1 are multiples of

DGR (] ( _ 1)ygk=1)= (b (k1) +k)/ (k1)

Poa(In(1 — (k — 1yah 1))
_ x[n+2](1 _ (k’ _ l)yxk_l)_["J”Q]/(k_l)lsnﬂ(ln(l _ (k _ 1)y$k—1))

with suitable polynomials ]Sn_H of degree n + 1. Similarly the summands of
Y41 are multiples of

21— (k= 1)y~ TV VR, (In(1 — (k- Dyath)

with suitable polynomials P,, 1 of degree n. The coefficients of these terms are
nonnegative integers. Now we prove that there exists at least one summand
in ¢,41 with positive coefficients: If n = 1, then consider (jo,j1) = (k — 2,2)
which satisfies j; > 0, > j; = k and } ij, =2 =n+ 1. If n > 1, then con-
sider jo=k—2,j1 =1, j, =1 and j; = 0 for 1 < i < n which also satisfies
Ji > 0,> j; = kand > ij; = n+1. The corresponding multinomial coefficients
(j(ylijn) are positive. In conclusion

Gt + Uny1 = z"TH(1 = (k — Dy~ 1)~ IH2/E=D
P (In(1 = (k = Dyat=1))
with a suitable polynomial anr] of degree n + 1. Therefore, we have to solve
the differential equation
0

dy Crar(y,2) = 2" (1 = (k = 1)ya" 1)~V P (In(1 = (k = Dya*1)).
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Due to Lemma 32 there exists a polynomial P, of degree n + 1 so that
nt2) Posr (In(1 — (k — 1)ya* 1))
=11 — (k — 1)yak—1)n

According to (B) we have C,1(0,2) = 0, whence D,,;1(z) = 0. In conclusion
we obtain

Grr1(y, ) = Crpa(y, 2)(1 — (k — )ya®~ 1)~/

_ i P (01— (k= Dyt ™)) )
kal(l — (k _ 1)y:17k*1)n

= " A—(k=1)y2r~ "I/ E=Dp L (In(1 — (k — D)ya®1)).
O

Cnyi1(y,z) =2 + Dpy1(z).

o (k o 1)yxk—1)—k/(k—1)

Remark 34. In the previous theorem the indeterminate i can be replaced by
an arbitrary complex number h, since for each r > 0 the coefficient G, (y,x)
belongs to (Clx])[y] and ord G, (y,x) is equal to r. Consequently, the family
(Gr(y,2))r>0 is summable and, therefore, for any h € C also (h"G,(y,z)),>0
is summable.

Hence, replacing the indeterminate by an arbitrary complex number makes
sense and Theorem 33 describes the solution of (Dformal) for any generator
H(x) of an iteration group of type II in normal form.

Remark 35. So far the application of normal forms of (AJgormal) did not lead to
clear and easy to understand representations of the coefficients of the solution.
Hence, we do not present this approach in the present paper.
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