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Summary. We describe the general solution (o, 3), where a = (a(s, x))sec and 8 = (8(s, x))sec
are families of formal power series in C [z], of the two so-called cocycle equations

a(s+t,z) = a(s,z)a(t,7(s,x)), s,teC (Col)
B(s+t,z) = B(s,z)a(t,m(s,x)) + B(t, 7 (s, x)), s,teC (Co2)

together with the boundary condition
a(0,z) =1, B8(0,z) =0, (B1)

where m = (7(s, x))sec is an iteration group in C [z]. Our method is based on the knowledge of
the regular solutions of (Col) and (Co2) and on a well-known and often used theorem concerning
the algebraic relations between exponential functions and additive functions.
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1. The problem

For the families o = (a(s, z))sec and 8 = (6(s,x))sec of formal power series

a(s,z) = Zan(s)x”, B(s,z) = Zﬂn(s)x” € Cl]

n>0 n>0

with unknown coefficient functions a.,, 3,: C — C, n > 0, we study the system of
so called cocycle equations

a(s+t,x) = a(s,z)at,7(s,x)), s,teC (Col)

B(s+t,z) = p(s,x)a(t,n(s,z)) + Bt m(s,x)), s,teC (Co2)
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together with the boundary condition
a(0,z) =1, B8(0,z) =0, (B1)

where m = (7(s,x))sec is an iteration group, i.e. 7 is a solution of the translation
equation
m(s+t,x) =n(t,n(s,x)), s5,teC (T)

of the form
w(s,x) =Y ma(s)a”, seC
n>1
with m,: C — C, n > 1, and m(s) # 0 for all s € C.

This problem has already been solved for analytic iteration groups and solutions
a,  with entire coefficient functions when discussing covariant embeddings of a
linear functional equation with respect to analytic iteration groups. (Cf. [4, 3].)
These analytic solutions were computed by using differentiation (coefficientwise
differentiation and integration, mixed chain rules, etc.).

For a foundation of the basic calculations with formal power series we refer the
reader to [9] and to [2]. If ¥(x) € C[z] is of the form +(x) = >, <, Yna™ with
Y, # 0, then k is the order of v, which will be indicated as ord ¢ (z) = k.

Furthermore, the notion of congruence modulo " will be useful. We write
¢ =1 mod 2" for formal power series ¢(x),¥(x) € C[z] if 2" is a divisor of the
difference ¢(x) — ¥ (x). In other words p(x) — ¥ (x) = 0, or its order is greater
than or equal to r. The exponential series is given as

n

exp(a) = Y o

n>0

and the formal logarithm is the series defined by

In(l+a)=> e

n
n>1

Multiplicative powers of a formal series are usually indicated as [¢)(z)]™ and not
as (x)".

In the meantime W. Jabloniski and L. Reich [10, 11] succeeded in the classifica-
tion of all iteration groups 7 (without any regularity conditions). In the same way
as with analytic iteration groups they distinguished two types of iteration groups:

Iteration groups of type I are of the form

(s, x) = mi(s)z + Z Py(m1(s))z’, s e C,
>2

where m1: C — C* := C\ {0} is a generalized exponential function, 7; # 1, and
where Py(y) € C[y] is a polynomial of formal degree equal to £. At the moment we
do not need the detailed structure, the general form, and the universal character
(depending on certain parameters) of these polynomials Py. Iteration groups of
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type I have very simple normal forms, since for each m of type I there exists some
S(z) =z + spa® 4 - -+ € C[z] such that

m(s,x) = S~ (m(s)S(z)), seC.

As it was shown in [4] it is enough to solve (Col) and (Co2) for these normal
forms 7(s,x) = m1(s)x. The analytic iteration groups of type I are obtained for
m1(s) = e#* with u # 0, a regular exponential function.

Iteration groups of type II can be described as

m(s,2) = x + mp(s)2” + ZPg(wk(s))xl, seC,

>k
where k > 2, m,: C — C is an additive function, 7y, # 0, and where Py(y) € C[y]
is a polynomial of formal degree equal to L%J Here, too, we do not need the
detailed structure, the general form, and the universal character of these polyno-
mials P,. But the reader should be aware of the fact that even though we use the
same letters these polynomials are different from the polynomials occurring in the
description of iteration groups of type I. The analytic iteration groups of type II
are obtained for 7 (s) = ¢xs with ¢ # 0. In comparison with iteration groups of
type I, these groups do not have so simple normal forms, and for that reason we
do not use normal forms in our approach.

Our method in the present paper is based on the knowledge of the regular
solutions of (Col) and (Co2) as presented in [4], on a well-known and often used
theorem [13] concerning the algebraic relations between exponential functions and
additive functions, and on results about iteration groups in power series rings
without regularity conditions [10, 11].

Finally, let us mention some facts concerning our notation. Throughout this
paper the coefficients of a formal series or the coefficient functions of a family
of series will be indicated with the same, but indexed, letter as the series or the
family. Iteration groups are indicated with 7, a particular analytic iteration group
of type II with 7*. The polynomials P, describe the coefficient functions of an
iteration group as polynomials in 7 or m;. The integer £ > 2 is the index of the
second nonzero coeflicient function of an iteration group of type II. In the different
theorems the polynomials @, usually depend on 7 and certain other coefficient
functions. They are auxiliary polynomials, and in each situation they are a little
bit differently defined. The families oz and § denote solutions of (Col) and (Co2).
The families v and A are closely related to o and 3. For describing a we use
series E(z) = 1 mod z, and families P(s,z). The families 8 are described with
an additional series F(z) € C[z], and a family Q(s,z). Here we tried to use the
same notation as in the fundamental paper [4]. The reader should not mix these
families P(s,x) and Q(s,x) with the earlier mentioned polynomials P and Q.

Knowing the solutions of the system of cocycle equations is an important step
when discussing covariant embeddings of a linear functional equation. Such em-
beddings were studied in a very general setting by Z. Moszner in [12] and for
functions defined on a real interval by G. Guzik in [5] and [7]. The first cocycle
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equation is also studied in [6] and [8]. It also appears as the triangular equation
for instance in [1].

2. The general solution of (Col)

As in the analytic case we can prove that for any solution « of (Col) and (B1) the
coefficient function g satisfies ag(s) # 0 for all s € C. If we define &(s,x) by

an(s

) n
a(s, ) :O[O(S)(l_‘—,; ao(s)x ), seC,

=:&(s,x)

then we obtain that « is a solution of (Col) and (B1) if and only if «p is a
generalized exponential function and & is a solution of (Col) and (B1). It can
easily be verified that if &(s,x) =1+ ... is a solution of (Col), then (B1) is also
satisfied.

Finally introducing ~ by

v(s,z) :=In(a(s,x)) = Zvn(s)x", s e C,

we obtain the following characterization:

Lemma 1. The family & is a solution of (Col) if and only if v is a solution of

v(s+t,x) =7(s,x) +v(t, 7(s, xz)), s,t € C. (Col’)

Now it will be useful to distinguish between iteration groups of type I and
type II.

2.1 The general solution of (Col) for iteration groups of type I

In this section we always assume that the iteration group w is given in normal

form, i.e. m(s,z) = m1(s)x, where m; # 1 is a generalized exponential function.
First we determine necessary conditions on « for being a solution of (Col).

Thus we assume that & is a solution of (Col), and that v = In(&) satisfies (Col’).

Lemma 2. The family 7 is a solution of (Col’) if and only if there exists D(x) €
C[z] of order > 1 such that

v(s,z) = D(m1(s)x) — D(x), seC.
Proof. Comparing coefficients in (Col’), and using the fact that ~,, (s+t) = v, (t+35)
we obtain that

7”(8) + 'Yn(t)wl(s)n = ’Vn(t) + 'Vn(s)ﬂ—l(t)nﬂ s5,t€C, n>1.
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Since m1 # 1 is a generalized exponential function, there exists a series (¢, ),>1 of
complex numbers such that 7 (¢,)"™ # 1 for all n > 1. Thus

77L(tn)
T (tn)" -1

(mi(s)" 1), se€C, n>1,

Yn(8)

which means
Yn(s) = Dy(mi(s)" —1), se€C, n>1,

with D,, = vy, (t,)/(m1(t,)™ — 1) € C. Consequently, v(s,z) = D(m1(s)z) — D(z)
with D(z) = )", ., Dpa™. Conversely, each ~ of this form is a solution if (Col’).
- |

As an immediate consequence we derive that the general solution of (Col) for
iteration groups of type I can be described exactly in the same way as for analytic
iteration groups of type I.

Corollary 3. Assume that 7 is an iteration group of type I given in its normal
form. The family « is a solution of (Col) and (B1), if and only if there exists
some E(x) € C[z], F(z) =1 mod z, such that

E(n(s,z))

B s € C,

a(s,z) = ap(s)
where ag is a generalized exponential function.

Proof. Assuming that « is a solution of (Col) and (B1), and writing it in the
form ag&, we already know that «g is a generalized exponential function, and
~v(s,x) = In(a(s,z)) = D(m(s)x) — D(z) for some D(z) € C[x] of order > 1.
Thus, D(x) can be substituted into any formal series and we obtain

E(n(s,x))

a(s,2) = exp((s,2)) = exp(D(m (s)2) = D) = ===

s e C,
where E(z) = exp(D(x)) = 1 mod =.

Conversely, direct computations prove that each « of this form is a solution of
(Col) and (B1). O

Remark 4. Even if the iteration group 7 is not given in its normal form, each
solution of (Col) is necessarily of the above mentioned form.

Proof. Assume that 7(s,z) = S™1(7(s, S(x))), s € C with S(z) = 2 + sqz? + ...,
and 7(s,z) = m(s)xz. The same way as in Theorem 1.3 of [4] it is possible to
prove that the general solution of (Col) (i.e. the set of all solutions of (Col)) is in
one-to-one correspondence to the general solution & of

a(s+t,x) =a(s,z)alt, 7(s,z)), s,teC (Col)
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as, S_l(y)) = a(s,y), seC.

Hence, since

d(87y) = aO(S)E 71(872/))7 s € (C7
E(y)
we obtain by an easy computation
a(s,x):ao(s)%, seC
with E(z) = (E o S)(x). O

2.2 The general solution of (Col) for iteration groups of type II

In this section we write the iteration group in the form
m(s,x) = &+ mp(s)2k + ZP@(Wk(s))xe, seC,
>k
where k > 2 and 7 # 0 is an additive function. Moreover, we also consider the
corresponding analytic iteration group 7*, which is given by
T (s,x) = & + ()" + Z Py(m}(s))z, seC,
>k

with the same polynomials P as in 7, and where 7}(s) = s for s € C.
The close connection between 7 and 7* is described by

(s, x) = 7" (1 (s), x), seC.

For the proof of the next theorem and in order to prove that 7*, as introduced
above, is always an iteration group, we need the following preparatory

Lemma 5. Assume that a # 0 is an additive function from C to C, and R(y, z)
is a polynomial in Cly,z]. Then R(a(s),a(t)) = 0 for all s,t € C, if and only if
R=0.

Proof. We only prove the nontrivial part of the assertion. Assume that R(a(s), a(t))
= 0 is satisfied for all s,t € C. We collect the summands of R with respect to
powers of z, obtaining
d
R(y,z) = Zn(z)yl with r; € C[z]
=0
with some suitable d. First we fix an arbitrary element ¢ty € C, and we get
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Since a is a non-trivial additive function, a(s) takes infinitely many values for
s € C, whence 7;(a(tg)) = 0 for 0 <4 < d. The element t; was arbitrarily chosen
in C, thus each t € C must satisfy r;(a(t)) = 0 for all 4, which yields that r; =0
for 0 <7 <d. Hence R = 0. O

Some technical details about multiplicative powers of 7 (s, z) are collected in

Lemma 6. Assume that

(s, x) = x4+ mp(s)xk + ZP@(?Tk(s))xe, seC
>k

s an iteration group of type II.

1. For n > 1 the multiplicative n-th power of 7w(s,x) is given by

[7(s,2)]" = 2™ + nmp(s)z™ 1 HF 4 Z Pe(n)(wk(s))xé
e>n—1+k

where Pz(n)(ﬂk(s)) are polynomials in wg(s).

2. If p(t,8) = 32,50 pult)z"”, then

olt, m(s, ) z% 2"+ (pr(®) + me(s)pn (1)) "

+Z(% + () (n+ 1 — k)ppi1-x(t)
n>k

+Qu (), @1 (1), pn k(1)) )2
with polynomials Qn (mk(s),01(t), ..., Pn—k(t)) which are linear in ¢;(t).

Proof. 1. For n = 1 the assertion is trivial. Assume that n > 2, and define the
polynomial Py by Pi(y) =y, then

w(s,x) =x + Z Pg(m@(s))xé,

>k
and
n n_J
s =3 (7)o! | X Pt
5=0 >k
n—2 =
= (n) x’ Z Py(mp(s))z* + nz™ ! Z Py(mp(s))a’ +am.

i=o M 0>k 2k
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Obviously the order of

n—j

()ﬂ ZPK (s

>k
is>j+k(n—j)=kn—(k—1)j for 0 <j <n—2. Consequently
n—2 e
ord | 37 (’,‘)ﬂ 3 Pu(mi(s))2’ > kn — (k—1)(n —2)
j=o M >k
=n+2k—-1)>n+k—1

Since all the occurring coefficient functions are polynomials in 74 (s) we deduce
that

[7(s,2)]" = "™ + nmy(s)z"HF 4 Z ]5@(") (7 (s))x*
e>n—1+k

with suitable polynomials P(" (y) € Cly].
2. Using the just derlved representations of [ (s, z)]™ we obtain

o(t, m(s,x)) Z(pn

n>0
= olt) + Z ©on(t) (x” + ng(s)z" TR 4 Z (") a:z).
n>1 >n—1+k
Collecting terms of order n yields the assertion. O

Remark 7. Assume that 7 is an iteration group of type II with
m(s,2) = x + m(s)2” + ZPg(wk(s))xl, seC,
>k

then 7* as defined above is also an iteration group of type II.

Proof. Since 7 is a solution of the translation equation (T) we have

x+mp(s+t)zh + Z Py(mi(s + 1))z
>k
=7(s,x) + mp(t +Zpe T (t s,2))"
>k
for all s, € C. Expanding the right-hand side we finally derive

x+ (mp(s) + mi(t))x +ZP¢ 7 (s) 4+ m(t))z’
>k

=z + (mi(s) + me(t))a® + Y Re(me(s), me(t)) 2"

>k
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with Ry(y, z) € Cly, z] a polynomial, for £ > k. Comparison of coefficients yields
Pg(’]‘rk(S) + Wk(t)) = Rg(wk(s), Wk(t>), s, t € (C, 0> k.

Since 7 is a nontrivial additive function, according to Lemma 5 we are allowed
to replace 7 (s) and 7 (t) by indeterminates S and T obtaining

Pg(S#‘T) :Rz(S,T), l> k.
Finally substituting s for S and ¢ for T we get
Pi(s+1t) = Ry(s,t), > k.

This means that

z+ (7 (s) + )z + " Py(mp(s) + mi(t))at
>k
=z + (mi(s) + m(t))z +ZR€ me(s), (1)
>k

for s,t € C, thus 7* is a solution of (T). Then it is clear that 7* is of type II. O

Theorem 8. The family a is a solution of (Col) and (B1) where  is an iteration
group of type II, if and only if there exists some E(z) € Clz], E(z) = 1 mod z,
such that

E(n(s,z))

a(s,x) = ap(s)P(s,x) E@)

s € C,

where aq is a generalized exponential function, and where

k—1 -
= H exp (Fcn/ [7* (o, 2)]"do ) ,
o 0 r=mi(s)

with K1,...,kxk—1 € C. The coefficients of P(s,z) and the coefficients of a(s,x)
are polynomials in mp(s).

Proof. First we assume that o = apd is a solution of (Col) and (B1), whence,
v = In(&) is a solution of (Col’). According to Lemma 6 the coefficient of 2™ in
the expansion of

~v(t, 7 (s, )) Z%

T+ T (s)xk + Z Py(my, (s))xél

n>1 >k
equals
Tn (1) if n <k,
Vi (t) + T (s)71(t) ifn =k,
V() + 7r(s)(n+ 1 = k) yns1-k(t) + Qn(mi(s), 71(E), .. m—k(t)) ifn >k,
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with certain polynomials Q,,. Comparing coefficients in (Col’) we derive
V(s + 1) =Y (s) + v (t), n<k
Ve(s +1) =vk(s) +(t) + mr(s)n (1),
(s + ) = () + 9 (t) + () (n + 1= k) i1 k()
+Qn(mi(s), 1), - m-k(t)),  n >k

Using (s + t) = 7% (t + s), we obtain from the above functional equation for i
that

m(Sn(t) = mBmls),  s,teC.
Choosing tg € C such that 7 (tg) # 0 we furthermore get

M (to)
§) = ———=mi(s), s e C.
() = 2
Using in a similar way v, (s +t) = yn(t + s) for n > k we find that
1
1n(8) = s (P () (t0) + Quoras(mr(s), M), - s (1)

~Qurik(mlto). (), 1()), sEC, n =2,

Thus, by induction on n, we get that each 7, (s) can be expressed as a polynomial
U, (7r(s)) in 7 (s). Finally putting & = exp(y), we get

a(s,z) =1+ Y On(me(s))z”, seC

n>1

with polynomials @,,(y) € C[y].
From this representation of & we derive, that if 73 is an entire function, then
& is an analytic solution of (Col). Using this form of &, comparison of coefficients
in (Col) yields
14> @, (mi(s +t))a"

n>1

= (14 Gumls)z™ | [ 14D Bu(me(®)n(s,2)]" |,

n>1 n>1

whence
D, (mx(s) + 7k (t)) = Run(mr(s), m(t)), s5,teC, n>1

for certain polynomials R, (y,z) € Cly,z]. For each n > 1 this is a polynomial
relation in 74 (s) and 7 (t). Since 7 is a non-trivial additive function, and these
relations hold for all s,t € C, according to Lemma 5 we are allowed to replace
7k (s) and 7 (t) in these polynomial relations, by indeterminates S and T', which
yields

®,(S4+T)=R,(S,T), n>1
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Now we replace S by 7} (s) and T by 7} (t), obtaining
D, (15 (s) + mi(t)) = Ru(wi(s), 7w (1)), s5,teC, n>1.

This means that a*(s,2) = 1+ > o, ®n(7m;(s))z™ is an analytic solution of the
equation B

a*(s+t,z) =a*(s,x)a*(t, 7% (s, ), s,teC (Col¥)

for the analytic iteration group 7*. According to Theorem 2.6 of [4] there exist
E(xz)=1+---€CJz] and kq,..., k-1 € C, such that

E(n*(s,2))

) seC

a*(s,x) = P*(s,x)

with -
P*(s,2) = Eexp (nn /0 (o, x)]"da) .

If we now use the fact that the coefficient functions of each 7*(s, ) are polynomials
in 7} (s) = s, and if we carry out the coefficientwise integration, substitution into
exp and the multiplications, we derive that the coefficient functions of P*(s,z) are
polynomials in 7}(s) = s.

Finally, replacing 7} (s) by the indeterminate S and then substituting m(s) for
S we obtain

a(s,z) =1+ Z D, (m(8))x" = a*(mx(s), x)
B ((s),2))
E(z)

E(n(s,x))

= P*(m(s), x) B(x)

= P(s,x) , seC
with P(s,z) = P*(m(s),z). Consequently, « is of the given form. Conversely,

each a of this form is a solution of (Col). O

Remark 9. From [4] we furthermore obtain that in the representation of « given
in Corollary 3 or Theorem 8 the series E and the family P(s,x) are uniquely
determined by a.

If furthermore 7 is an iteration group of type II, using results of [4] we obtain

that
exp </€n/ (o, 2)"do
0

and that the coefficient functions of both P(s,z) and [P(s,z)]~! are polynomials
in 7 (s). There it was also shown that
E(n(s,z))

E(z)

)zl—i—mnﬂ'k(s)m"—i—..., n>1,

=7k (s)

=1 mod z*.
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3. The general solution of (Co2)

We assume that « is a solution of (Col) and (B1) represented as in Corollary 3
or Theorem 8. Then the multiplicative inverse of « exists. Instead of (8 it is more
convenient to investigate

B(s, x)

A = S ) E@)

seC.

Again we distinguish between iteration groups of type I and type II.

3.1 The general solution of (Co2) for iteration groups of type I

Assume that 7(s,z) = m1(s)x for s € C, where m; # 1 is a generalized exponential
function.

Lemma 10. Assume that o is a solution of (Col) and (B1) represented as in
Corollary 3. If  is an iteration group of type I, then (a, 8) is a solution of (Co2)
if and only if (o, A) is a solution of

A(s+t,z) = A(s, ) + ag(s) T A(t, 7(s, 7)), s, t e C. (Co2)
The proof follows by simple calculations from Corollary 3 and (Co2).

Theorem 11. Assume that « is a solution of (Col) and (B1) represented as in
Corollary 3, and that 7 is an iteration group of type I given in its normal form.

o If ag # 7} for all n > 0, then the pair (a, 3) is a solution of (Co2) if and
only if

B(s,x) = ao(s)E(n(s, z)) [F(x) - ao(s)le(w(s,x))}, seC,

where F(z) € C[z].
o If ag = 7y° for some ng > 0, then the pair (o, B) is a solution of (Co2) if
and only if

B(s,x) = ap(s)E(n(s,x)) [A(s)x”" + F(z) — ao(s)_lF(w(s,x))}, seC
where A is an arbitrary additive function and F(z) € C[z].

Proof. Assume that («, ) is a solution of (Co2), then («, A) is a solution of (Co2’).
Writing A(s,z) =), ~o An(s)z™, comparing coefficients in (Co2’), and using the
fact that A, (s +t) = A, (t + s) we obtain

A (8) + ap(s) tr(s) " An(t) = An(t) + ag(t) tmi ()" An(s), s,teC, n>0.
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Case 1. If ap # 7} for all n > 0, then for each n > 0 there exists t,, € C such
that ag(t,) 7 (t,)" # 1 and

An(S) = 1_ O[()(At:)(fqzi'l(tn)n (1 - aO(S)_lﬂ-l(s)n)
= F, (1 — ao(s)_lm(s)”) , seC, n>0,

with F,, = A, (t,)/(1 — ag(tn) 1w (tn)™) € C. Hence
A(s,2) = F(z) — ao(s) ' F(m(s)e), s €C
with F(x) =3~ 5, Fn2", and

B(s,x) = ao(s)E(x(s,2)) | F(z) — ao(s)*lF(w(s,x))}, seC.

Conversely, for each § of this form the pair («, 8) is a solution of (Co2).

Case 2. If ap = 77 for some ng > 0, then ng is uniquely determined, for
otherwise we would have a relation m1(s)”™ = 1 with m # 0 for all s € C. This
contradicts the fact, that m; takes infinitely many values. In the same way as in
the first case, we get

An(s) = Fp(1 —ap(s) tmi(s)™), seC, n#ng
with F,, € C. Moreover, the coefficient function A, is additive. Hence
A(s, 1) = Apy ()™ 4 F(x) — ap(s)  F(m1(s)x), seC,
with F'(x) =3, 5, 2" (where the coefficient F,, is not determined by A), and

B(s,x) = ap(s)E(n(s,x)) [Ano (s)z"™ + F(zx) — Oé()<s>_1F(7T(S,.'E))}, seC.
Conversely, for each 3 of the form
B(s,@) = ao(s) B (s,2)) [A(s)2™ + F(2) — ao(s) ' F(n(s,2))|,  seC

where A is an additive function and F'(z) € C[z], the pair (o, 3) is a solution of
(Co2). O

Remark 12. Assume that 7(s,z) = S™1(7(s,S(x))), s € C, with S(z) = = +
sox? 4+ ..., and (s, 1) = m(s)z.

If ag # 7} for all n > 0, then the general solution of (Co2) is of the same form
as given above.

If ag = 7}, for some ng > 0, then (a, §) is a solution of (Co2) if and only if

B(s,z) = ap(s)E(n(s,x)) [A(s)[S(x)]"o + F(z) — ap(s) " F(n(s,x))], s eC.

Proof. We only prove the last assertion. Assume that (a, () is a solution of (Col),
(B1), and (Co2) for the iteration group 7(s,z) = m1(s)z in normal form with
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ag = m1°, for some ng > 0. Then

&
M
B
=

a(s,x) = ap(s)

el
—~
&

and
B(s,x) = ao(s)E(fr(s,x)) [A(s)x"“ + F(m) - ao(s)_lﬁ(fr(s, x))}, seC

for certain E(z), F(x) € C[z], ap a generalized exponential function, and A an
additive function. Putting y = S(x), we obtain S(w(s,x)) = 7(s,y) and similar as
in Theorem 1.3 of [4]

B(s,@) = B( < )) Bsv)
D)[A)y™ + Fly) — aols) " F(7(s,9))|

— ao(s) E(S(r <s,x>>>[A< IS@]™ + F(S(@)) = agls) " F(S(x(s,2))]

= ag e + F(z) — ao(s)—lF(n(s,x)ﬂ, seC

for E(z) = (F o S)(x) and F(z) = (F o S)(z). O

3.2 The general solution of (Co2) for iteration groups of type II

Lemma 13. Assume that o is a solution of (Col) and (B1) represented as in
Theorem 8. If  is an iteration group of type II, then (a, ) is a solution of (Co2)
if and only if (o, A) is a solution of

ag(s)™t
P(s,x)

We still need two preparatory lemmata, describing relations between non-trivial
generalized exponential and non-trivial additive functions.

A(s+t,x) = A(s,x) +

A(t,m(s,x)), s,t € C. (Co2")

Lemma 14. Assume that a # 0 is an additive function from C to C, that e # 1
is a generalized exponential function from C to C*, and that P(y),Q(y) € Cly] are
polynomials. Then

P(a(s)) + Q(a(s))e(s) =0,  s€C (%)
if and only if P =Q = 0.

This follows directly from Theorem 6 of [13], since 1 and e are distinct expo-
nential functions (in [13] they are called multiplicative functions), and since a is
a non-zero additive function. For the convenience of the reader we give a proof
adapted to the situation of the lemma.
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Proof. We only prove the nontrivial part of the assertion. Assume that (x) is
satisfied. If both P(x) = p and Q(z) = ¢ are constant, then p + ge(s) = 0 for all
s € C. If ¢ = 0, then necessarily p = 0 and we are done. If ¢ # 0, then e(s) = —p/q
which is not a non-trivial generalized exponential function. Thus, this situation
cannot occur.

Now we will continue the proof by induction over n = deg(P) + deg(Q). The
case n = 0 was just proved. We assume that n > 0, and if there are polynomials
P, Q with the property (x) and deg(P) + deg(Q) < n, then P = Q = 0.

Since e # 1, there exists some ty € C such that A := e(ty) # 1. Moreover, we
denote a(tg) by p. From (x) we obtain

Pla(s +t0)) + Q(a(s + to))e(s +to) =0, seC
and consequently
Pla(s) + 1) + Qlals) + we(A =0, s€C. ()
Multiplying (*) by A and subtracting this from (s#) we get
Pla(s) + 1) = AP(a(s)) + A(Q(a(s) + 1) — Q(a(s)) Je(s) =0, s€C
which can be written as
Qa()e(s) =0, s€C

)+
with P(y) = P(y+ p) — AP(y) and Q(y) = A (Q(y + 1) — Q(y)).
Now we claim that deg(P) + deg(Q) < n, whence P = Q = 0. If Q(y) =

S, @iyt with gy, # 0, then

P(a(s)
AP(

Q(y)/A=Q(y+u)—Q(y)=iqi((yﬂt +qu< >
1=0 7=0

which is of degree strictly less than m = deg(Q). Similar computations show that
deg(P) <deg(P), whence we conclude by the induction assumption that P=Q=0.

Finally we have to show that P = @Q = 0. Assuming that P # 0, it is of the
form P(y) = > i~ piy® with m > 0 and p,, # 0. But then the coefficient of y™ in
P is (I = A)pm # 0 which is a contradiction. Thus P = 0 and then according to
(%) also @ = 0. O

Lemma 15. Assume that a # 0 is an additive function from C to C, that e # 1
is a generalized exponential function from C to C*, and that ®(x1,22,23,24) s a
polynomial in Clxy,xo,x3,x4] which is of degree at most 1 in x1 and xo. Then

O(e(s),e(t),als),a(t)) =0 for all s,t € C, if and only if ® = 0.

Proof. We only prove the nontrivial part of the assertion. Assuming that

@(6(8), e(t)7 a(8)7 a(t)) =0
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for all s,t € C and collecting with respect to powers of e(s) and a(s), we derive

n

Z(pj(e(t),a(t)) +q;(e(t), a(t))e(s))a(s)j -0, steC,
j=0
for some n € N with polynomials p;(y, 2), ¢;(y, z) € Cly, z]. For fixed t =ty € C
> (B +dje(s)a(s) =0,  seC
j=0
is satisfied with p; = p;(e(to), a(to)) and ¢; = g;j(e(to), a(to)). In other words
P(a(s)) + Q(a(s))e(s) =0,  seC
for P(y) = 327 o pjy’ and Q(y) = Y7 q;9’. From the last lemma we deduce
that P = @ =0, whence p; = ¢; = 0 for 0 < j < n. This means p;(e(to), a(to)) =
g;(e(to),a(to)) = 0 for 0 < j < n. Since ty was an arbitrary element of C the last
equality must be satisfied for any ¢, thus

pie(t), a(t)) = gj(e(t),a(t)) =0,  teC, 0<j<n

Since ® is of degree at most 1 in e(s) and e(t), the polynomials p; and ¢; for
0 < j < n can be written as

pie(t),a(t)) = pji(a(t)) + pja(a(t))e(t)
gj(e(t),a(t)) = g;1(a(t)) + gj2(a(t))e(t)

with suitable polynomials p;1(y), p;2(y),q;1(y),¢j2(y) € Cly]. Again, according
2

to the previous lemma p;1(y) = pj2(y) = ¢;,1(y) = ¢j2(y) = 0, thus p; = ¢; =0
for 0 < j < n, and consequently & = 0. O

Since the general solution of (Co2) is much more complicated for iteration
groups of type II, we discuss the different cases which can occur in different theo-
rems.

Theorem 16. Assume that « is a solution of (Col) and (B1) represented as in
Theorem 8, that ag # 1, and that 7 is an iteration group of type II. Then the pair
(a, B) is a solution of (Co2) if and only if

1 F(n(s,z))

B(s,x) = ap(s)P(s,x)E(n(s,x)) | F(z) — ap(s) Pls.a) )’

s €C,
for some F(z) € C[z].

Proof. Assume that («, 3) is a solution of (Co2), then («, A) is a solution of (Co2”).
Introducing coefficient functions A, by A(s,x) = >, 5, An(s)z™ we prove that

each A, is a polynomial in the exponential function ag ! and in the additive
function 7, which is of formal degree 1 in ag .
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Case 1. Assume that P(s,z) = 1, then (Co2”) reduces to
A(s+t,x) = A(s,x) + ap(s) TA(t, (s, x)), s,t € C. (Co2")

Expanding the right-hand side of this equation according to Lemma 6, comparison
of coefficients yields for all s,t € C

Ap(s+1t) =A,(s) + ap(s) 1AL(), n<k
An(s 4 1) = An(s) + ap(s) ! (An(t) + Qu(mi(s), A1 (D), ..., An+1_k(t))),
n >k,

where @), is a polynomial linear in A;(¢) for 1 < j <n+1—k. We choose some
to € C such that ag(tg) # 1. Since A, (s+t) = A, (t + s) we obtain

_ 1 —1
= 1_a0(t0)_1An(to)(1 010(8) ), SG(C, n<k,

which is a polynomial of formal degree 1 in ag(s)~t. Moreover
1
=— (A 1-— -1
o (Balt0)(1— ao(s) ™)
+ao(to) ' Qu(mk(to), A1(s), - s Ang1-(s))
—a0(3) ' Qu(mi(s): A (o)., Ansri(t))).

seC, n>k.

A, (s)

Ay (s)

Thus, by induction over n, and by the linearity of @, in A;(s), we obtain
A, (s) = Ru(ao(s) ™, mi(s)), seC, n>0,

where R, (y, z) € Cly, 2] is a polynomial of degree at most 1 in y.

Case 2. If P(s,z) # 1, then it follows from Remark 9 that P(s,z) =
1+ kpme(s)x” + ..., with k, # 0 and 1 < r < k. Moreover, the coefficient
functions of [P(s,z)]™! =1 — k,m,(s)2" + ... are polynomials in 7 (s). Expand-
ing A(t,m(s,2)) according to Lemma 6, and multiplying it with [P(s,z)]"!, we
obtain by comparison of coefficients in (Co2”) that for all s,¢ € C

An(s+1) =An(s) + ap(s) LA, (1), n<r
An(s+1) = Ap(s) + ap(s) ™! (An(t) + Qu(ma(5), Ao(t), . .., A,H(t))),

n>r,

where @, is a polynomial linear in A;(¢) for 0 < j < n—r. We choose some ¢y € C
such that ag(tg) # 1. Since Ay (s +1t) = A, (t + s) we obtain

! — (An(to)(l—ao(s)_l)), seC, n<r,

Aals) = 1 — ao(to)
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8ul) = Ty (Balto)(1 = a0(s) )
+Oéo(t0)71Qn(7Tk(t0), Ao(s), ey An_r(s))

— 0 (8) L Qn (T4 (5), Ao(to), - . - An_T(to))>,

seC, n>r.
Also in the second case,
An(s) = Rp(ao(s) ™, mi(s)), seC, n>0,
where R, (y, z) € Cly, 2] is a polynomial of degree at most 1 in y.
Hence, in both cases we have
A(s,x) = Z R (ao(s)™t, mx(s))a™, seC.
n>0
Inserting this form into (Co2"”) we get
Z R, (ao(s+ 1)1 mp(s +t)a™
n>0
= Rulao(s)™!,mi(s))a™ + aols) " [P(s,2)] 71 D Rulao(t) ™", me(t) [ (s, )]
n>0 n>0

We write the right-hand side of this equation as
Z(I)n(QO(S)_l’aO(t>_1a7Tk(s)77rk(t))xna S,t G(Ca
n>0
where @, (z1, 22, x3,24) € Cx1, 22, x3,24] is a polynomial of degree at most 1 in
x1 and xo. Hence, for each n > 0 the polynomial relation
Ry, (ao(s) Fao(t) ™ m(s) + m(t)) = ®p(ao(s) ™ ao(t) ™, mr(s), mi(t)), s,t € C
is satisfied. According to Lemma 15, we are allowed to replace the values of

ao(s)™Y, ao(t)™t, mr(s), mx(t) in these relations by indeterminates U, V, S, T,
respectively. This yields

R,(UV,S+T)=2,(UV,S,T), n>0.

Finally, we substitute for the indeterminates U, V, S, T the values of regular
exponential and additive functions namely e°, ¢!, s, t, respectively. If we define

A*(s,x) = Z R,(e7?, s)x", seC,
n>0
then A* satisfies
_A*(t, (s, 7))

A¥ = A"
(s 1) = A%(s,0) + 7 =g,

s,teC (Co2*)
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for the analytic iteration group 7* introduced in section 2.2. Since the functions
s — ¢e® and s — s are regular, and since the coefficient functions of A* are
polynomials in these functions, A* is a solution with entire coefficient functions of
(Co2**) with respect to the analytic iteration group 7*. From Theorem 2.8 of [4]
we derive that there exists F(z) € C[z] such that

F(n*(s,2))
P*(s,z) ’

In this equation we replace, according to Lemma 14, the non-trivial exponential
and additive functions by indeterminates, namely e~ by U and s by .S, whence

n _ gy — plr(5,2)
;Rn(U,S)x =F(z)-U Pisa)

A*(s,x) = F(z) —e™® seC.

Finally replacing U by ag(s)™! and S by 7 (s) we derive

A(s,z) = Ru(ao(s) ™", mi(s))a"

n>0
L F(r (mi(s), ©))
= F(z) — 1 ’
(Z’) 040(8) P+ (ﬂ-k (S), .’E)
1 F(m(s,x))
=F(z) — PR C.
(z) — ao(s) P(s,z) s €
Consequently, § is of the given form. Conversely, for each § of this form the pair
(o, B) is a solution of (Co2). O

Now we consider the case ap = 1. Then (Co2”) reduces to
1
P(s,x)
In the next theorem we analyze the situations that P(s,z) =1+ k,mp(s)z” + ...

with either k., #0and r < k—1,orr =k — 1 and ki1 &€ Ny. These are the
generic cases.

A(s+t,x) = A(s,x) + A(t,m(s,x)), s,t e C. (Co2"")

Theorem 17. Assume that « is a solution of (Col) and (B1) represented as in
Theorem 8, that ag = 1, and that 7 is an iteration group of type II. In the generic
cases the pair (a, 3) is a solution of (Co2) if and only if

F(n(s, )

o =t e i

where F(x) € C[x] and
B r—1 T én [T(* (O', Jj)]n -
@) = nz-%/o P o2} B (.2)) ©

with Ly, ..., 0r—1 € C, and where ©* and P* are introduced in section 2.2.

+ Q(s,x)], seC,

T=mi(s)
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Proof. First we prove that
A(s,z) =Y Pp(mi(s))z”, seC
n>0

with @, (y) € Cly]. Afterwards again we investigate the corresponding equation for

the analytic iteration group 7*, use the particular form of these analytic solutions,

and rewrite it by replacing 7} by 7 in order to derive solutions of (Co2"").
Since we had assumed that

P(s,x) =1+ kpmg(s)z” + ..., 1<r<k, k- #0, s€C,
its multiplicative inverse is given by
[P(s,)] " =1 — rpmp(s)a” + ..., seC.

This together with Lemma 6 allows to expand the right-hand side of (Co2"").
Case 1. If r < k — 1, then from (Co2"””) we have for all s,t € C

Ap(s+1t) =An(s) + Ap(t), n<r,
Ar(s+1) = Ap(s) + Ap(t) — krmi(s)Ao(t),
Ay (s+1) =An(s) + Ap(t) — krmi(8)Ap—r(2)
+Qn(mr(8), Ao (t), -, An_r_1(t)), n>r,
where @, is a polynomial linear in A;(¢) for 0 < j <n —r — 1. We choose some

to € C such that 7 (tg) # 0. Since A, (s +1t) = A, (t + s) we obtain from the first
r equations that A, is additive for n < r. From the coefficients of " we derive
1
Ao(s) = Ao(to)m(s), seC.
7k (to)

From the remaining equations we get

1

An—r(s) = kT (to)

(HTAnfr(tO)Trk(S)
+Qn(77k(t0)7 AO(S)v SRR An—r—l(s))

—Qu(mi(3), Dolto), .. .7An,r,1(t0)))7 seC, n>r
Hence, by induction we find polynomials ®,,(y) € Cly] for n > 0 such that

A(s,x) = Z D, (mx(s))x", seC.

n>0

Case 2. Assume that r = k — 1 and k, € Nyg. Here the computations are
similar to the first case, but for n > k — 1 a further term occurs when comparing
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coefficients in (Co2""). To be more precise, for all s,t € C we have
Ay (s+1t) =An(s) + Apn(t), n<k-1,
Ap_i(s+1t) =Ap_1(s) + Ap_1(t) — kr—1mk(5) Ao (1),
Ap(s+1t) =An(8) + An(t) + (n =k + 1 — k1) (8) Ap_py1(2)
+Qn(mi(s), Ao(B), -, Anik(t),  n>k—1,

where @), is a polynomial linear in A;(¢) for 0 <
to € C such that m(tg) # 0. Since A (s+1t) =
equation for Aj_1 that

j < n—k. We choose some
A, (t + s) we obtain from the

1
Ag(s) = ———Ag(tg)mr(s), s e C.
0( ) ﬂk(tO) 0( 0) k( )
From the equations for A,, with n > k — 1 we get for s € C
1
A = —k+1- ne
+1(5) (n—k+1—rp—1)m(to) ((n A k+1( o)
+Qn(7rk(8) (t0)7 (to))
~Qu(mi(to), Do(s), - <s>>)
Thus also in this case, by induction we find polynomials ®,,(y) € C[y] for n > 0

such that
= Z @, (m(s))x", seC.

n>0

From this representation of A we derive in both cases, that if 7 is an entire
function, then A is an analytic solution of (Co2). Inserting this form of A into
(Co2"""), we obtain

Z q)n 7Tk: s+ t Z @, 7Tk (5733)}71 Z (I)n(ﬂ-k(t))[ﬂ-(&x)]n

n>0 n>0 n>0
=Y Ru(m(s), m(t))a",  s,teC,
n>0

with certain polynomials R, (y, z) € C[y, z]. Comparison of coefficients yields
D, (7 (s) + mg(t)) = Ry (mi(s), mi(t)), s,t€C, n>0.

For n > 0 these are polynomial relations in 7 (s) and 7 (¢). Since 7 is a non-
trivial additive function, and these relations hold for all s,¢t € C, according to
Lemma 5 we are allowed to replace m(s) and 7 (¢) by indeterminates S and T,
which yields

®,(S+T)=R,(S,T), n=>0.

Now we replace S by =} (s) and T by 7} (t), obtaining
D, (m5(s) + 7 (1)) = Ru(wi(s), 7 (1)), s,te€C, n>0.
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This means that A*(s,z) = > ., ®n(7}(s))z™ is an analytic solution of the
equation B
1

A*(S + t,SL') = A*(S,CU) + mA*(t,W*(S7.'I})), S,t eC (COQ***)

for the analytic iteration group 7*. According to Theorem 2.8 of [4] there exist

F(z) € Clz] and £y, ...,¢-—1 € C such that

F(r(s,2))

A*(S,.’E):F(l')— P*(S l‘)

+Q(s,2), s€eC,

with

r—1
*_ lr (o))"
Q*(s,x) = / . - do.

nzz;) 0 P (O’,(E)E(ﬂ' (va))
In this representation of A* we again replace the non-trivial additive function
75 (s) by the indeterminate S, whence

F(m* (S

Z ,(9)z" = F(z) — F(r(5,)) +Q*(S, ).
= P*(S, x)

Finally replacing S by mx(s) we derive

A(s,z) =Y ®p(mi(s))a"

n>0
F(r*(me(s), ) |
=F(z) - —————+ T,(s),
(@) = Py + @ (), 2)

_ F(x(s,z))

—F(!E)—W-FQ(S,(E), seC.
Consequently, § is of the given form. Conversely, for each § of this form the pair
(o, B) is a solution of (Co2). O

Finally we have to discuss the two non-generic situations where P(s,z) =1 or
P(s,x) = 1+ kp_1mp(s)z¥~1 4+ ... with kx_; = n; € N. In both cases we will
realize that an additional additive function occurs in the general solution of A.

Theorem 18. Assume that o is a solution of (Col) and (B1) represented as in
Theorem 8, that ag = 1, and that 7 is an iteration group of type II.
o If P(s,x) =1, then (o, ) is a solution of (Co2) if and only if

B(s,x) = E(n(s, ) [A(s) + F(z) — F(n(s,z)) + Q(s,x)], seC,
where A is an additive function, F(x) € C[z], and
N [l (o)
Qo) ‘Z/ B (0,2))

with £y, ..., 0,_1 € C and where ™ was introduced in section 2.2.

r=mi(s)
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o If P(s,z) = 1+ rp_1mp(s)az®~1 + ... with kp_1 = n1 € N, then the pair
(a, B) is a solution of (Co2) if and only if
F(m(s,z))
P(s,x)

for s € C, where A is an additive function, 6(x) = ™ + > d,a" is
a formal series, such that A(s)dé(x) is a solution of (Co2"), F(x) € C[z],

B(s,2) = P(s,2)E(n(s,)) | A(s)0() + F(z) - +Q(s.)],

and
k—2
T [ (o @)]"
— d
e,) @/ P(0,0)E(r(0,2)) ©
+ / €n1+k—1[7r*(0'7 x)]nl+k71 do ’
0 P*(07 :L‘) _
T=7k(s)

with Lo, ..., lk—2,ln,+k—1 € C and where 7 and P* were introduced in
section 2.2.

Proof. First we assume that («, 3) is a solution of (Co2), whence (a, A) is a solution
of (Co2”) and we determine necessary conditions on the coefficient functions of A.
Case 1. If P(s,z) =1, then (Co2") reduces to

A(s+t,x) = A(s,x) + A(t, w(s, x)), s,t e C, (Co2"")

which is similar to (Col’). The only difference to Theorem 8 is that A has a
coefficient function Ag. We deduce from (Co2”"”") that Ag is additive and A, (s) =
U, (mr(s)) for s € C, n > 1, with ¥,,(y) € C[y], analogous to Theorem 8. Thus

A(s,z) = Ag(s) + Z U, (7 (s))z™, s e C.

n>1

Moreover, we see that A(s,z) := 3 o, W, (m(s))z" is also a solution of
(COQ”NI). -

Case 2. If P(s,z) = 1 +kp_17(s)z¥ 1 +... with kx_; = n; € N, then similar
computations as in the second case of Theorem 17 yield that A,, is additive for
n < k—1, that

1
A = ——— Aot
0(8) Wk(to) 0( 0)’/Tk(8), CES (C
for some tg € C with 7 (¢g) # 0, and that forn >k —1,n#n; +k—1
1

Ap_ira(s) = ((n =k + 1= n0) A g (to) me(s)
+Qn(7rk(5); AO(tO)a SERE) n—k(to)) (A)

~Qu(mk(to), Bo(s), - An_i(5)) )

(n —k+1-— ’nl)’ﬂk(to)
A
A
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is satisfied for all s € C. Moreover, if ny < k — 1 then A,,, is additive, otherwise
it satisfies an equation of the form

An1 (S + t) = Anl (S) + Anl (t) - nlwk<s>A0(t)7 if ny = E—-1
A (s+1) =An,(s) + A, (1) + (1 = k)i (s) A, —p41(2)
—|—Qn1(71';9(5),A0(t),...,Anl_k(t’)), ifng >k —1.

With the next arguments, which refer to both case 1 and case 2, we want to
prove that in the situation of the present theorem for any solution (a, A) of (Co2")
there exists a solution (a, A) of (Co2”) such that the coefficient functions A, (s)
are just polynomials in 7 (s), and such that

An(to) = An(to), n 2 0

for some fixed tg € C with 7 (tg) # 0.
Let o, 8, A describe a solution of (Co2) or (Co2"”) and assume that o*, 5%, A*
are the corresponding solutions of

B (s+t,x) = 0" (s,z)a” (¢, 7" (s, 2)) + B*(t, 7" (s, x)), s,teC (Co2*)

and (Co2***) for the corresponding analytic iteration group 7* introduced in sec-
tion 2.2. Then

a*(s,x) = P*(s,x) E@) seC

and according to Theorem 2.5 of [4]

o B [ Mmoo
N6 = i | P peem o *€C

with £(z) =, 5o lna™ € C[z]. Since P*(s,)E(n*(s,z)) = 1 mod x we derive

(o,
P(Ux)E sz "‘n;lf + @n(o,loy . bpri—k)) @

with polynomials ¢,,. Consequently,

=3 lpsz"+ Y (lns+ Guls.lo, .. lopiog)) 2, s€C (AY)

n>0 n>k—1
with suitable polynomials @,,. If we put
A(s,x) = A*(mi(s), z), seC,
then for any choice of £(z) € C[z], the pair (a,A) is a solution of (Co2”). Now
we choose some ¢o € C such that my (to) # 0. Then for each n > 0 it is possible to
determine /,, € C so that A, (tg) = A, (tp), namely
0 - Ay (to)/mx (to) forn <k-2
! (An(to) — nltos lo, - - - bn1-k))/mi(to) forn >k —1.
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This way we found a family A, whose coefficient functions are polynomials in
such that A(tg,z) = A(to,z) for some to € C such that 7 (to) # 0. The family A
is uniquely determined once ¢y is chosen.

Finally we discuss again the two cases mentioned at the beginning of the proof.

Case 1. If P(s,z) = 1, then all the coefficient functions of A(s x) are poly-
nomials in 7, and Ay = 0. Moreover, the coefficient functions A, are uniquely
determined. Furthermore, there exists exactly one A whose coefficient functions
are polynomials in 7, such that A(tg, ) = A(to, x) for some ty € C with 7 (t) # 0
and such that (a,A) is a solution of (Co2”). Hence A = A. According to Theo-
rem 2.8 of [4] there exist F'(z) € C[z] and 4, ...,¢k—1 € C such that

A*(S,Ji) = F(x) - F(?T*(S,x)) —|—Q*(S,$), s€C,

where X
X [5 Ly [n* (0, 2)"
* S, Tr) = BT S A2 dO’.
SR Z/ E(r (0, 2))
Thus

A(s, ) = A(s, ) = A (my(s),2) = F(z) — F(n*(mi(s), ) + Q" (mu(s), z) =
F(z) — F(n(s,z)) + Q(s, x), s e C.

From this representation we immediately get the desired form of 3. Conversely,
for each 8 of this form the pair (a, () is a solution of (Co2).

Case 2. Assume that (a, A) and (a, A) are two solutions of (Co2”) where the
coefficient functions of A are polynomials in 7, and where A(ty,z) = A(ty, z) for
some tg € C with 7, (tg) # 0. Since the coefficient functions A,, for n < n; are
uniquely determined by (A) (following from (Co2”)) we have

An(s) = A, (s), seC, n<n.

Both A,,, and A,,, satisfy the same (inhomogeneous) Cauchy functional equation,
whence there exists an additive function A such that

A, (s) = A, (s) + Als), seC
with A(tg) = 0. For n > n; we prove by induction that there exists some §, € C
such that

A, (s) = Ay(s) + 6, A(s), seC.
For n = ny we have §,, = 1. Assume that n > n; and that our claim is true for
all indices less than n. Here it is important to remember that the polynomials

Qn(m(s), Ao(t), ..., An_k(t)) occurring in the expansion of A, (s + t) are linear
in A;(t). To be more precise,

Qn(mi(s), Do(t), -, Ank(8)) = Y Aj(t)gn j(mi(s)),  s,teC
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with polynomials g, ;j(y) € Cly] for 0 < j < n —k and n > k. Applying the
induction assumption on the formula (A ) or A, we get

(n—Tl)m(to)( (n —n1)A,(to)mr(s)

FQntk-1(mr(s), Ao(to), - -, An—1(to))
~Quie-1(m(to), Bos), -, A (s)) )
= = (= A me(s)
+@nk—1(mk(s), Aolto), - - -, An—1(to))
—Qnyr—1(m(to), Do(s), - An,—1(s),
Ay () + A(5), -, A1 (5) + 6, 1A(5)))

An(s) =

_ ;( (n — 1) A, (to)mr(s)

(n —mny)m(to) R )
+Qnti—1(m(8), Ao(to), - -, An—1(to))
A

~Quik1(mrlto), Bo(s), .+, Au-1(5)) + 6, A(5))
for a suitable 8,, € C. This means
An(s) = An(s) + 0, A(s), seC
for a suitable §,, € C. Consequently, we have shown that
A(s,x) = A(s,x) + A(s ZzSnx seC.

n>niy

By construction

A(s,z) = A*(mg(s), x), seC

and according to Theorem 2.8 of [4] there exist F(x) € C[z] and fo,..., 0 k2,
U, +k—1 € C such that

() = Flo) - T 1 Qe sec

with

N~ A G D) gy pa [ (0, @)
© <s,x)_nz_0/0 et | P(0,2) o
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For that reason we have

A(s,x) = A(s,z) + A(s Z Opaz"

s) Z Onx” —|— A (m(s), x)
n>ni w *
nggla x +F P*(ﬂ'k( ) x) +Q (Wk(s),x)
F(x(s,z))
n;I dpa™ +F W ‘i‘Q(S,aj‘)7 seC.

Since both (a, A) and (a, A) are solutions of (Co2”), also A(s)d(z) is a solution
of (Co2). Consequently, 3 is of the given form.
Conversely, for each § of the form

B(s,2) = Pls, ) E(a(s,0) [40)3(0) + Fla) - T =D Q)] sec,

where A is an additive function, 6(z) = 2™ + 3 _ d,2" is a formal series, such
that A(s)d(x) is a solution of (Co2”), F(z) € C[z], and Q(s,z) equals

S
(U’ 1’)) 0 P (Uv x)

with 4o, ..., lp—2,0ln, +x—1 € C and where 7* and P* were introduced in section 2.2,

the pair («, 3) is a solution of (Co2). O

)

T=mk(S)

Remark 19. In the second case of the preceding theorem we saw that the coef-
ficient function A,,, of a solution (a, A) of (Co2”) is not uniquely determined by
(Co2"). If (a, A) is also a solution of (Co2”) then there exists an additive function
A such that A,, = A,,, + A. In our construction we had assumed, moreover, that
A(to) = 0 for some ty € C with m(t9) # 0. This is not a severe restriction on A,
since it can always be written as the sum of two additive functions, namely

As) = 20 oy ¢ (A(s) _ i((iz))”k(s)> . seC

7k (to)

The first one is a scalar multiple of 7, the second one is the difference of two
additive functions, and by construction, for s = ¢ it admits the value 0.

Adding an arbitrary additive function A to A,,, changes the value of A(tg, ).
This, of course, leads to the construction of another family A*(s,z). According
to (A*) we always find a coefficient £,,, € C such that A} (t9) = A, (to) + A(to).
This proves, that we did not forget any solutions in the proof.

The phenomenon of adding a further additive function A multiplied with a
series ¢ seemingly did not occur in the situation of regular solutions. This is due
to the fact that all regular additive functions are of the form C > s — c¢s with
c € C. Moreover, ctg = 0 with ¢y # 0 yields immediately ¢ = 0.
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In the situation P(s,z) = 1 + nym(s)z¥~1 + ... with n; € N we have to
describe the solutions of (Co2”) which are of the form A(s)d(z) with é(z) =
"+ Zn>m dpax™ € Clz].

Theorem 20. Assume that 7 is an iteration group of type II, and P(s,z) =1+
nim(s)zF =t + ... with ny € N.

o Let A(s,x) := A(s)d(x), where A is an arbitrary additive function and
O(x) =a™ 432 o, onz™ € Clz]. If A =0, then A is a solution of (Co2")
for any §. If A#0, then A is a solution of (Co2") if and only if

o(m(s,x))
o(z)

e For each iteration group m of type II, there exists exactly one §(z) € C[z],
such that (P) is satisfied.

P(s,z) = seC. P)

Proof. If A =0, then A(s,z) = A(s)d(z) = 0 is a solution of (Co2").
Assume that A # 0. Using the additivity of A, the family A is a solution of
(Co2") if and only if
1
A =
06@) = B
Since A # 0, there exists some t € C such that A(tg) # 0, thus in the last equation
we are allowed to cancel A(t), and we get
1
5 =
(z) P(s,x)
Since ord(d(x)) = n1 = ord(d(mw(s, z))) the quotient §(m(s,x))/d(x) is also a family
of formal series, and we finally obtain that A satisfies (Co2"), if and only if (P) is

fulfilled.

For each 0(x) = 2™ + ) ., 6,2" there exists exactly one series F(z) =

1+ ... € C[x] such that 6(z) = 2™ E(z). Thus, (P) is satisfied if and only if
[ (s, z)|"* E(n(s,x))
zm E(x)
Easy computations show that [7(s,z)]™ /2™ and also its multiplicative inverse
are solutions of (Col). Since moreover,

(s, )™ _ [ﬂs,x)

x™ x

A(t)o(m(s, ), s, t € C.

d(m (s, x)), seC.

P(s,z) = seC.

nq

} =14 m(s)z* 1+ .. )" =14 nym(s)z"t + ...

the equation (P) is satisfied if and only if
P(s,z)[1 + nimp(s)zh 1+ .. 71 = seC.

The left-hand side of this equation is a solution of (Col) which is congruent 1

modulo zF. According to Theorem 8, solutions of this kind can be expressed
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as E(m(s,z))/FE(z) with a uniquely determined series F(z) = 1+ --- € C[x].
Consequently, there exists exactly one series E and thus exactly one family §
satisfying (P). O

Remark 21. In [4] we had tried to express the solutions of (Col) with as few
integrals as possible. For iteration groups of type II we just showed that if a(s, ) =
ao(s) mod z* then a can be expressed as
Elr(s 7))

E(z)
with E(z) = 1 mod z. From the last theorem we deduce that each solution « of
(Col) with a(s,z) = ap(s)(1+n1mk(s)z¥ 1) mod z* and n; € N can be expressed
as

a(s,x) = ap(s) seC

seC

afs,x) = ap(s)

with a suitable §(z) = 2™ + 3 02"

4. Conclusion

This way we described how to compute rather in an explicit way the solutions of
the two cocycle equations for iteration groups without any regularity condition. In
a forthcoming paper we will describe a more abstract way for doing this by investi-
gating formal cocycle equations. It was interesting to realize, that the structure of
the general solutions corresponds in a natural way to the structure of the analytic
solutions.
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