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On covariant embeddings of a linear functional equation with
respect to an analytic iteration group in some non-generic
cases
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Summary. In the paper On covariant embeddings of a linear functional equation with respect
to an analytic iteration group [3] the authors described the problem of covariant embeddings of
a linear functional equation with respect to analytic iteration groups and solved it in the generic
cases. However, some cases remained unsolved. In this paper we present the solution for these
open cases.
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1. Introduction

Let C[z] be the ring of formal power series in the indeterminate = with complex
coefficients. Consider the linear functional equation

p(p(r)) = a(z)p(z) + b(z), (L)
where p(x),a(x),b(z) € C[z] are given formal power series, and p(z) € C[x]
should be determined by the functional equation. We always assume that

p(z) = px + cox® + c32® 4 - - :pz+chz"
n>2
with multiplier p # 0, and
a(r) = ap + ez + agx® +--- = Zanx"
n>0

with ag # 0. For a foundation of the basic calculations with formal power series
we refer the reader to [9] and to [1] or [2].
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L. Reich introduced in [11] the notion of a covariant embedding of (L) with
respect to an analytic iteration group.

The linear functional equation (L) has a covariant embedding with respect
to the analytic iteration group (w(s,x))sec of p(x), if there exist families
(a(s,x))sec and (B(s,x))sec of formal power series with entire coefficient
functions o, and By, for alln >0

a(s,x) = Za"(s)xn7 ,6(87$) = ZBH(S)In
such that i )
o(m(s,)) = afs, x)p(x) + B(s, x) (Ls)

holds for all s € C and for all solutions p(x) of (L) in C[z]. Moreover,
it is assumed that « and B satisfy both the boundary conditions

al0,2)=1  B(0,2) =0 (B1)
a(l,z) =a(z)  B(1,z) = b(z) (B2)
and the cocycle equations
alt + s,2) = als, z)alt, m(s, z)) (Col)
Bt + s, 2) = B(s, x)a(t, n(s, z)) + Blt, 7(s, z)) (Co2)

for all s,t € C.

In [3] the general solutions of (Col) and of the system ((Col),(Co2)) are de-
rived; then these functional equations are solved under the additional boundary
conditions (B1) and (B2). Finally, the next theorem is proved as Theorem 4.1 in
[3], which describes a sufficient condition for the existence of a covariant embedding
of (L) with respect to an analytic iteration group.

Theorem 1. Assume that the linear functional equation (L) has a solution
o(z) € Clz], and let (n(s,x))sec be an analytic iteration group of p(x). Fur-
thermore, assume that « satisfies (Col) and the two boundary conditions (B1)
and (B2). If there exists exactly one B, which also satisfies (B1) and (B2), such
that (a, B) is a solution of (Co2), then there exists a covariant embedding of (L)
with respect to the iteration group (7(s,x))sec-

Covariant embeddings of a linear functional equation were studied in a much
more general setting by Z. Moszner in [10] and for functions defined on a real
interval by G. Guzik in [5] and [7]. The first cocycle equation is also studied in [6]
and [8].

In [3] we called an analytic iteration group a group of first type, if (s, x) equals
S~1(e*sS(x)) for all s € C, where A € C\ {0} and S(z) = x + s92® + .... Each
iteration group of this type is simultaneously conjugate to the iteration group
(e*z)sec. Tteration groups of the form m(s,r) = x + cpsz® + P,(Slj_)l(s)z]“rl +...

for all s € C, where ¢, # 0, k > 2, and Pfk)(s) are polynomials in s for r > k, were
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called iteration groups of second type. Each non-trivial analytic iteration group is
either of first or of second type.

In [3] the problem of the existence of a covariant embedding was solved in the
generic cases. There we proved in Theorem 3.5, Theorem 3.11, and Corollary 4.2
the following facts.

1. Assume that (7(s,z))sec is an analytic iteration group of the first type
which is simultaneously conjugate to e**z, where e* is not a complex root
of 1. Then there exist suitable solutions (a, 3) of the system consisting of
(Col), (Co2), (B1), and (B2) which yield covariant embeddings of (L) with
respect to 7.

2. Assume that (7(s,x))sec is an analytic iteration group of the second type.
If the coefficient ag of a(z) is different from 1, then there exist covariant
embeddings of (L) with respect to the iteration group w. Assume that
ag = 1. Depending on the coefficient function «g of «(s,z), a solution of
(Col), we have: If a(z) = 1 then there exists a covariant embedding («, 3)
with ap = 1. Finally assume that a(z) =1+ 3, -, a,z" with a,, # 0. If

ap(s) = e#® for some p € 2miZ \ {0} and [no <k—1,0r [ng=k—1and
ap_1 # ncy for all n € NH} then there exist covariant embeddings («, )

of (L) with respect to the iteration group m, if and only if b, = 0 for all
0<n<ng Ifag =1 and [no#kfl, or [no =k —1 and ag_1 # ncg

for all n € NH, then there exists a covariant embedding («, ) of (L) with

respect to the iteration group .
The following cases were not investigated so far.

The iteration group (7 (s, z))sec of the first type is given as
m(s,x) = S~ (e S(x)), seC,

where X\ # 0 and p := e is a complex root of 1, primitive of order
jo > 1. As it was shown in [3] this situation can always be simplified to
7(s,r) = e**z, which yields p(x) = pz. _

The iteration group (m(s,x))sec of the first type is given as

n(s,x) = S~ (eMS(x)), seC,
where p := e* is not a complex root of 1. As it was shown in [3]
this situation can always be simplified to 7(s,z) = e**x, which yields (2)
p(z) = px.

Disregarding the covariant embedding («, 3) of (L) described in Theo-
rem 3.5 of [3], do there exist further solutions (a, 3) of (Col), (Co2),
(B1), and (B2) which are covariant embeddings of (L)? i

L We use square brackets [...] in order to indicate the logical structure.
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The series p(x), a(x) and b(z) are of the form

p(z) =z + cpa® + Plgi)l(l)xkJrl +..., k>2 ¢ #0,
a(z) =1+ Z anz", ak—1 = nicg, n1 €N,
n>k—1
b(z) = Z bpa”,
n>0

where p(z) is embedded into an analytic iteration group (m(s,x))sec
with
m(s,x) = x + cpsT + P,gi)l(s)x’“rl +...,

an analytic iteration group of the second type.

The series p(z), a(x) and b(x) are of the form

p(z) = = 4 cpa® + P,Ei)l(l)karl +..., k>2, e #0,
alz)=1 or a(z)=1+ Z anz”,
n>k
b(z) = Z bpa™,
n>0

where p(z) is embedded into an analytic iteration group (7 (s,x))sec
with

w(s,x) =x + cpsT + P,gﬁ_)l(s)ka +...,

an analytic iteration group of the second type. Disregarding the covari-
ant embeddings («, 3) described in [3] with ag = 1, what about other
covariant embeddings («a, 8) with ag(s) = e#* for some p € 2miZ \ {0}?

63

Whereas in [3] the structure of the set of solutions of (L) did not play an explicit
role, here it will be of importance. The set of solutions of (L) in the special case
(1) was investigated in [4], in a few other situations it will be dealt with in the
present paper. We will list the covariant embeddings of (L) in the various cases at

the very end of this paper.

2. The non-generic situations for iteration groups of type 1

In Theorem 2.6 of [3], we proved that for analytic iteration groups 7(s,x) = e

of the first type the general solution « of (Col) is given by

E(e*x)

a(s,z) =e!? E@)

A

Sx

(5)
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where e# = ag and E(z) = 1+ ejz + - € Cz]. If p = e is not a complex
root of 1, then according to Theorem 3.2 of [3], for each a(z) there exist solutions
a of (Col) which satisfy (B2). (The series E(x) is uniquely determined, whereas
i can be any logarithm of ag.) If p is a complex root of 1, then we gave in the
same theorem a necessary and sufficient condition for the existence of solutions «
of (Col) also satisfying the boundary condition (B2).

2.A pis a complex root of 1 primitive of order jo > 1

Let us first deal with the problem described in (1), hence p is a complex root
of 1 primitive of order jy > 1. Here we present another characterization for the
existence of solutions a of (Col) which also satisfy (B2). Using the explicit form
of « given above, the boundary condition (B2) for « is

Elpz) _
“ G - @
which is equivalent to
E(pz) = a(x)E(), (6)

where
a = —. 7
a(z) o (7)
This is a homogeneous linear functional equation for the unknown series E(x) =
14 ez +.... Consequently, there exists a solution « of (Col) and (B2) if and
only if (6) has a non-trivial solution. According to Theorem 5 of [4], there exist
non-trivial solutions E(z) of (6) if and only if
jo—1
IT ato's) = 1. (8)
=0
Moreover, from Lemma 2 and Theorem 12 or Theorem 24 of [4] we know that the
homogeneous linear functional equation

p(pz) = a(z)p(z) (Ln)
has non-trivial solutions if and only if a}° = 1 and (8) is satisfied.

Case 1: If there is no a which satisfies (Col) and (B2), then there does not
exist a covariant embedding of (L). For that reason, we assume now in case 2
that « is a solution of (Col) satisfying (B2), whence (8) is also satisfied. In order
to determine all 8 satisfying (B2) such that («, ) is a solution of (Co2), in [3]
we introduced the set K = K(\, p) := {n € Ny | g —nX € 2miZ}. Actually, this
set does not depend on the particular choice of the values A = Inp and p = Inay,
consequently K = {n € Ny | p" = ap}. Case 2.1: If ¢}’ # 1, then K = (), and it
follows from Theorem 3.4 of [3] that there exists exactly one 5 of the form

B(s,z) = et E(ex)[F(z) — e " F(ez)] ©))
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with F[z] € C[x] which satisfies (B2) and together with « also the cocycle equa-
tion (Col). Hence, we still have to deal with the case 2.2 where a’ = 1, which
means that (L) has non-trivial solutions. It also implies that K # @, whence
K = ko + Nojo with kg = min K = min {n € Ny | p” = ag}. In Theorem 2.8 of [3]
the general solution (a, 3) of (Co2) in the present situation was given by (5) and

B(s,x) = e“sE(e)‘sm)[Knosa:"O + F(z) — e_“sF(e)‘Sa:)], (10)

where ng € No, ¢, € C and F(z) € C[z]. Moreover, the summand £,,,2™ occurs
only in the particular situation when p = ngA for some ng € Ny.

Since, given p and ag, we are still free to choose the values of © and A modulo
integer multiples of 27, the integer ny can be an arbitrary element of K. (For
k € K there exists an integer z such that u — kA = 2zmi, which is equivalent to
w = p—2zmi = kA. We used this choice of p in order to construct covariant
embeddings in [3].) On the other hand, there exist choices of y and A such that
w—nA#0 for all n € Ny.

The boundary condition (B2) for the special form of g is
1
b(z) = aoE(px)[ln, 2™ + F(x) — a—OF(Px)]- (11)

This can be rewritten as a linear functional equation for the power series F(x),
namely

b(z)
E(px)
Depending on ¢, we have to consider two cases. Case 2.2.1: Assume that ¢,, =0

or it # nA for all n € Ny, thus ¢,,2"° does not occur. Then it is convenient to
introduce G(x) := —E(x)F(z). By an application of (6), we derive from (11) that

G(pz) = a(z)G(z) + b(z). (13)

F(pzx) = aoF(x) + aglp,z™ —

(12)

Our assumptions on a(z) already guarantee that the homogeneous linear equa-
tion G(pzr) = a(z)G(x) has non-trivial solutions. The necessary and sufficient
condition on b(z) for the existence of solutions of (L) (or (13)) are given in Theo-
rem 15 of [4] as

J'O—IMZO )
;;Hfzoa(pjx) ' (14)

Consequently, (L) has solutions if and only if (13) has solutions, which is equivalent
to the existence of solutions (a, ) of (Col), (Co2), and (B2).

Case 2.2.1.1: If (14) is not satisfied, then for any choice of « satisfying (Col)
and (B2) there does not exist a 8 such that (Co2) and (B2) are satisfied, thus
there is no covariant embedding of (L). Hence, we assume in case 2.2.1.2 that
also (14) is satisfied, consequently (13) has solutions G(z), which allow to compute
the solutions F(z) of (12) and the solutions («, 3) of (Co2) and (B2) via (10). Then
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according to Theorem 15 of [4], the set of solutions of (L) is given by the series

Jjo—1ln—1 -1 jo—1n—1 n—1 k.’L’
o) = [z T a(pm] S et = S T[alfe) S — 10

k .
n=0 £=0 >0 n=1 £=0 im0 [0 a(p’z)

for any choice of (¢¢j,)t>0 in C. We claim that in the present situation, i.e. in
case 2.2.1.2, there does not exist a covariant embedding of (L). Assuming that
there were a covariant embedding of (L), each solution of (L) also satisfies (Ls) for
all s € C.

Choosing so € C such that 7 := e**° is not a complex root of 1, we derive from
(Ls)

o(tz) = also, z)p(z) + B(so, x) (LT).

The next lemma proves that the set of solutions of (L7) is much smaller than the
set of solutions of (L) which gives a contradiction to the assumption that there
exists a covariant embedding of (L) with respect to w. Smaller means here that
for (L) we can choose the whole family (¢, )i>0 of coefficients arbitrarily, whereas
for (L7) at most one coefficient can be chosen arbitrarily.

Lemma 2. If 7 is not a complex root of 1, then the set of solutions of (LT) is
either empty, or it consists of exactly one formal power series, or it is given by

3 pua | g = et O EIul0) gy g ey
7" — ap(so)

n>0

where T = ag(so) for a uniquely determined ny € Ny.

Proof. Introducing coefficients of the series in (L7), we derive that ¢(x) satisfies
(L7) if and only if

on(T" = a(50)) = Y _ o (0)n—r + Bn(s0)

for all n € No. If 7 # ap(sg) for all n € Ny, then the coefficients of p(x) are
uniquely determined, and there exists exactly one solution of (L7). Otherwise,
there exists exactly one n; € Ny such that 7™ = ap(sp). In this situation there
exist solutions ¢(z) of (L7) if and only if

> @r(50)@n,—r + Bay (s0) = 0.
r=1

In this case the coefficients ¢,, of ¢(x) are uniquely determined for n # nq, whereas
©¥n, is not determined by the functional equation and can be arbitrarily chosen
in C. |
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Finally, we have to consider the case 2.2.2, where p = ngA for some ny € Ny
and £, # 0. In this situation we study the linear functional equation (12) for the
unknown series F'(x). Denoting agl,,x™ — [E(pz)] = b(x) by b(z), we derive from
Theorem 15 of [4] that there exist solutions F'(z) of (12) if and only if

jo—1 2, L

b
3 w —0. (15)
im0 1lj=0 a0

Using the explicit form of b(x) we determine the left-hand side of (15) as

Jjo—1 2, Jo—1 k
b(px 1 e n b(p"x
E (k 1) = E ] aoﬁnopk 0™ — 7(k 1> .
+ ot E(pF+1z)

r—o %o =0 @0

According to the assumptions on p and p, we have pFno = emoAr = etk — gk By
application of (7) and by iteration of (6), the right-hand side of the last expression
yields

io—1
jz é m’no b(pkx) —

= af*! (T a(p'a) ) E(a)
Jo—1 k

k=0 (H?:o a(Pj=73>) E(x) .

Introducing B(z) as

N~ blet)
B(a:) = ., . (16)
,;0 [T a(piz)

we derive that there exist solutions F'(z) of (12) if and only if
Joln, ™ E(z) = B(x).

From Theorem 12 of [4] we know that B(z) is a solution of (Ly,). It is easy to check
that also joln,x™ E(z) satisfies (Ly,) since E(z) is a solution of (6) and ng € K,
i.e. ng = ko + rojo for some 1y € Ny, whence p™ = pFo = q.

The next remark describes that in this final situation, i.e. in case 2.2.2 with

B(x) # 0, it is possible to find a covariant embedding of (L).

Remark 3. Assume that ¢’ = 1, that a(z) satisfies (8), and that B(z) is given
by (16). If B(x) = 0, then (12) is satisfied only for £,,, = 0, but then we are in the
previous case, where ¢, 2™ did not occur, and there is no covariant embedding
of (L). If B(z) # 0, then let ng be the order of B(x). Since B(x) is a solution
of (Ly), it follows from Theorem 10 of [4] that ng = ko mod jy, where kg is the
smallest non-negative integer n such that p™ = ag. Defining ¢,,, as By, /jo, where
B,, are the coefficients of B(z), we get a series

B(z)
Flx) = ———
( ) ]Ogngxno
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satisfying (6) with E(x) = 1 mod x. Moreover, it is possible to determine u
such that g = ngX and e* = ay. Using (5), we determine a solution « of (Col)
satisfying (B2). By construction, (15) is satisfied, whence we can find a solution
F(z) of (12) which allows to determine 3 by (10) such that («, 3) satisfies (Co2)
and (B2). Since B(x) # 0, the linear equation (L) does not have any solution,
hence the set of solutions of (L), being empty, is trivially a subset of the set of
solutions of (Ls) for each s, and consequently there exists a covariant embedding

of (L).
Summarizing, we proved for the case described in (1)

Theorem 4. Assume that 7(s,z) = ez is an analytic iteration group of p(x),
thus X # 0 is a logarithm of p, a complex root of 1 primitive of order jo > 1.

If a(z) given by (7) does not satisfy (8), then there is no covariant embedding
of (L), |

Now we assume that (8) is satisfied. If al’ # 1, let o be given by (5) with an
arbitrary logarithm p of ag and any solution E(x) of (6). Then there exists exactly
one B given by (9) such that (o, B) is a covariant embedding of (L) with respect
to .

If a?* =1 let B(z) be given by (16). If B(z) = 0, then (L) has solutions, but
there is no covariant embedding of (L). If B(x) # 0 let ng be the order of B(x).
The covariant embeddings in this situation are given by all pairs (o, §) where « is
given by (5) with p = noX, E(z) = B(z)/(Bp,z™) and where § is given by (10)
with £,, = By, /jo and F(x) is an arbitrary solution of (12).

Remark 5. Formal power series p(x) = px + co2? + ... where p is a complex
root of 1, primitive of order jo > 0, which possess an embedding into an analytic
iteration group (7 (s, z))sec have such embeddings into different iteration groups.
It is well known from iteration theory that a series p(x) as above has an embedding
if and only if there exists S(x) = z + s92? + ... such that

p(x) = 87 (pS(x)). (17)

For each solution S of this functional equation, (S~1(e**S(z))sec with e = p is
an analytic iteration group of p(z), and all analytic iteration groups of p(z) are
obtained in this way. Moreover, different solutions of (17) yield different iteration
groups.
We are now considering the question how the existence of a covariant embedding
of (L) in this situation depends on the iteration group (S~!(e**S(z))sec of p(z).
As it was shown in [3] we may assume that p(z) = pz. Then the iteration groups
of p(x) are given by (S~!(e**S(z))sec where S(z) = z+ 522 +. .. is any solution
of
pS(x) = S(pa). (18)

The set of these .S, which forms a group with respect to substitution, consists of
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the series
E : kjo+1
S({L’) =X + Skj()*‘rlm Jot

k>1

with arbitrary sp;,+1 € C.

Let A with e* = p be fixed. We claim that (L) has a covariant embedding with
respect to the iteration group (e**z).ec of p(z) if and only if it has a covariant
embedding with respect to all iteration groups (S™1(e**S(x))sec-

Proof. We consider the general form (S™!(e**S(z))sec of an analytic iteration
group of p(z) = px. As it was shown in Theorem 1.3 of [3] we reduce this case
equivalently by the transformation y = S(x) to the situation of an iteration group
(e**z)sec. This yields for (L)

2(eMy) = a(y)@ly) +b(y) (L)

where @ := a0 S~! and b := bo S~!. The system (Ls), (Col), (Co2), (B1), and
(B2) is equivalent to the system

B(e*y) = als,y)d(y) + B(s,y) (Ls)

a(t +s,y) = a(s,y)a(t, e*y) (Col)

Bt +s,y) = B(s,y)alt,e*y) + B(t, e y) (Co2)
a0,y)=1  B(0,y) =0 (B1)
a(ly)=a(y)  B(1,y) =b(y) (B2)

where &(s,y) = a(s, S (y)) and B(s,y) = B(s, S~ (y)). The necessary and suffi-
cient conditions for the existence of covariant embeddings of (L) with respect to
(e**)sec, given in Theorem 4 are satisfied if and only if the corresponding condi-
tions for the existence of covariant embeddings of (L) with respect to (e*)sec are
satisfied, since S is a solution of (18). O

2.B p is not a complex root of 1

For the rest of this section we are dealing with the problem described in (2). We
have already repeated that in the present situation there exist «, given by (5),
which satisfy both (Col) and (B2). Let o be a solution of (Col) and (B2). We
also introduced the set K = K(u, ). Case 1: If K = (), then from Theorem 3.4
of [3] it follows that there exists exactly one § which is together with « a solution
of (Co2) and (B2). If K # 0, then K is a set of cardinality one, since p is not a
complex root of 1. Case 2: Assume that K = {kq} for some ko € Ny. Case 2.1:
If kg, pu, and A satisfy the equation pu = kgA, then it is shown in the proof of
Theorem 3.5 of [3] that there exists exactly one [ of the form (10) such that («, 5)
is a solution of (Co2) and (B2). So far, it is possible to apply Theorem 1 in order
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to derive that («, 3) yields a covariant embedding of (L). Case 2.2: Assume that
p—mn\# 0 for all n € Nyg. In Theorem 2.8 of [3], the general solution (a, ) of
(Co2) is determined, where § is given by (9) with an arbitrary formal power series
F(z). In Theorem 3.4 of [3] we describe under which conditions 5 also satisfies
(B2). Here we present another characterization. The boundary condition (B2)
written for 3, given by (9), is

b(x) = e"E(px)[F () — "' F(pr)].

Taking into account that E(pz) satisfies (6) and introducing a formal series

G(z) := —E(z)F(x) we derive b(x) = —a(x)G(x) + G(px), which can be writ-
ten as a linear functional equation for G(z), namely
G(pz) = a(z)G(z) + b(z). (19)

Hence, there exist solutions («, 8) of (Co2) satistying (B2) if and only if (19) has a
solution, thus if and only if (L) can be solved. For that reason, in the next lemma
we describe the set of solutions of (L) in the situation described in (2).

Lemma 6. Assume that o(x) is a solution of (L) under the assumptions of (2).
If K =0, then the coefficients p,, of o(x) are uniquely determined by

APy + by
Pn = Z L . (20)
P —ao

for alln > 0.

If K = {ko}, then the coefficients ¢, are uniquely determined by (20) for all
n # ko, and pr, remains undetermined.

Conversely, if for K = {ko} the coefficient by, satisfies the condition

ko
bko = - E ArPlo—r,
r=1

then for each choice of ¢y, in C we get a solution p(x) = > oenz™ of (L),
where @, are given by (20) for n # ko. -

The simple proof by comparison of coefficients is left to the reader. Here in
case 2 we are only interested in K = {ko}.

Case 2.2.1: If there are no solutions of (L), then it is impossible to find 3
such that (a, () is a solution of (Co2) and (B2), consequently there is no covariant
embedding of (L).

Case 2.2.2: If (L) has solutions, then according to Lemma 6 for each coefficient
¥k, there exists a solution p(z) of (L). Moreover, (19) has also solutions, whence
there exist solutions (v, 3) of (Co2) and (B2) where 3 is of the form (9). We claim
that there does not exist a covariant embedding (a, 3) of (L) with respect to 7. If
we assume that there exists a covariant embedding of (L), then each solution ¢(x)
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of (L) satisfies for all s € C

e
(p(e)\sx) — e#sE(E - )(,O(l') +e[LSE(e)\Sx) [F(.’E) _ e—psF(e)\sx)]

= M B(Ma) {g((?) + F(m)} — B(a)F( ).

Hence,

o) + B ) o)
B(e) - [E@)” ( >]' 2D

The left-hand side of this equation can be written as a formal power series
Z Pn(e)\s)l‘n
n>0
where the coefficient functions P, are polynomials in e**. The right-hand side is

of the form
el? Z Cox™.

n>0

Lemma 7. Let P,(y) be polynomials for n > 0. If A £ 0 and pn —nX # 0 for all
n € No, then

Z P, (e*)a™ = et* Z Cn™, Vs e C (22)

n>0 n>0

implies that , = 0 for all n > 0, whence also P,(y) =0 for all n > 0.

Proof. Comparison of coefficients in (22) leads to

Pn(e’\s) = e, Vs e C, Vn > 0. (23)
Derivation with respect to s and (23) yield
dp,
et = (M) = petsC, = P, (e*®) Vs € C.

dy

Since A # 0, e** takes infinitely many values, thus for each n > 0 the last equality
can be written as an identity in the indeterminate y, namely

P,
)\yddLy(y) = uP,(y) Yn > 0.

Introducing coefficients for the polynomials P, of the form P,(y) = ZS(Z"O) pgn)yj,

we derive
(n) , r(n) 4
AY iy =y py Ym0,
j=1 j=0
consequently

(n— jA)pgn) =0 forall0<j<r(n) Yn > 0.
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For that reason pgn) =0 for all j and for all all n > 0, thus P,(y) =0 for alln > 0
and the proof is finished. a

The assumptions on A and g from case 2.2 in situation (2) guarantee that the
assumptions of Lemma 7 are satisfied. Hence, the equality in (21) holds only in the
case when both sides are equal to zero for all s € C and all solutions ¢(x) of (L).
(This result also could have been obtained from a more general result published
in [12] as Theorem 6.) Especially for s = 0 we get from the right-hand side of (21)
that all solutions @(z) of (L) satisfy

p(r) = —F(x)E(z),
which is impossible since different solutions ¢ of (L) have different coefficients ¢y, ,
whereas the right-hand side of the last equation is just one formal power series.

So there is no covariant embedding of (L).
Summarizing, we proved for the case described in (2)

Theorem 8. Assume that 7(s,r) = ez is an analytic iteration group of p(z),

thus A is a logarithm of p which is not a complex root of 1. Let «, given by (5), be
a solution of (Col) and (B2) where E(x) =1+ e1x + ... is uniquely determined
and p is a logarithm of aq.

If u—nX & 2miZ for all n € Ny, then there exists exactly one 3 of the form (9)
such that (o, 8) is a covariant embedding of (L) with respect to .

If = no for some ng € Ny, then there exists exactly one 8 of the form (10)
with uniquely determined €y, but not uniquely determined F(z), such that (o, )

is a covariant embedding of (L) with respect to .
Otherwise, i.e. if there exists ng € Ng such that pn — noX € 2miZ \ {0}, there is
no covariant embedding («, 8) of (L) with respect to 7.

3. The non-generic situations for iteration groups of type 2
3.A ap_1 =mnjic, for some n; € N

According to Theorem 2.6 of [3] the general solution « of (Col) in case (3) is
E
a(s,x) = e Py_1,, (s, x)%,
where e# =1, E(x) =14+ ez + ..., and

S
Pr1m 1 (5,7) = exp (ffk1/ (o, x)k_lda)
0

with k;_1 € C. From Theorem 3.10 and (15) of [3] we derive that for any a(x) it
is possible to find solutions « of (Col) and (B2). They are given by
E(n(s,z))

E(z) (24)

a(s,z) = e Py_1,4, ,(5,)
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with a uniquely determined series E(z) =14+ ez +....

Now we assume that « is a solution of (Col) and (B2). The general solution
(ar, B) of (Co2) depends on the special choice of p. If p # 0, then it follows from
Theorem 2.8 of [3] that

= ehs _ s _Flals2)

B(s,2) = ¢ P e, (3,2)Blr(s, ) | Fla) — e g DTS (25)
where F'(z) is an arbitrary formal power series. According to Theorem 3.11 of [3]
the boundary condition 3(1,z) = b(z) is satisfied if and only if b, = 0 for all n <
k—1 and by, +5—1 satisfies an implicitly given condition, which we do not explain in
more details. However, after Lemma 9 we present another characterization when
0 satisfies this boundary condition.

If 1 = 0, then it follows from the same theorem that the general solution 3(s, x)
is given by

E(m(s,2))Pe1,a5, (5, ) (26)

F(x(s,z))

7(o, z)m k1
Pk_lvak:—l (57 x)

Pk_laak—l (07 l‘)

. {F(m) +Q(s,x)+€/os do|,

with

(o, x)"
(5,2) Z/ Pi_1.4, (0, x)E(ﬂ(a,x))dJ

where F'(z) is an arbitrary formal power series and ¢ and ¢,, are arbitrary complex
numbers. In this situation, the boundary condition §(1,2) = b(x) can always be
satisfied. However, [ is not uniquely determined as a solution of (Co2) and (B2).

First we determine all solutions of (L). In Lemma 3.12 of [3] it was shown that
(L) has solutions only in the case when b, =0 for all 0 <n < k — 1.

Lemma 9. Letb, =0 for all0 <n < k—1, and let ap_1 = nicy for some ny € N.
If o(z) is a solution of (L) under the assumptions of (3), then the coefficients
©n of o(x) are uniquely determined by

n+k—1
_ Zr;rk ArPnt+k—1—1r + anrkfl - Qn(‘pla ey (pnfl)
Pn = (27)
nep — ag—1

for n # nq, with universal polynomials Qn(p1,...,0n-1). The coefficient on,
remains undetermined. Conversely, if p, are given by (27) for n # ny and if the
coefficient by, +x—1 satisfies the condition

nit+k—1
bnl-l—k—l :Qn1(§01a-~ s Pnq— 1 Z ArPny+k—1—7, (28)

then for each choice of n, in C we obtain a solution p(x) =3, <o enx" of (L),
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Proof. The series p(x) = >_, 5, ¢nz" is a solution of (L) if and only if

Z<p7l[p('r)]n: 1+ Z anxn Z<p7zxn + Z bnxn-

n>0 n>k—1 n>0 n>k—1
The left-hand side of this equation yields

0o+ Y onlr + cra® + P (Dt . =

n>1

0o+ Y pnla" + nega™ I 4 P (DR 4 ).
n>1

Hence, p(z) is a solution of (L) if and only if

P+ Y pnla" + nega I 4 P (DR 4 ) =

n>1
St 3 (3 werctn)
n>0 n>k—1 \r=k—1

which is equivalent to
n
_ k
Z On(nepa™ 1HF 4 nP,£+)1(1)x"+k +...)= Z ( rPp—r + bn> x".
n>1 n>k—1 \r=k—1

Comparing the coefficients of z7T*~1 for j > 0, we get by induction necessary and
sufficient conditions on the coefficients for the existence of a solution of (L):

—ak—1%0 = bg—1 J=0
jtk—1
(Jerx — ak—1)p; = Z arPjtk—1—r + bjrr—1 — Qj(1,...,¢j-1), j >0
r=k
where Q;(¢1,...,¢j—1) are universal polynomials in the coefficients ¢1,..., ¢;_1.

This yields for j # n; a unique way to determine ¢; by (27).

In order to satisfy the necessary and sufficient condition for the existence of a
solution of (L) in the case j = ny, the coefficient ¢,,, can be chosen arbitrarily in
C if and only if (28) is satisfied. O

Now we come back to the boundary condition (1, x) = b(z) for p # 0. Since
e =1 and since « satisfies (Col) and (B2) we have

E(p(x))

Bl) (29)

a(x) = Pk—l,akq(la x)
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The boundary condition for § of the form (25) is
__ Flp(@)
Pi1,a,-,(1,2)
= Po1,0,, (1L, 2) E(p(x)) F(x) = E(p(2)) F(p(x))-
Introducing the formal power series G(z) := —E(z)F(x) and applying (29) yields
G(p(x)) = a(z)G(x) + b(z).

Consequently, we derive that § satisfies the boundary condition (B2) if and only
if the linear functional equation (L) has a solution.

The next lemma will be applied in the proof of Lemma 11. It could also be
deduced from a more general result published in [12] as Theorem 6.

b(x) = Pp—1,0,_, (1, 2) E(p(x)) | F(2)

Lemma 10. Forn > 0 let Q,(y) be universal polynomials. If p # 0, then
D Quls)a" =" G, VseC (30)
n>0 n>0

implies that ¢, = 0 for all n > 0, whence also Q,(y) =0 for alln > 0.

Proof. Comparison of coefficients in (30) leads to
Qn(s) = ¢, Vs e C, Yn > 0. (31)
Derivation with respect to s and (31) yield
Q.. (s) = pe"* ¢, = pQn(s) Vs € C,Vn > 0.

Thus, for each n > 0 the last equality can be written as an identity in the inde-
terminate y, namely

Qn(y) = pQnly) n>0.

This is a homogeneous linear differential equation which has the general solution
Qn(y) = ce*¥. Under the additional assumption that @,, is a polynomial we get
¢ =0, whence @,, = 0 for all n > 0 and the proof is finished. O

In the next lemma we prove that there is no covariant embedding of (L) in-
volving a solution « of (Col) and (B2) with p # 0.

Lemma 11. If a is a solution of (Col) and (B2) with u # 0, then (L) does not
have a covariant embedding (o, 3) under the hypotheses of (3).

Proof. Assuming that («, ) is a covariant embedding of (L) with u # 0, then g
is a solution of (Co2) and (B2), whence necessarily (L) has solutions, thus b, =0
for all 0 < n < k — 1. Hence the general assumption of Lemma 9 is satisfied.
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Moreover, we derive that there exist formal power series E(z) =1+ejz+ ... and
F(x) such that

90(71-(8733)) = eﬂspk—l,ak71(s7x)

|
Py (5,2)E(s.2) [@(:c) _|_F(x)] _

E(n(s,z))F (7 (s, 2))
holds for all solutions ¢(x) of (L) and all s € C. Hence,
p(n(s,2)) + B(n(s,2)F(n(s,2)) _ s {¢($)+E(I)F(I)]
Pk*Lak—l(S"r)E( (va)) E(x)

holds for all solutions ¢(z) of (L) and all s € C. The left-hand side of this equation
can be written as a formal power series

> Quls)x

n>0

(32)

where the coefficient functions @),, are polynomials in s. The right-hand side is of

the form
el? Z Cox™.
n>0
Since p#0, it follows from Lemma 10 that both sides of (32) vanish, and conse-
quently ¢(z) = —FE(z)F(x). In other words, for all solutions ¢(z)=>_ -, @nz"

of (L)

S == 3 (Yot )

n>0 n>0
is satisfied. Comparing the coefficients for ™, we see that this is impossible since
according to Lemma 9 two different solutions ¢(x) and ¢(z) of (L) have different
coefficients ¢, # @,,. Thus we end up with a contradiction. |

Hence, we only have to investigate the situation where « is a solution of (Col)
with 4 = 0. As case 1 we assume that (L) has solutions, whence b, = 0 for
all 0 <n < k—1and b,, 411 satisfies (28). If p(x) = >, o gna™ and ¢(z) =
Ym0 Pna™ are two different solutions of (L), then according to Lemma 9 we have
©n = Pp for n < ny, n, # Pn,, and Y(x) == p(x) — ¢(z) is a formal power series
of order ny, which is a solution of the homogeneous linear equation

P(p(r)) = a(z)y(z). (Ln)
Since « is a solution of (Col) and w(m,z) = p™(z), the m-th iterate of p(z)
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for m € N, we also derive that

(™ (2)) = Y(n(m, z)) = a(m, x)i(x) (L, m)

for all m € N.
In the proof of Theorem 1 (cf. [3]) we showed that for a solution ¢(x) of (L)
and a solution a the family (®(s,z))sec of formal power series

Dy (s,2) := p(m(s, ) — als, x)p(x)

satisfies the boundary conditions (B1), (B2), and together with « the cocycle
equation (Co2). In other words, (®,(s,z))sec is a solution 8 of (Co2) under the
additional boundary conditions. In order to guarantee in the present situation the
existence of a covariant embedding, we only have to check whether (®,(s,z))sec
determines for all solutions ¢(z) of (L) the same family 8. If it is so, then there
exists a covariant embedding of (L) with respect to the analytic iteration group
(n(5, 7)) sec, since then p(r(s, 7)) = a(s, 2)p(x)+ @, (5, 7) = als, 2)p(x) + (s, ),
for all solutions ¢(x) of (L). Otherwise there is no covariant embedding.

If p(z) and @(z) denote two solutions of (L), and if ¢(z) is the difference

o(x) — @(x), then
Dy (s,2) = Pp(s, x) = p(m(s, x)) — als, z)p(x) — ¢(n(s, ) + als, v)p(x) =
Y(m(s,z)) — als,z)v(x).
Hence, @, (s, x) = ®;(s,z) for all s € C if and only if Y(n(s,x)) = a(s, z)y(x) for

all s € C. Inserting the explicit form of « and using the fact that u = 0, there
exists a covariant embedding of (L) with respect to « if and only if

V((5,) = Pt 520) 7 ) (3)
for all solutions v (z) of (Ly). This is equivalent to
P((s, x)) _ (=)

B(r(s, 7)) Ph—tap (s;2)  E(x)

for all solutions % of (Ly). Now we introduce coefficients for

Y(m(s,z)) — T (s, ) (s
E(m(s,2))Pr—1,a,_,(s,2) =Y g‘l’

and for

V(@) ot - ¥y
B = 0%(z) ;en .

The coefficient functions ¥ are polynomials in s. As a consequence of (Ly,, m) we
derive that that W% (m) = O for all m € N, all n > 0, and all solutions 9 of (Ly,).
Since the last relation is a polynomial relation, it holds for all s € C, and (33) is
satisfied for all s € C and all solutions ¢ of (Ly). This means that there exists a
covariant embedding of (L).
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In case 2 we assume that (L) does not have any solutions. In this situation
however each solution (a, ) of the system (Col), (Co2), (Bl), and (B2) is a
covariant embedding of (L) with respect to 7. According to Theorem 3.11 of [3]
this system of functional equations can always be solved, whence there always
exists a covariant embedding of (L).

Summarizing we proved for the situation described in (3)

Theorem 12. Assume that 7(s,z) = x + cpsx® + ..., with k > 2 and ¢, # 0, is
an analytic iteration group of p(z).

Let a, given by (24), be a solution of (Col) and (B2) where p is a logarithm
of 1.

If 1w # 0, then there is no covariant embedding (o, ) of (L) with respect to .

Ifu=0andb, =0 for 0 <n < k—1 and b,,1x—1 satisfies (28), then there
exists exactly one B given by

B(s,x) = o(m(s,x)) — als, z)p(x)
for an arbitrary solution p(x) of (L), such that (c, ) is a covariant embedding of
(L) with respect to 7.

If w = 0 and [there exists at least one n € {0,...,k — 2} such that b, # 0
or b, yk—1 does not satisfy (28)], then (L) does not have any solutions, but any
solution (a, ) of (Co2) and (B2) is a covariant embedding of (L) with respect to .
The families B which occur in these covariant embeddings are given by (26) with
uniquely determined Q(s,x) and £, but not uniquely determined F(x) € C [z].

3.B Covariant embeddings in certain cases with p # 0

Finally we are dealing with the problem presented in (4). According to Theo-
rem 2.6 of [3] the general solution « of (Col) is

E(n(s,z))

E(x)
where e = 1 and E(z) = 1+ ejx +--- € C[z]. According to Theorem 3.6 of
[3] for any a(z) satisfying the assumptions of (4) it is possible to find solutions
a of (Col) and (B2). They are given by (34) with a uniquely determined series
E(x) =1+4eix+.... In order to deal with the problem described in (4) we can
restrict to solutions o with u # 0.

Assuming that « is a solution of (Col) and (B2) with u # 0, the general
solution («, 3) of (Co2) is given in Theorem 2.8 of [3] by

B(s,x) = e E(n(s,x)) [F(z) — e " F(n(s,z))],

S

a(s,z) = e (34)

where F(z) is an arbitrary formal power series. According to Theorem 3.11 of
[3] the boundary condition 8(1,z) = b(x) is satisfied if and only if b, = 0 for all
n < k. However [ is not uniquely determined, since the coefficient fy of F(z) is
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not determined by (B2). Hence, there may exist covariant embeddings of (L) in
the situation (4) only if b, = 0 for all n < k.

First we determine all solutions of (L) for the situation described in (4) with
b, =0forall 0 <n < k.

Lemma 13. Assume that a(z) =1+, <, anx™ and b, =0 for all0 < n < k. If
(L) has a solution, then the coefficient @o of a solution o of (L) is not determined,
however, o, forn > 1 are uniquely determined (depending on g ).

Conwversely, if b, = 0 for all 0 < n < k, then for each pg € C there exists
exactly one solution ¢ of (L) such that ¢ = po mod .

More generally, it can be proved that (L) has a solution if and only if b, =
for 0 <n <k.

Proof. Using the same methods as in the proof of Lemma 9 we derive that

o(p(z)) = @o + Z (2" + negz™ R 4 nPéi)l(l)x”Jrk +...).
n>1

Hence, each solution ¢ of (L) satisfies

3" onlnepa™ 4 nP® (et ) =3 (an rtn ) 2" (35)

n>1 n>k

Comparing the coefficients of 2**7 for j > 0, we get

k+j
G+ Dej41ck = > arprjor + bis — Qi(91, -, 95-1)
r==k
where Q;(¢1,...,¢j—1) are universal polynomials in the coefficients ¢4, ..., ¢;_1,

which are already determined. This yields for n = j + 1 # 0 a unique way to
determine ¢,, by

k+j
1
Pi+1 = G+ Den (Zar@kﬂ R QJ(@la'-~7@j1)>~ (36)

Conversely, if ¢ is an arbitrary complex number and ;41 given by (36) for
J >0, then (35) is satisfied, thus ¢(z) = >, <, ¢na™ is a solution of (L).
If the series ¢ is a solution of (L), then

n n— k n
ZSO”J; +Z<Pn(nckx MR P,£+)1() )=

n>0 n>1
thnx +Z (Za,«pn ,«+bn>x +anx
n>0 n>k

Comparison of coefficients yields, Zn;(l) bpz™ = 0 and (35) is satisfied. O



80 H. FRIPERTINGER AND L. REICH AEM

From the last lemma we deduce the following characterization: It is possible
to find a solution (o, 3) of (Co2) and (B2) with p # 0 if and only if (L) can be
solved.

Hence, if (L) has no solutions, then there does not exist a covariant embedding
of (L) with respect to 7. From now on we assume that (L) has solutions, thus for
each ¢p € C there exists exactly one solution ¢ of (L) with ¢ = ¢ mod z.

Using exactly the same method as in the proof of Lemma 11 we can prove

Lemma 14. If « is a solution of (Col) with p # 0, then (L) does not have a
covariant embedding (a, 8) under the hypotheses of (4).

Proof. Assuming that («, ) is a covariant embedding of (L) with u # 0, then g
is a solution of (Co2) and (B2), whence necessarily (L) has solutions, thus b, =0
for all 0 < n < k. Moreover, we derive that there exist formal power series
E(z)=1+e1x+... and F(z) such that

p(n(s,x)) + E(n(s,2))F(n(s,2)) _ s [9(2) + E(2)F(z)
E(n(s,x)) E(x)

holds for all solutions ¢(z) of (L) and all s € C. Since u # 0, it follows from
Lemma 10 that both sides of (32) vanish, and consequently ¢(z) = —E(x)F(x) for
all solutions ¢ of (L). This leads to a contradiction, since according to Lemma 13
there exist different solutions ¢ of (L). O

Summarizing we proved for the situation described in (4)

Theorem 15. Let (s, x) = x+cpsx® +..., with k > 2 and ¢, # 0, be an analytic
iteration group of p(x) and let o, given by (34), with u # 0 be a solution of (Col)
and (B2). Then there is no covariant embedding (o, 3) of (L) with respect to the
analytic iteration group .

4. The situation of the improper functional equation

If p(z) = z, then (L) also makes sense, but then it is not a functional equation in
the usual sense. Nevertheless it is possible to study the covariant embeddings of
(L) in this situation as well, i.e. the embedding problem for

p(x) = a(z)p(z) + b(z).

All the analytic iteration groups of p(z) are of the form (7 (s,x))sec, where
m(s,z) = S™1(e?™#59(x)) with an arbitrary integer z and an arbitrary series S of
the form S(x) = z + sez? + .... Depending on z we have to consider two cases,
namely z # 0 and z = 0.
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4.A Embeddings with respect to iteration groups of type 1

Assume that 7 is an analytic iteration group of the first type, whence it is of the
form

m(s,2) = S~ (e S (x))

where 2miz =: \g # 0 and e*® = 1. Hence (cf. Theorem 1.3 of [3]) we may assume
by an appropriate transformation of the indeterminate z that w(s,z) = eros g for
all s € C.

From Corollary 2.3 of [3] we get that the general solution a of (Col) is given
by

E Aos
a(s,z) = et —(;‘(x)m) (37)
where E(x) =1+ ez + ... and e” = ag. In order to determine all « which also

satisfy the boundary condition (B2), we introduced the set J = J(Ag) which in
the present situation equals the set of all natural numbers. As a consequence of
Theorem 3.2 of [3] it is possible to adapt the solution « to the boundary condition
(B2) if and only if a(z) = ag. In this situation any formal power series E(x) with
constant term equal to 1 can be used to determine a family a.

Assume that « of the form (37) is a solution of (Col) and (B2). If u—nXg # 0
for all n € Ny, then according to Theorem 2.8 of [3] the general solution (a, ) of
(Co2) is given by

B(s,x) = e" E(eM%s)[F(z) — e " F(etz))] (38)

where F'(x) is an arbitrary formal power series. If u = ngAg for some ng € Ny,
then

B(s,x) = e“sE(e’\‘)Ss)[ﬁnosx"‘) + F(z) — e_”SF(ek‘)ssc)] (39)

with £,, € C and F(z) € C[z]. In order to determine all the solutions (a, 3) of
(Co2) and (B2), we introduced the set K = K(u, A\g). In the present situation
K =0if p & 2miZ, and K = Ny if p € 2miZ. From Theorem 3.4 of [3] it follows
that if K = (), then there exists exactly one series F'(x) such that 3 of the form
(38) satisfies both (Co2) and (B2). If K = Ny and p # n)g for all n € Ny, then
B of the form (38) satisfies (B2) if and only if b(x) = 0. Finally, if K = Ny and
i = ngAg for some ng € Ny, then 3 of the form (39) satisfies (B2), if and only if
b(x) = bp, E(x)x™ for some £, € C. If in the last two situations b(z) satisfies the
necessary condition, then any F'(z) can be used to determine (.

Theorem 16. Assume that p(x) = x is embedded into the analytic iteration group
(m(s,))sec with w(s,x) = e %z for \g € 2miZ \ {0}.

If a(z) € C[z] \ C, then there is no covariant embedding of (L).

Assume that a(z) = ag (and moreover ag # 0 as a general assumption), and
let a be a solution of (Col) and (B2) given by (37) where p is a logarithm of ag
and E(z) =1+ ejxz+ ... an arbitrary series in C [z].
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If ap # 1, then there is exactly one B of the form (38) such that (o, 3) is a
covariant embedding of (L) with respect to .

If ag =1 and p—nhg # 0 for all n € Ny, then there is no covariant embedding
(o, B) of (L) with respect to .

If ap = 1 and p = ngAg for some ng € Ny, then the pairs («, 3) with 8 given
by (39), where £,, # 0 and F(x) is an arbitrary series, is a covariant embedding
of (L) with respect to 7 if and only if b(x) = £, E(x)x™.

Proof. The existence of a solution « of (Col) which satisfies (B2) is a necessary
condition for the existence of a covariant embedding of (L). Hence, only in the
case a(x) = ag it may be possible to find covariant embeddings of (L). For that
reason we assume that a(z) = ag and that « is a solution of (Col) and (B2).

Case 1: If ag # 1, then u & 2miZ, whence K = (). Consequently the series
F(x) defining @ is uniquely determined by (B2), and from Theorem 1 we deduce
that there exist covariant embeddings of (L) with respect to .

Case 2: If ag = 1, then K = Ny. Case 2.1: If y # n)g for all n € Ny, then
a necessary condition for adapting a solution («, ) of (Co2) to (B2) is b(x) = 0.
Consequently, (L) becomes ¢(z) = @(x) which is satisfied by any formal series
o(z). If there were a covariant embedding («, 8) of (L), then for each s € C and
for any ¢(z) € C[z] the equation

p(e**z) = afs, 2)p(x) + B(s, o)

holds. If we choose 5o € C such that 7 := e*0*0 is not a complex root of 1, then the
equation above yields p(7z) = a(so, z)e(x) + (so, z), and according to Lemma 2
the set of solutions of this equation is smaller than C [z], which is a contradiction
to the assumption that there is a covariant embedding of (L).

Case 2.2: If u = ng)o for some ng € Ny, then there exist solutions («, 3) of
(Co2) and (B2) if and only if b(x) = £,,E(z)z™. If £,, = 0 the same method
as above proves that there is no covariant embedding (a, 3) of (L). If, however,
L, # 0 then (L) has no solutions, whence all pairs (o, §) which are solutions of
(Col), (Co2), and (B2) are covariant embeddings of (L) with respect to . O

4.B Embeddings with respect to w(s,z) = x
Now we consider the situation z = 0, whence n(s,x) = x for all s € C. In
)

order to derive the form of the general solution « of (Col), we have to go back to
Corollary 2.3 of [3]. We get

a(s,x) = e’ exp/ K(x)do
0

where K (x) is a formal power series of order > 1. Hence

a(s,z) = e’ exp(sK(z)). (40)
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Moreover, « satisfies (B2) if and only if e# = a¢ and K (z) = In(a(z)/ao).
Let a be a solution of (Col) and (B2). The general solution /5 of (Co2) is given

in Theorem 2.5 of [3] as

L(z)

a(o, )

B(s,x) = as,x) /OS (41)

with L(z) € C[«].
If 4 # 0 or K(x) # 0, then

B(s,z) = e’ exp(sK(x))L(x) /OS e M exp(—oK(x))do =

)-

1 —e M exp(—oK(x))

e exp(sK(x))L(x) <

K(z)+p
s 1 —e"exp(—sK(z)) L(z)(a(s,z)—1)
e exp(sK(x))L(x) K@)+ = K@)+

In this situation ((s, z) is indeed a formal power series. (If p # 0, then ord(K (x)+
w) = 0, and the reciprocal of K(x) + p exists in C[z]. If 4 = 0 then K(z) # 0,
and K (z) is a divisor of a(s,z) — 1 = exp(sK(z)) — 1 by (40).)

If both pn = 0 and K(z) =0, then a(s,z) =1 and from (41) it follows that

B(s,x) = sL(x)

with an arbitrary formal power series L(x).

How to adapt these solutions 8 to the boundary condition (B2)? Case 1: If
ap # 1, then there exists exactly one L(x) such that 8(1,2) = b(z), namely

L(z) = [a(z) — 1] 7 (K (z) + p)b(x). (42)

In case 2 we assume that ap = 1. Case 2.1: If a(x) = 1, then K(z) = 0 and
@ =1Inl. Case 2.1.1: If y = 0, then 3(s,z) = sL(z), and (1, ) equals b(x) if
and only if L(z) = b(z). Thus, there exists exactly one § satisfying the boundary
condition. In case 2.1.2 we assume that p # 0. Then 3(s,z) = L(x)(a(s,z)—1)/u
satisfies (B2) if and only if b(z) = 0, and then any series L(x) can be used to
determine £.

Case 2.2: Let a(z) =1+ az® +...,t > 1, and a; # 0. Hence ord(K (z)) = t.
Introducing coefficients in an obvious way, (B2), which can be written as

L(z)(a(z) = 1) = (K(z) + p)b(x),

is equivalent to
5t ) (L) = (e S| (S
n>0 n>t n>t n>0
If ;4 = 0, which is case 2.2.1, then there exists exactly one L(x) with coefficients

t+n t+n
Zr:t krbt-‘rn—?‘ - Zr:tJrl argt—i-n—r

ay

by = (43)
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for n > 0. Finally in case 2.2.2 we assume that g # 0. Then necessarily b, = 0

for 0 <n < t,if (B2) is satisfied. If this condition is fulfilled, then the series L(z)

is uniquely determined with coefficients

Zii? krbt+n—r + Mbt-i-n - Z:’Z?Jrl argt-i-n—r
a

by = (44)
for n > 0.

The solutions of the improper functional equation (L) for p(x) = z are described
in the next

Lemma 17. If ag # 0, then there exists exactly one solution ¢ of (L).

If a(z) = 1, then there exist solutions of (L) if and only if b(z) = 0. Ifb(x) =0,
then any formal power series p(z) satisfies (L).

Ifa(z) = 1+ azt +..., t > 1 and a; # 0. The necessary and sufficient
conditions for the existence of solutions of (L) are b, = 0 for 0 < n < t. If they
are satisfied, then the solution of (L) is uniquely determined.

Theorem 18. Assume that p(z) = x is embedded into the analytic iteration group
(7(s,2))sec with 7(s,z) = .

Assume that the coefficient ag of a(x) is different from 1. Let o be a solution
of (Col) and (B2) given by (40) with a uniquely determined series K (x) and with
an arbitrary logarithm p of ag. Then there exists exactly one 8 given by (41) and
(42) such that (a, B) is a covariant embedding of (L) with respect to .

Assume that a(xz) = 1. Let a be a solution of (Col) and (B2) given by (40)
with K(x) = 0 and with an arbitrary logarithm p of 1. If n = 0 then there erists
exactly one B given by B(s,x) = sb(x) such that («, 8) is a covariant embedding
of (L) with respect to w. If u # 0 then there is no covariant embedding («, 3) of
(L) with respect to 7.

Assume that a(x) = 1+ax’ +... witht > 1 and a; # 0. Let « be a solution of
(Col) and (B2) given by (40) with a uniquely determined series K(x) and with an
arbitrary logarithm p of 1. If u = 0, then there exists exactly one [ given by (41),
where the coefficients of L(x) are given by (43), such that (o, ) is a covariant
embedding of (L) with respect to w. If u # 0 and b, = 0 for all 0 < n < t, then
there exists exactly one 8 given by (41), where the coefficients of L(x) are given by
(44), such that (o, B) is a covariant embedding of (L) with respect to . If u # 0
and there exists at least one b; # 0 for 0 < j < t, then there is no covariant
embedding (c, 3) of (L) with respect to .

Proof. Case 1: If ag # 1, then for each « satisfying (Col) and (B2) there exists
exactly one 3 such that (a, ) is a solution of (Co2) and (B2), whence according
to Theorem 1 there exists a covariant embedding of (L).

Assume that « is a solution of (Col) and (B2). For the case 2.1.1, which
was a(z) = 1 and g = 0, the same method can be applied. In case 2.1.2 we
had assumed that a(z) = 1 and p # 0. If b(x) # 0, then there is no covariant
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embedding, since we cannot find a family 3 such that (a, 3) is a solution of (Co2)
and (B2). If b(z) = 0, then (L) becomes ¢(z) = ¢(x) which is satisfied by any
formal series. If there were a covariant embedding of (L), then for each s € C and
for any ¢(z) € C[z] the equation

L(z)(et* — 1)
w

p(r) = e"p(x) +

is satisfied, since in this case a(s,x) = e#* and B(s,x) = p~1L(z)(e"* — 1). If we
choose sy € C such that e#*0 #£ 1, then this equation has a unique solution
L(z)(ets0 — 1) L(x)
p(r) = = -

(I —erso)p t

which is a contradiction to the assumption that there is a covariant embedding
of (L).

Finally, in case 2.2 we assume that a(z) =1+ az® + ..., t > 1 and a; # 0.
Case 2.2.1: If y = 0, then there exists exactly one § such that («, 3) is a solution
of (Co2) and (B2), whence by Theorem 1, no matter whether (L) can be solved or
not, (L) has a covariant embedding with respect to 7. In case 2.2.2 we assume
that p # 0. If b(x) satisfies the necessary condition b, = 0 for all 0 < n < t for
finding a solution (a, ) of (Co2) and (B2), then § is uniquely determined and
the assertion follows from Theorem 1. If b(x) does not satisfy this condition, i.e.
if there exists a coefficient b; # 0 for 0 < j < ¢, then there is no solution («, 3) of
(Co2) and (B2), whence there is no covariant embedding of (L). O

5. Survey of results

In order to present all the covariant embeddings of (L) with respect to an analytic
iteration group 7 we add a detailed description of those covariant embeddings with
respect to iteration groups of second type which were already found in [3].

Theorem 19. Assume that 7(s,z) = x + cxsx® + ..., with k > 2 and ¢, # 0, is
an analytic iteration group of p(x).

If the coefficient ag of a(x) is different from 1, let « be a solution of (Col) and
(B2) given by
B(n(s,2))

afs,x) = e P(s, x)

(45)
where p is an arbitrary logarithm of ag, E(x) = 1+e1x+. .. a uniquely determined

series, and

k—1

P(s,2) = [ Paen (5,2) = :li[iexp (nn /O ﬂ(U,;C)”dU)

n=1
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with uniquely determined k,, € C. Then there exists exactly one B given by

F(n(s, I))}

P(s,x) (46)

B(s,z) = e P(s,2)E(n(s,x)) {F(x) —e M

with F(x) € Clz] such that (o, 8) is a covariant embedding of (L) with respect
to .

Assume that ag = 1 and that o given by (45) with u # 0 is a solution of (Col)
and (B2). If a(z) = 1+ ap,a™ + ... with ng > 1, an, # 0, and [no <k—-1or

[no =k—1and ax_1 —nci #0 for all n € NH , then there exist solutions (a, 3)
of (Co2) and (B2) if and only if b, = 0 for all 0 < n < ng. If these conditions
are satisfied then [ of the form (46) is uniquely determined by (B2) and (a, 3) is
a covariant embedding of (L) with respect to 7.

Assume that ag = 1 and that « given by (45) with u = 0 is a solution of (Col)
and (B2). If a(x) = 1, let mg = k, otherwise let mqy be the smallest element in
{n € N|ayn #0}, and let ng := min{mo,k}. There exists exactly one [ of the
form

F(r(s,z))

B(s,x) = P(s,x)E(n(s,x)) [F(z) - Pls.2) + Q(s,x)
where
g lpm(o, )
Qs,x) HZ:O /0 Plo,2)E(n(0.2)) "

with £, € C such that (o, B8) is a covariant embedding of (L) with respect to .

Furthermore, we have shown in [3] that without loss of generality we may
consider analytic iteration groups of type 1 just of the special form (e**r),ec (and
hence p(x) = px with p = e). However, according to Theorem 1.3 of [3] our
results are valid for any chosen iteration group (S~1(e**S(z)))sec of type 1 with
S(x) =2+ s9x% +....

In Remark 5 we proofed: If p(z) = px + cox? + ... has several embed-
dings into analytic iteration groups with a fixed \ satisfying e* = p, then (L)
has a covariant embedding with respect to a particular analytic iteration group
(S 1 (e So(x)))sec if and only if it is embeddable with respect to any other ana-
lytic iteration group of p(x).

The existence or non-existence of a covariant embedding of (L) with respect
to an analytic iteration group 7 is now completely solved and described for all
the different kinds of analytic iteration groups. The theorems dealing with the
different situations are collected in the following table:
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Situation Solution

p(z) = x and 7 of type 1 Theorem 16

p(z) = gc and (s, x) x Theorem 18

p(z) = e x, A ;é 0, e a root of 1 | Theorem 4

p(r) = e*z, e not a root of 1 Corollary 4.2 of [3], Theorem 8

n(s,r) =S (e )‘SS( ), A#0 Theorem 1.3 of [3]

p(x) =+ ckxk +...,a =1 Corollary 4.2 of [3], Theorem 12,

Theorem 15, Theorem 19

px)=x+cab+... a0 #1 Corollary 4.2 of [3], Theorem 19
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