On covariant embeddings of a linear functional equation with respect to an analytic iteration group in some non-generic cases

Harald Fripertinger^∗, Ludwig Reich

June 30, 2003

Abstract

In the paper On covariant embeddings of a linear functional equation with respect to an analytic iteration group (accepted for publication in the International Journal of Bifurcation and Chaos) the authors described the problem of covariant embeddings of a linear functional equation with respect to analytic iteration groups and solved it in the generic cases. However, some cases remained unsolved. In this paper we present the solution for these open cases.

1 Introduction

Let C [[x]] be the ring of formal power series in the indeterminate x with complex coefficients. Consider the linear functional equation

φ(p(x)) = a(x)φ(x) + b(x), (L)

where p(x), a(x), b(x) ∈ C [[x]] are given formal power series, and φ(x) ∈ C [[x]] should be determined by the functional equation. We always assume that

p(x) = ρx + c_2x^2 + c_3x^3 + . . . = ρx + ∑ n≥2 c_nx^n

with multiplier ρ ≠ 0, and

a(x) = a_0 + a_1x + a_2x^2 + . . . = ∑ n≥0 a_nx^n

∗Supported by the Fonds zur Förderung der wissenschaftlichen Forschung P14342–MAT and by the Faculty of Science, Karl-Franzens-Universität Graz.

Keywords and phrases: Linear functional equations, Formal power series, Covariant embeddings.

Mathematics Subject Classification 2000: Primary: 39B12, 39B50. Secondary: 13F25. 1 with a_0 ≠ 0. For a foundation of the basic calculations with formal power series we refer the reader to [9] and to [1] or [2].

L. Reich introduced in [11] the notion of a covariant embedding of (L) with respect to an analytic iteration group.

The linear functional equation (L) has a covariant embedding with respect to the analytic iteration group (π(s, x))_{s∈C} of p(x), if there exist families (α(s, x))_{s∈C} and (β(s, x))_{s∈C} of formal power series with entire coefficient functions α_n and β_n for all n ≥ 0

α(s, x) = ∑ n≥0 α_n(s)x^n, β(s, x) = ∑ n≥0 β_n(s)x^n

such that φ(π(s, x)) = α(s, x)φ(x) + β(s, x) (Ls)

holds for all s ∈ C and for all solutions φ(x) of (L) in C [[x]]. Moreover, it is assumed that α and β satisfy both the boundary conditions

α(0, x) = 1 β(0, x) = 0 (B1)

α(1, x) = a(x) β(1, x) = b(x) (B2)

and the cocycle equations

α(t + s, x) = α(s, x)α(t, π(s, x)) (Co1)

β(t + s, x) = β(s, x)α(t, π(s, x)) + β(t, π(s, x)) (Co2)

for all s, t ∈ C.

In [3] the general solutions of (Co1) and of the system ((Co1),(Co2)) are derived; then these functional equations are solved under the additional boundary conditions (B1) and (B2). Finally, the next theorem is proved as Theorem 4.1 in [3], which describes a sufficient condition for the existence of a covariant embedding of (L) with respect to an analytic iteration group.

Theorem 1. Assume that the linear functional equation (L) has a solution φ(x) ∈ C [[x]], and let (π(s, x))_{s∈C} be an analytic iteration group of p(x). Furthermore, assume that α satisfies (Co1) and the two boundary conditions (B1) and (B2). If there exists exactly one β, which also satisfies (B1) and (B2), such that (α, β) is a solution of (Co2), then there exists a covariant embedding of (L) with respect to the iteration group (π(s, x))_{s∈C}.

Covariant embeddings of a linear functional equation were studied in a much more general setting by Z. Moszner in [10] and for functions defined on a real interval by G. Guzik in [5] and [7]. The first cocycle equation is also studied in [6] and [8].

In [3] we called an analytic iteration group a group of first type, if π(s, x) equals S^{−1}(e^{λs}S(x)) for all s ∈ C, where λ ∈ C \ {0} and S(x) = x + s_2x^2 + . . ..

Each iteration group of this type is simultaneously conjugate to the iteration group (e^{λs}x)_{s∈C}. Iteration groups of the form π(s, x) = x + c_ksx^k + P^{(k)}_{k+1}(s)x^{k+1} + . . . for all s ∈ C, where c_k ≠ 0, k ≥ 2, and P^{(k)}_r (s) are polynomials in s for r > k, were called iteration groups of second type. Each non-trivial analytic iteration group is either of first or of second type.

In [3] the problem of the existence of a covariant embedding was solved in the generic cases. There we proved in Theorem 3.5, Theorem 3.11, and Corollary 4.2 the following facts.

1. Assume that (π(s, x))_{s∈C} is an analytic iteration group of the first type which is simultaneously conjugate to e^{λs}x, where e^λ is not a complex root of 1. Then there exist suitable solutions (α, β) of the system consisting of (Co1), (Co2), (B1), and (B2) which yield covariant embeddings of (L) with respect to π.

2. Assume that (π(s, x))_{s∈C} is an analytic iteration group of the second type.

If the coefficient a_0 of a(x) is different from 1, then there exist covariant embeddings of (L) with respect to the iteration group π. Assume that a_0 = 1. Depending on the coefficient function α_0 of α(s, x), a solution of (Co1), we have: If a(x) = 1 then there exists a covariant embedding (α, β) with α_0 = 1. Finally assume that a(x) = 1 + ∑ n≥n_0 anx

n with a_{n0} ≠ 0.

If α_0(s) = e^{μs} for some μ ∈ 2πiZ \ {0} and [ n_0 < k − 1, or [ n_0 = k − 1 and

a_{k−1} ≠ nc_k for all n ∈ N ]]_1 , then there exist covariant embeddings (α, β) of (L) with respect to the iteration group π, if and only if b_n = 0 for all 0 ≤ n < n_0. If α_0 = 1 and [ n_0 ≠ k − 1, or [ n_0 = k − 1 and a_{k−1} ≠ nc_k

for all n ∈ N ]] , then there exists a covariant embedding (α, β) of (L) with respect to the iteration group π.

The following cases were not investigated so far.

The iteration group (π(s, x))_{s∈C} of the first type is given as

π(s, x) = S^{−1}(e^{λs}S(x)), s ∈ C,

where λ ≠ 0 and ρ := e^λ is a complex root of 1, primitive of order j_0 > 1. As it was shown in [3] this situation can always be simplified to π(s, x) = e^{λs}x, which yields p(x) = ρx.

(1)

1We use square brackets [. . . ] in order to indicate the logical structure.

The iteration group (π(s, x))_{s∈C} of the first type is given as

π(s, x) = S^{−1}(e^{λs}S(x)), s ∈ C,

where ρ := e^λ is not a complex root of 1. As it was shown in [3] this situation can always be simplified to π(s, x) = e^{λs}x, which yields p(x) = ρx.

Disregarding the covariant embedding (α, β) of (L) described in Theorem 3.5 of [3], do there exist further solutions (α, β) of (Co1), (Co2), (B1), and (B2) which are covariant embeddings of (L)?

(2)

The series p(x), a(x) and b(x) are of the form

p(x) = x + c_kx^k + P^{(k)}_{k+1}(1)x^{k+1} + . . . , k ≥ 2, c_k ≠ 0,

a(x) = 1 + ∑ n≥k−1

a_nx^n, a_{k−1} = n_1c_k, n_1 ∈ N,

b(x) = ∑ n≥0 b_nx^n,

where p(x) is embedded into an analytic iteration group (π(s, x))_{s∈C} with π(s, x) = x + c_ksx + P^{(k)}_{k+1}(s)x^{k+1} + . . . ,

an analytic iteration group of the second type.

(3)

The series p(x), a(x) and b(x) are of the form

p(x) = x + c_kx^k + P^{(k)}_{k+1}(1)x^{k+1} + . . . , k ≥ 2, c_k ≠ 0,

a(x) = 1 or a(x) = 1 + ∑ n≥k a_nx^n,

b(x) = ∑ n≥0 b_nx^n,

where p(x) is embedded into an analytic iteration group (π(s, x))_{s∈C} with π(s, x) = x + c_ksx + P^{(k)}_{k+1}(s)x^{k+1} + . . . ,

an analytic iteration group of the second type. Disregarding the covariant embeddings (α, β) described in [3] with α_0 = 1, what about other covariant embeddings (α, β) with α_0(s) = e^{μs} for some μ ∈ 2πiZ \ {0}?

(4)

Whereas in [3] the structure of the set of solutions of (L) did not play an explicit role, here it will be of importance. The set of solutions of (L) in the special case (1) was investigated in [4], in a few other situations it will be dealt with in the present paper. We will list the covariant embeddings of (L) in the various cases at the very end of this paper.

2 The non-generic situations for iteration groups of type 1

In Theorem 2.6 of [3], we proved that for analytic iteration groups π(s, x) = e^{λs}x of the first type the general solution α of (Co1) is given by

α(s, x) = e^{μs}

E(e^{λs}x) E(x)

, (5)

where e^μ = a_0 and E(x) = 1 + e_1x + . . . ∈ C [[x]]. If ρ = e^λ is not a complex root of 1, then according to Theorem 3.2 of [3], for each a(x) there exist solutions α of (Co1) which satisfy (B2). (The series E(x) is uniquely determined, whereas μ can be any logarithm of a_0.) If ρ is a complex root of 1, then we gave in the same theorem a necessary and sufficient condition for the existence of solutions α of (Co1) also satisfying the boundary condition (B2).

2.A ρ a complex root of 1 primitive of order j_0 > 1

Let us first deal with the problem described in (1), hence ρ is a complex root of 1 primitive of order j_0 > 1. Here we present another characterization for the existence of solutions α of (Co1) which also satisfy (B2). Using the explicit form of α given above, the boundary condition (B2) for α is

a_0

E(ρx) E(x)

= a(x),

which is equivalent to E(ρx) = â(x)E(x), (6) where â(x) := a(x) a_0

. (7)

This is a homogeneous linear functional equation for the unknown series E(x) = 1 + e_1x + . . .. Consequently, there exists a solution α of (Co1) and (B2) if and only if (6) has a non-trivial solution. According to Theorem 5 of [4], there exist non-trivial solutions E(x) of (6) if and only if

j_0 −1∏

ℓ=0 â(ρ^ℓx) = 1. (8)

Moreover, from Lemma 2 and Theorem 12 or Theorem 24 of [4] we know that the homogeneous linear functional equation

φ(ρx) = a(x)φ(x) (L_h) has non-trivial solutions if and only if a^{j0}_0 = 1 and (8) is satisfied.

Case 1: If there is no α which satisfies (Co1) and (B2), then there does not exist a covariant embedding of (L). For that reason, we assume now in case 2 that α is a solution of (Co1) satisfying (B2), whence (8) is also satisfied. In order to determine all β satisfying (B2) such that (α, β) is a solution of (Co2), in [3] we introduced the set K = K(λ, μ) := {n ∈ N_0 | μ − nλ ∈ 2πiZ}. Actually, this set does not depend on the particular choice of the values λ = ln ρ and μ = ln a_0, consequently K = {n ∈ N_0 | ρ^n = a_0}. Case 2.1: If a^{j0}_0 ≠ 1, then K = ∅, and it follows from Theorem 3.4 of [3] that there exists exactly one β of the form

β(s, x) = e^{μs}E(e^{λs}x)[F (x) − e^{−μs}F (e^{λs}x)] (9)

with F [x] ∈ C [[x]] which satisfies (B2) and together with α also the cocycle equation (Co1). Hence, we still have to deal with the case 2.2 where a^{j0}_0 = 1, which means that (L_h) has non-trivial solutions. It also implies that K ≠ ∅, whence K = k_0 + N_0j_0 with k_0 = min K = min {n ∈ N_0 | ρ^n = a_0}. In Theorem 2.8 of [3] the general solution (α, β) of (Co2) in the present situation was given by (5) and

β(s, x) = e^{μs}E(e^{λs}x)[ℓ_{n0} sx^{n0} + F (x) − e^{−μs}F (e^{λs}x)], (10)

where n_0 ∈ N_0, ℓ_{n0} ∈ C and F (x) ∈ C [[x]]. Moreover, the summand ℓ_{n0} x^{n0} occurs only in the particular situation when μ = n_0λ for some n_0 ∈ N_0.

Since, given ρ and a_0, we are still free to choose the values of μ and λ modulo integer multiples of 2πi, the integer n_0 can be an arbitrary element of K. (For k ∈ K there exists an integer z such that μ − kλ = 2zπi, which is equivalent to μ^′ := μ − 2zπi = kλ. We used this choice of μ in order to construct covariant embeddings in [3].) On the other hand, there exist choices of μ and λ such that μ − nλ ≠ 0 for all n ∈ N_0.

The boundary condition (B2) for the special form of β is

b(x) = a_0E(ρx)[ℓ_{n0} x^{n0} + F (x) − 1 a_0

F (ρx)]. (11)

This can be rewritten as a linear functional equation for the power series F (x), namely

F (ρx) = a_0F (x) + a_0ℓ_{n0} x^{n0} − b(x) E(ρx)

. (12)

Depending on ℓ_{n0} we have to consider two cases. Case 2.2.1: Assume that ℓ_{n0} = 0 or μ ≠ nλ for all n ∈ N_0, thus ℓ_{n0} x^{n0} does not occur. Then it is convenient to introduce G(x) := −E(x)F (x). By an application of (6), we derive from (11) that G(ρx) = a(x)G(x) + b(x). (13)

Our assumptions on a(x) already guarantee that the homogeneous linear equation G(ρx) = a(x)G(x) has non-trivial solutions. The necessary and sufficient condition on b(x) for the existence of solutions of (L) (or (13)) are given in Theorem 15 of [4] as_j

0 −1∑

k=0 b(ρ^kx) ∏_k

j=0 a(ρ^j x)

= 0. (14)

Consequently, (L) has solutions if and only if (13) has solutions, which is equivalent to the existence of solutions (α, β) of (Co1), (Co2), and (B2).

Case 2.2.1.1: If (14) is not satisfied, then for any choice of α satisfying (Co1) and (B2) there does not exist a β such that (Co2) and (B2) are satisfied, thus there is no covariant embedding of (L). Hence, we assume in case 2.2.1.2 that also (14) is satisfied, consequently (13) has solutions G(x), which allow to compute the solutions F (x) of (12) and the solutions (α, β) of (Co2) and (B2) via (10). Then according to Theorem 15 of [4], the set of solutions of (L) is given by the series

φ(x) =

[_{j0 −1} ∑ n=0 n−1∏ ℓ=0 a(ρ^ℓx) ]−1 j_0 ∑ t≥0 φ_{tj0} x^{tj0} −

j_0 −1∑

n=1 n−1∏ ℓ=0 a(ρ^ℓx) n−1∑ k=0 b(ρ^kx) ∏_k j=0 a(ρ^j x) ,

for any choice of (φ_{tj0} )_{t≥0} in C. We claim that in the present situation, i.e. in case 2.2.1.2, there does not exist a covariant embedding of (L). Assuming that there were a covariant embedding of (L), each solution of (L) also satisfies (Ls) for all s ∈ C.

Choosing s_0 ∈ C such that τ := e^{λs0} is not a complex root of 1, we derive from (Ls) φ(τx) = α(s_0, x)φ(x) + β(s_0, x) (Lτ).

The next lemma proves that the set of solutions of (Lτ) is much smaller than the set of solutions of (L) which gives a contradiction to the assumption that there exists a covariant embedding of (L) with respect to π. Smaller means here that for (L) we can choose the whole family (φ_{tj0} )_{t≥0} of coefficients arbitrarily, whereas for (Lτ) at most one coefficient can be chosen arbitrarily.

Lemma 2. If τ is not a complex root of 1, then the set of solutions of (Lτ) is either empty, or it consists of exactly one formal power series, or it is given by ∑ n≥0 φ_nx^n | φ_n =

∑_n r=1 α_r(s_0)φ_{n−r} + β_n(s_0) τ^n − α_0(s_0) for n ≠ n_1, φ_{n1} ∈ C , where τ^{n1} = α_0(s_0) for a uniquely determined n_1 ∈ N_0.

Proof. Introducing coefficients of the series in (Lτ), we derive that φ(x) satisfies (Lτ) if and only if

φ_n(τ^n − α_0(s_0)) = n∑ r=1 α_r(s_0)φ_{n−r} + β_n(s_0)

for all n ∈ N_0. If τ^n ≠ α_0(s_0) for all n ∈ N_0, then the coefficients of φ(x) are uniquely determined, and there exists exactly one solution of (Lτ). Otherwise, there exists exactly one n_1 ∈ N_0 such that τ^{n1} = α_0(s_0). In this situation there exist solutions φ(x) of (Lτ) if and only if

n_1∑

r=1 α_r(s_0)φ_{n1 −r} + β_{n1} (s_0) = 0.

In this case the coefficients φ_n of φ(x) are uniquely determined for n ≠ n_1, whereas φ_{n1} is not determined by the functional equation and can be arbitrarily chosen in C. �

Finally, we have to consider the case 2.2.2, where μ = n_0λ for some n_0 ∈ N_0 and ℓ_{n0} ≠ 0. In this situation we study the linear functional equation (12) for the unknown series F (x). Denoting a_0ℓ_{n0} x^{n0} −[E(ρx)]^{−1}b(x) by b̂(x), we derive from Theorem 15 of [4] that there exist solutions F (x) of (12) if and only if

j_0 −1∑

k=0 b̂(ρkx) ∏_k

j=0 a_0

= 0. (15)

Using the explicit form of b̂(x) we determine the left hand side of (15) as

j_0 −1∑

k=0 b̂(ρkx)

a^{k+1}_0 = j_0 −1∑

k=0 1 a^{k+1}_0 ( a_0ℓ_{n0} ρ^{kn0} x^{n0} − b(ρ^kx) E(ρ^{k+1}x) ) . According to the assumptions on ρ and μ, we have ρ^{kn0} = e^{n0λk} = e^{μk} = a^k_0 . By application of (7) and by iteration of (6), the right hand side of the last expression yields

j_0 −1∑

k=0 ℓ_{n0} x^n0 − b(ρ^kx) a^{k+1}_0 (∏_k j=0 â(ρ^j x) ) E(x) =

= j_0ℓ_{n0} x^{n0} −

j_0 −1∑

k=0 b(ρ^kx) (∏_k j=0 a(ρ^j x) ) E(x) . Introducing B(x) as

B(x) :=

j_0 −1∑

k=0 b(ρ^kx) ∏_k j=0 a(ρ^j x)

, (16)

we derive that there exist solutions F (x) of (12) if and only if

j_0ℓ_{n0} x^{n0} E(x) = B(x).

From Theorem 12 of [4] we know that B(x) is a solution of (L_h). It is easy to check that also j_0ℓ_{n0} x^{n0} E(x) satisfies (L_h) since E(x) is a solution of (6) and n_0 ∈ K, i.e. n_0 = k_0 + r_0j_0 for some r_0 ∈ N_0, whence ρ^{n0} = ρ^{k0} = a_0.

The next remark describes that in this final situation, i.e. in case 2.2.2 with B(x) ≠ 0, it is possible to find a covariant embedding of (L).

Remark 3. Assume that a^{j0}_0 = 1, that â(x) satisfies (8), and that B(x) is given by (16). If B(x) = 0, then (12) is satisfied only for ℓ_{n0} = 0, but then we are in the previous case, where ℓ_{n0} x^{n0} did not occur, and there is no covariant embedding of (L). If B(x) ≠ 0, then let n_0 be the order of B(x). Since B(x) is a solution of (L_h), it follows from Theorem 10 of [4] that n_0 ≡ k_0 mod j_0, where k_0 is the smallest non-negative integer n such that ρ^n = a_0. Defining ℓ_{n0} as B_{n0} /j_0, where B_n are the coefficients of B(x), we get a series

E(x) :=

B(x) j_0ℓ_{n0} x^{n0}

satisfying (6) with E(x) ≡ 1 mod x. Moreover, it is possible to determine μ such that μ = n_0λ and e^μ = a_0. Using (5), we determine a solution α of (Co1) satisfying (B2). By construction, (15) is satisfied, whence we can find a solution F (x) of (12) which allows to determine β by (10) such that (α, β) satisfies (Co2) and (B2). Since B(x) ≠ 0, the linear equation (L) does not have any solution, hence the set of solutions of (L), being empty, is trivially a subset of the set of solutions of (Ls) for each s, and consequently there exists a covariant embedding of (L).

Summarizing, we proved for the case described in (1)

Theorem 4. Assume that π(s, x) = e^{λs}x is an analytic iteration group of p(x), thus λ ≠ 0 is a logarithm of ρ, a complex root of 1 primitive of order j_0 > 1.

If â(x) given by (7) does not satisfy (8), then there is no covariant embedding of (L).

Now we assume that (8) is satisfied. If a^{j0}_0 ≠ 1, let α be given by (5) with an arbitrary logarithm μ of a_0 and any solution E(x) of (6). Then there exists exactly one β given by (9) such that (α, β) is a covariant embedding of (L) with respect to π.

If a^{j0}_0 = 1 let B(x) be given by (16). If B(x) = 0, then (L) has solutions, but there is no covariant embedding of (L). If B(x) ≠ 0 let n_0 be the order of B(x). The covariant embeddings in this situation are given by all pairs (α, β) where α is given by (5) with μ = n_0λ, E(x) = B(x)/(B_{n0} x^{n0} ) and where β is given by (10) with ℓ_{n0} = B_{n0} /j_0 and F (x) is an arbitrary solution of (12).

Remark 5. Formal power series p(x) = ρx + c_2x^2 + . . . where ρ is a complex root of 1, primitive of order j_0 > 0, which possess an embedding into an analytic iteration group (π(s, x))_{s∈C} have such embeddings into different iteration groups. It is well known from iteration theory that a series p(x) as above has an embedding if and only if there exists S(x) = x + s_2x^2 + . . . such that

p(x) = S^{−1}(ρS(x)). (17)

For each solution S of this functional equation, (S^{−1}(e^{λs}S(x))_{s∈C} with e^λ = ρ is an analytic iteration group of p(x), and all analytic iteration groups of p(x) are obtained in this way. Moreover, different solutions of (17) yield different iteration groups.

We are now considering the question how the existence of a covariant embedding of (L) in this situation depends on the iteration group (S^{−1}(e^{λs}S(x))_{s∈C} of p(x). As it was shown in [3] we may assume that p(x) = ρx. Then the iteration groups of p(x) are given by (S^{−1}(e^{λs}S(x))_{s∈C} where S(x) = x + s_2x^2 + . . . is any solution of ρS(x) = S(ρx). (18)

The set of these S, which forms a group with respect to substitution, consists of the series S(x) = x + ∑ k≥1 s_{kj0 +1}x^{kj0 +1}

with arbitrary s_{kj0 +1} ∈ C.

Let λ with e^λ = ρ be fixed. We claim that (L) has a covariant embedding with respect to the iteration group (e^{λs}x)_{s∈C} of p(x) if and only if it has a covariant embedding with respect to all iteration groups (S^{−1}(e^{λs}S(x))_{s∈C}.

Proof. We consider the general form (S^{−1}(e^{λs}S(x))_{s∈C} of an analytic iteration group of p(x) = ρx. As it was shown in Theorem 1.3 of [3] we reduce this case equivalently by the transformation y = S(x) to the situation of an iteration group (e^{λs}x)_{s∈C}. This yields for (L)

φ̃(e^λy) = ã(y)φ̃(y) + b̃(y) (L̃)

where ã := a ∘ S^{−1} and b̃ := b ∘ S^{−1}. The system (Ls), (Co1), (Co2), (B1), and (B2) is equivalent to the system

φ̃(e^{λs}y) = α̃(s, y)φ̃(y) + β̃(s, y) (L̃s)

α̃(t + s, y) = α̃(s, y)α̃(t, e^{λs}y) (C̃o1) β̃(t + s, y) = β̃(s, y)α̃(t, e^{λs}y) + β̃(t, e^{λs}y) (C̃o2)

α̃(0, y) = 1 β̃(0, y) = 0 (B̃1)

α̃(1, y) = ã(y) β̃(1, y) = b̃(y) (B̃2)

where α̃(s, y) = α(s, S^{−1}(y)) and β̃(s, y) = β(s, S^{−1}(y)). The necessary and sufficient conditions for the existence of covariant embeddings of (L) with respect to (e^{λs})_{s∈C}, given in Theorem 4 are satisfied if and only if the corresponding conditions for the existence of covariant embeddings of (L̃) with respect to (e^{λs})_{s∈C} are satisfied, since S is a solution of (18). �

2.B ρ not a complex root of 1

For the rest of this section we are dealing with the problem described in (2). We have already repeated that in the present situation there exist α, given by (5), which satisfy both (Co1) and (B2). Let α be a solution of (Co1) and (B2). We also introduced the set K = K(μ, λ). Case 1: If K = ∅, then from Theorem 3.4 of [3] it follows that there exists exactly one β which is together with α a solution of (Co2) and (B2). If K ≠ ∅, then K is a set of cardinality one, since ρ is not a complex root of 1. Case 2: Assume that K = {k_0} for some k_0 ∈ N_0. Case 2.1: If k_0, μ, and λ satisfy the equation μ = k_0λ, then it is shown in the proof of Theorem 3.5 of [3] that there exists exactly one β of the form (10) such that (α, β) is a solution of (Co2) and (B2). So far, it is possible to apply Theorem 1 in order to derive that (α, β) yields a covariant embedding of (L). Case 2.2: Assume that μ − nλ ≠ 0 for all n ∈ N_0. In Theorem 2.8 of [3], the general solution (α, β) of (Co2) is determined, where β is given by (9) with an arbitrary formal power series F (x). In Theorem 3.4 of [3] we describe under which conditions β also satisfies (B2). Here we present another characterization. The boundary condition (B2) written for β, given by (9), is b(x) = e^μE(ρx)[F (x) − e^{−μ}F (ρx)].

Taking into account that E(ρx) satisfies (6) and introducing a formal series G(x) := −E(x)F (x) we derive b(x) = −a(x)G(x)+G(ρx), which can be written as a linear functional equation for G(x), namely

G(ρx) = a(x)G(x) + b(x). (19)

Hence, there exist solutions (α, β) of (Co2) satisfying (B2) if and only if (19) has a solution, thus if and only if (L) can be solved. For that reason, in the next lemma we describe the set of solutions of (L) in the situation described in (2).

Lemma 6. Assume that φ(x) is a solution of (L) under the assumptions of (2). If K = ∅, then the coefficients φ_n of φ(x) are uniquely determined by

φ_n =

∑_n r=1 a_rφ_{n−r} + b_n ρ^n − a_0

(20)

for all n ≥ 0.

If K = {k_0}, then the coefficients φ_n are uniquely determined by (20) for all n ≠ k_0, and φ_{k0} remains undetermined.

Conversely, if for K = {k_0} the coefficient b_{k0} satisfies the condition

b_{k0} = −

k_0∑

r=1 a_rφ_{k0 −r},

then for each choice of φ_{k0} in C we get a solution φ(x) = ∑ n≥0 φ_nx^n of (L), where φ_n are given by (20) for n ≠ k_0.

The simple proof by comparison of coefficients is left to the reader. Here in case 2 we are only interested in K = {k_0}.

Case 2.2.1: If there are no solutions of (L), then it is impossible to find β such that (α, β) is a solution of (Co2) and (B2), consequently there is no covariant embedding of (L).

Case 2.2.2: If (L) has solutions, then according to Lemma 6 for each coefficient φ_{k0} there exists a solution φ(x) of (L). Moreover, (19) has also solutions, whence there exist solutions (α, β) of (Co2) and (B2) where β is of the form (9). We claim that there does not exist a covariant embedding (α, β) of (L) with respect to π. If we assume that there exists a covariant embedding of (L), then each solution φ(x) of (L) satisfies for all s ∈ C

φ(e^{λs}x) = e^{μs}

E(e^{λs}x) E(x) φ(x) + e^{μs}E(e^{λs}x) [ F (x) − e^{−μs}F (e^{λs}x) ] = e^{μs}E(e^{λs}x) [ φ(x) E(x)

+ F (x) ] − E(e^{λs}x)F (e^{λs}x).

Hence, φ(e^{λs}x) + E(e^{λs}x)F (e^{λs}x) E(e^{λs}x)

= e^{μs} [ φ(x) E(x)

+ F (x) ] . (21)

The left hand side of this equation can be written as a formal power series ∑ n≥0 P_n(e^{λs})x^n

where the coefficient functions P_n are polynomials in e^{λs}. The right hand side is of the form e^{μs} ∑ n≥0 ζ_nx^n.

Lemma 7. Let P_n(y) be polynomials for n ≥ 0. If λ ≠ 0 and μ − nλ ≠ 0 for all n ∈ N_0, then ∑ n≥0 P_n(e^{λs})x^n = e^{μs} ∑ n≥0 ζ_nx^n, ∀s ∈ C (22)

implies that ζ_n = 0 for all n ≥ 0, whence also P_n(y) = 0 for all n ≥ 0.

Proof. Comparison of coefficients in (22) leads to

P_n(e^{λs}) = e^{μs}ζ_n, ∀s ∈ C, ∀n ≥ 0. (23)

Derivation with respect to s and (23) yield

λe^{λs} dP_n dy (e^{λs}) = μe^{μs}ζ_n = μP_n(e^{λs}) ∀s ∈ C.

Since λ ≠ 0, e^{λs} takes infinitely many values, thus for each n ≥ 0 the last equality can be written as an identity in the indeterminate y, namely λy dP_n(y) dy = μP_n(y) ∀n ≥ 0.

Introducing coefficients for the polynomials P_n of the form P_n(y) =

∑_{r(n)} j=0 p^{(n)}_j y^j, we derive λ r(n)∑

j=1 jp^{(n)}_j y^j = μ

r(n)∑

j=0 p^{(n)}_j y^j ∀n ≥ 0, consequently

(μ − jλ)p^{(n)}_j = 0 for all 0 ≤ j ≤ r(n) ∀n ≥ 0.

For that reason p^{(n)}_j = 0 for all j and for all all n ≥ 0, thus P_n(y) = 0 for all n ≥ 0 and the proof is finished. �

The assumptions on λ and μ from case 2.2 in situation (2) guarantee that the assumptions of Lemma 7 are satisfied. Hence, the equality in (21) holds only in the case when both sides are equal to zero for all s ∈ C and all solutions φ(x) of (L). (This result also could have been obtained from a more general result published in [12] as Theorem 6.) Especially for s = 0 we get from the right hand side of (21) that all solutions φ(x) of (L) satisfy

φ(x) = −F (x)E(x),

which is impossible since different solutions φ of (L) have different coefficients φ_{k0} , whereas the right hand side of the last equation is just one formal power series. So there is no covariant embedding of (L).

Summarizing, we proved for the case described in (2)

Theorem 8. Assume that π(s, x) = e^{λs}x is an analytic iteration group of p(x), thus λ is a logarithm of ρ which is not a complex root of 1. Let α, given by (5), be a solution of (Co1) and (B2) where E(x) = 1 + e_1x + . . . is uniquely determined and μ is a logarithm of a_0.

If μ − nλ ∉ 2πiZ for all n ∈ N_0, then there exists exactly one β of the form (9) such that (α, β) is a covariant embedding of (L) with respect to π.

If μ = n_0λ for some n_0 ∈ N_0, then there exists exactly one β of the form (10) with uniquely determined ℓ_{n0} but not uniquely determined F (x), such that (α, β) is a covariant embedding of (L) with respect to π.

Otherwise, i.e. if there exists n_0 ∈ N_0 such that μ − n_0λ ∈ 2πiZ \ {0}, there is no covariant embedding (α, β) of (L) with respect to π.

3 The non-generic situations for iteration groups of type 2

3.A a_{k−1} = n_1c_k for some n_1 ∈ N

According to Theorem 2.6 of [3] the general solution α of (Co1) in case (3) is

α(s, x) = e^{μs}P_{k−1,κk−1} (s, x)

E(π(s, x))

E(x) , where e^μ = 1, E(x) = 1 + e_1x + . . ., and

P_{k−1,κk−1} (s, x) = exp ( κ_{k−1}

∫_s 0 π(σ, x)^{k−1}dσ ) with κ_{k−1} ∈ C. From Theorem 3.10 and (15) of [3] we derive that for any a(x) it is possible to find solutions α of (Co1) and (B2). They are given by

α(s, x) = e^{μs}P_{k−1,ak−1} (s, x)

E(π(s, x)) E(x)

, (24)

with a uniquely determined series E(x) = 1 + e_1x + . . ..

Now we assume that α is a solution of (Co1) and (B2). The general solution (α, β) of (Co2) depends on the special choice of μ. If μ ≠ 0, then it follows from Theorem 2.8 of [3] that

β(s, x) = e^{μs}P_{k−1,ak−1} (s, x)E(π(s, x)) [ F (x) − e^{−μs}

F (π(s, x)) P_{k−1,ak−1} (s, x) ] , (25)

where F (x) is an arbitrary formal power series. According to Theorem 3.11 of [3] the boundary condition β(1, x) = b(x) is satisfied if and only if b_n = 0 for all n < k − 1 and b_{n1+k−1} satisfies an implicitly given condition, which we do not explain in more details. However, after Lemma 9 we present another characterization when β satisfies this boundary condition.

If μ = 0, then it follows from the same theorems that the general solution β(s, x) is given by

E(π(s, x))P_{k−1,ak−1} (s, x)· (26) · [ F (x) −

F (π(s, x)) P_{k−1,ak−1} (s, x)

+ Q(s, x) + ℓ

∫_s 0 π(σ, x)^{n1 +k−1} P_{k−1,ak−1} (σ, x) dσ ] , with

Q(s, x) = k−2∑ n=0 ∫_s 0 ℓ_nπ(σ, x)^n P_{k−1,ak−1} (σ, x)E(π(σ, x)) dσ where F (x) is an arbitrary formal power series and ℓ and ℓ_n are arbitrary complex numbers. In this situation, the boundary condition β(1, x) = b(x) can always be satisfied. However, β is not uniquely determined as a solution of (Co2) and (B2).

First we determine all solutions of (L). In Lemma 3.12 of [3] it was shown that (L) has solutions only in the case when b_n = 0 for all 0 ≤ n < k − 1.

Lemma 9. Let b_n = 0 for all 0 ≤ n < k − 1, and let a_{k−1} = n_1c_k for some n_1 ∈ N.

If φ(x) is a solution of (L) under the assumptions of (3), then the coefficients φ_n of φ(x) are uniquely determined by

φ_n =

∑_{n+k−1} r=k a_rφ_{n+k−1−r} + b_{n+k−1} − Q_n(φ_1, . . . , φ_{n−1}) nc_k − a_{k−1}

(27)

for n ≠ n_1, with universal polynomials Q_n(φ_1, . . . , φ_{n−1}). The coefficient φ_{n1} remains undetermined. Conversely, if φ_n are given by (27) for n ≠ n_1 and if the coefficient b_{n1+k−1} satisfies the condition

b_{n1+k−1} = Q_{n1} (φ_1, . . . , φ_{n1 −1}) −

n_1+k−1 ∑ r=k a_rφ_{n1 +k−1−r}, (28)

then for each choice of φ_{n1} in C we obtain a solution φ(x) = ∑ n≥0 φ_nx^n of (L).

Proof. The series φ(x) = ∑ n≥0 φ_nx^n is a solution of (L) if and only if ∑ n≥0 φ_n[p(x)]^n = 1 + ∑ n≥k−1

a_nx^n ∑ n≥0 φ_nx^n + ∑ n≥k−1

b_nx^n.

The left hand side of this equation yields φ_0 + ∑ n≥1 φ_n[x + c_kx^k + P^{(k)}_{k+1}(1)x^{k+1} + . . .]^n =

φ_0 + ∑ n≥1 φ_n(x^n + nc_kx^{n−1+k} + nP^{(k)}_{k+1}(1)x^{n+k} + . . .).

Hence, φ(x) is a solution of (L) if and only if

φ_0 + ∑ n≥1 φ_n(x^n + nc_kx^{n−1+k} + nP^{(k)}_{k+1}(1)x^{n+k} + . . .) =

∑ n≥0 φ_nx^n + ∑ n≥k−1

(_n ∑ r=k−1

a_rφ_{n−r} + b_n ) x^n,

which is equivalent to ∑ n≥1 φ_n(nc_kx^{n−1+k} + nP^{(k)}_{k+1}(1)x^{n+k} + . . .) = ∑ n≥k−1

(_n ∑ r=k−1

a_rφ_{n−r} + b_n ) x^n.

Comparing the coefficients of x^{j+k−1} for j ≥ 0, we get by induction necessary and sufficient conditions on the coefficients for the existence of a solution of (L): −a_{k−1}φ_0 = b_{k−1} j = 0 (jc_k − a_{k−1})φ_j =

j+k−1∑

r=k a_rφ_{j+k−1−r} + b_{j+k−1} − Q_j (φ_1, . . . , φ_{j−1}), j > 0

where Q_j (φ_1, . . . , φ_{j−1}) are universal polynomials in the coefficients φ_1, . . . , φ_{j−1}. This yields for j ≠ n_1 a unique way to determine φ_j by (27).

In order to satisfy the necessary and sufficient condition for the existence of a solution of (L) in the case j = n_1, the coefficient φ_{n1} can be chosen arbitrarily in C if and only if (28) is satisfied. �

Now we come back to the boundary condition β(1, x) = b(x) for μ ≠ 0. Since e^μ = 1 and since α satisfies (Co1) and (B2) we have

a(x) = P_{k−1,ak−1} (1, x)

E(p(x)) E(x)

. (29)

The boundary condition for β of the form (25) is

b(x) = P_{k−1,ak−1} (1, x)E(p(x)) [ F (x) −

F (p(x)) P_{k−1,ak−1} (1, x) ]

= P_{k−1,ak−1} (1, x)E(p(x))F (x) − E(p(x))F (p(x)).

Introducing the formal power series G(x) := −E(x)F (x) and applying (29) yields G(p(x)) = a(x)G(x) + b(x), which is a linear functional equation for G(x). Consequently, we derive that β satisfies the boundary condition (B2) if and only if the linear functional equation (L) has a solution.

The next lemma will be applied in the proof of Lemma 11. It could also be deduced from a more general result published in [12] as Theorem 6.

Lemma 10. For n ≥ 0 let Q_n(y) be universal polynomials. If μ ≠ 0, then ∑ n≥0 Q_n(s)x^n = e^{μs} ∑ n≥0 ζ_nx^n, ∀s ∈ C (30)

implies that ζ_n = 0 for all n ≥ 0, whence also Q_n(y) = 0 for all n ≥ 0.

Proof. Comparison of coefficients in (30) leads to

Q_n(s) = e^{μs}ζ_n, ∀s ∈ C, ∀n ≥ 0. (31)

Derivation with respect to s and (31) yield

Q^′_n(s) = μe^{μs}ζ_n = μQ_n(s) ∀s ∈ C, ∀n ≥ 0.

Thus, for each n ≥ 0 the last equality can be written as an identity in the indeterminate y, namely

Q^′_n(y) = μQ_n(y) n ≥ 0.

This is a homogeneous linear differential equation which has the general solution Q_n(y) = ce^{μy}. Under the additional assumption that Q_n is a polynomial we get c = 0, whence Q_n = 0 for all n ≥ 0 and the proof is finished. �

In the next lemma we prove that there is no covariant embedding of (L) involving a solution α of (Co1) and (B2) with μ ≠ 0.

Lemma 11. If α is a solution of (Co1) and (B2) with μ ≠ 0, then (L) does not have a covariant embedding (α, β) under the hypotheses of (3).

Proof. Assuming that (α, β) is a covariant embedding of (L) with μ ≠ 0, then β is a solution of (Co2) and (B2), whence necessarily (L) has solutions, thus b_n = 0 for all 0 ≤ n < k − 1. Hence the general assumption of Lemma 9 is satisfied. Moreover, we derive that there exist formal power series E(x) = 1 + e_1x + . . . and F (x) such that

φ(π(s, x)) = e^{μs}P_{k−1,ak−1} (s, x)

E(π(s, x)) E(x) φ(x)+

e^{μs}P_{k−1,ak−1} (s, x)E(π(s, x)) [ F (x) − e^{−μs}

F (π(s, x)) P_{k−1,ak−1} (s, x) ]

= e^{μs}P_{k−1,ak−1} (s, x)E(π(s, x)) [ φ(x) E(x)

+ F (x) ] − E(π(s, x))F (π(s, x))

holds for all solutions φ(x) of (L) and all s ∈ C. Hence,

φ(π(s, x)) + E(π(s, x))F (π(s, x)) P_{k−1,ak−1} (s, x)E(π(s, x))

= e^{μs} [ φ(x) + E(x)F (x) E(x) ] (32)

holds for all solutions φ(x) of (L) and all s ∈ C. The left hand side of this equation can be written as a formal power series ∑ n≥0 Q_n(s)x^n

where the coefficient functions Q_n are polynomials in s. The right hand side is of the form e^{μs} ∑ n≥0 ζ_nx^n.

Since μ ≠ 0, it follows from Lemma 10 that both sides of (32) vanish, and consequently φ(x) = −E(x)F (x). In other words, for all solutions φ(x) = ∑ n≥0 φ_nx^n of (L) ∑ n≥0 φ_nx^n = − ∑ n≥0 (_n ∑ r=0 e_rf_{n−r} ) x^n

is satisfied. Comparing the coefficients for x^{n1} , we see that this is impossible since according to Lemma 9 two different solutions φ(x) and φ̃(x) of (L) have different coefficients φ_{n1} ≠ φ̃_{n1} . Thus we end up with a contradiction. �

Hence, we only have to investigate the situation where α is a solution of (Co1) with μ = 0. As case 1 we assume that (L) has solutions, whence b_n = 0 for all 0 ≤ n < k − 1 and b_{n1+k−1} satisfies (28). If φ(x) = ∑ n≥0 φ_nx^n and φ̃(x) = ∑ n≥0 φ̃_nx^n are two different solutions of (L), then according to Lemma 9 we have φ_n = φ̃_n for n < n_1, φ_{n1} ≠ φ̃_{n1} , and ψ(x) := φ(x) − φ̃(x) is a formal power series of order n_1, which is a solution of the homogeneous linear equation

ψ(p(x)) = a(x)ψ(x). (L_h)

Since α is a solution of (Co1) and π(m, x) = p^m(x), the m-th iterate of p(x) for m ∈ N, we also derive that

ψ(p^m(x)) = ψ(π(m, x)) = α(m, x)ψ(x) (L_h, m)

for all m ∈ N.

In the proof of Theorem 1 (cf. [3]) we showed that for a solution φ(x) of (L) and a solution α the family (Φ_φ(s, x))_{s∈C} of formal power series

Φ_φ(s, x) := φ(π(s, x)) − α(s, x)φ(x)

satisfies the boundary conditions (B1), (B2), and together with α the cocycle equation (Co2). In other words, (Φ_φ(s, x))_{s∈C} is a solution β of (Co2) under the additional boundary conditions. In order to guarantee in the present situation the existence of a covariant embedding, we only have to check whether (Φ_φ(s, x))_{s∈C} determines for all solutions φ(x) of (L) the same family β. If it is so, then there exists a covariant embedding of (L) with respect to the analytic iteration group (π(s, x))_{s∈C}, since then φ(π(s, x)) = α(s, x)φ(x) + Φ_φ(s, x) = α(s, x)φ(x) + β(s, x), for all solutions φ(x) of (L). Otherwise there is no covariant embedding.

If φ(x) and φ̃(x) denote two solutions of (L), and if ψ(x) is the difference φ(x) − φ̃(x), then

Φ_φ(s, x) − Φ_{φ̃}(s, x) = φ(π(s, x)) − α(s, x)φ(x) − φ̃(π(s, x)) + α(s, x)φ̃(x) =

ψ(π(s, x)) − α(s, x)ψ(x).

Hence, Φ_φ(s, x) = Φ_{φ̃}(s, x) for all s ∈ C if and only if ψ(π(s, x)) = α(s, x)ψ(x) for all s ∈ C. Inserting the explicit form of α and using the fact that μ = 0, there exists a covariant embedding of (L) with respect to π if and only if

ψ(π(s, x)) = P_{k−1,ak−1} (s, x)

E(π(s, x)) E(x) ψ(x) (33)

for all solutions ψ(x) of (L_h). This is equivalent to

ψ(π(s, x)) E(π(s, x))P_{k−1,ak−1} (s, x) = ψ(x) E(x)

for all solutions ψ of (L_h). Now we introduce coefficients for

ψ(π(s, x)) E(π(s, x))P_{k−1,ak−1} (s, x)

=: Ψ^ψ(s, x) = ∑ n≥0 Ψ^ψ_n (s)x^n and for ψ(x) E(x)

=: Θ^ψ(x) = ∑ n≥0 Θ^ψ_n x^n.

The coefficient functions Ψ^ψ_n are polynomials in s. As a consequence of (L_h, m) we derive that that Ψ^ψ_n (m) = Θ^ψ_n for all m ∈ N, all n ≥ 0, and all solutions ψ of (L_h). Since the last relation is a polynomial relation, it holds for all s ∈ C, and (33) is satisfied for all s ∈ C and all solutions ψ of (L_h). This means that there exists a covariant embedding of (L).

In case 2 we assume that (L) does not have any solutions. In this situation however each solution (α, β) of the system (Co1), (Co2), (B1), and (B2) is a covariant embedding of (L) with respect to π. According to Theorem 3.11 of [3] this system of functional equations can always be solved, whence there always exists a covariant embedding of (L).

Summarizing we proved for the situation described in (3)

Theorem 12. Assume that π(s, x) = x + c_ksx^k + . . ., with k ≥ 2 and c_k ≠ 0, is an analytic iteration group of p(x).

Let α, given by (24), be a solution of (Co1) and (B2) where μ is a logarithm of 1.

If μ ≠ 0, then there is no covariant embedding (α, β) of (L) with respect to π. If μ = 0 and b_n = 0 for 0 ≤ n < k − 1 and b_{n1+k−1} satisfies (28), then there exists exactly one β given by

β(s, x) = φ(π(s, x)) − α(s, x)φ(x)

for an arbitrary solution φ(x) of (L), such that (α, β) is a covariant embedding of (L) with respect to π.

If μ = 0 and [ there exists at least one n ∈ {0, . . . , k − 2} such that b_n ≠ 0 or b_{n1+k−1} does not satisfy (28) ] , then (L) does not have any solutions, but any solution (α, β) of (Co2) and (B2) is a covariant embedding of (L) with respect to π. The families β which occur in these covariant embeddings are given by (26) with uniquely determined Q(s, x) and ℓ, but not uniquely determined F (x) ∈ C [[x]].

3.B Covariant embeddings in certain cases with μ ≠ 0

Finally we are dealing with the problem presented in (4). According to Theorem 2.6 of [3] the general solution α of (Co1) is

α(s, x) = e^{μs}

E(π(s, x)) E(x)

, (34)

where e^μ = 1 and E(x) = 1 + e_1x + . . . ∈ C [[x]]. According to Theorem 3.6 of [3] for any a(x) satisfying the assumptions of (4) it is possible to find solutions α of (Co1) and (B2). They are given by (34) with a uniquely determined series

E(x) = 1 + e_1x + . . .. In order to deal with the problem described in (4) we can restrict to solutions α with μ ≠ 0.

Assuming that α with μ ≠ 0 is a solution of (Co1) and (B2), the general solution (α, β) of (Co2) is given in Theorem 2.8 of [3] by

β(s, x) = e^{μs}E(π(s, x)) [ F (x) − e^{−μs}F (π(s, x)) ] , where F (x) is an arbitrary formal power series. According to Theorem 3.11 of [3] the boundary condition β(1, x) = b(x) is satisfied if and only if b_n = 0 for all n < k. However β is not uniquely determined, since the coefficient f_0 of F (x) is not determined by (B2). Hence, there may exist covariant embeddings of (L) in the situation (4) only if b_n = 0 for all n < k.

First we determine all solutions of (L) for the situation described in (4) with b_n = 0 for all 0 ≤ n < k.

Lemma 13. Assume that a(x) = 1 + ∑ n≥k a_nx^n and b_n = 0 for all 0 ≤ n < k. If (L) has a solution, then the coefficient φ_0 of a solution φ of (L) is not determined, however, φ_n for n ≥ 1 are uniquely determined (depending on φ_0).

Conversely, if b_n = 0 for all 0 ≤ n < k, then for each φ_0 ∈ C there exists exactly one solution φ of (L) such that φ ≡ φ_0 mod x.

More generally, it can be proved that (L) has a solution if and only if b_n = 0 for 0 ≤ n < k.

Proof. Using the same methods as in the proof of Lemma 9 we derive that

φ(p(x)) = φ_0 + ∑ n≥1 φ_n(x^n + nc_kx^{n−1+k} + nP^{(k)}_{k+1}(1)x^{n+k} + . . .).

Hence, each solution φ of (L) satisfies ∑ n≥1 φ_n(nc_kx^{n−1+k} + nP^{(k)}_{k+1}(1)x^{n+k} + . . .) = ∑ n≥k (_n ∑ r=k a_rφ_{n−r} + b_n ) x^n. (35)

Comparing the coefficients of x^{k+j} for j ≥ 0, we get

(j + 1)φ_{j+1}c_k = k+j∑ r=k a_rφ_{k+j−r} + b_{k+j} − Q_j (φ_1, . . . , φ_{j−1})

where Q_j (φ_1, . . . , φ_{j−1}) are universal polynomials in the coefficients φ_1, . . . , φ_{j−1}, which are already determined. This yields for n = j + 1 ≠ 0 a unique way to determine φ_n by

φ_{j+1} = 1 (j + 1)c_k

(_{k+j} ∑ r=k a_rφ_{k+j−r} + b_{k+j} − Q_j (φ_1, . . . , φ_{j−1}) ) . (36)

Conversely, if φ_0 is an arbitrary complex number and φ_{j+1} given by (36) for j ≥ 0, then (35) is satisfied, thus φ(x) = ∑ n≥0 φ_nx^n is a solution of (L).

If the series φ is a solution of (L), then ∑ n≥0 φ_nx^n + ∑ n≥1 φ_n(nc_kx^{n−1+k} + nP^{(k)}_{k+1}(1)x^{n+k} + . . .) =

∑ n≥0 φ_nx^n + ∑ n≥k (_n ∑ r=k a_rφ_{n−r} + b_n ) x^n + k−1∑ n=0 b_nx^n.

Comparison of coefficients yields,

∑_{k−1} n=0 b_nx^n = 0 and (35) is satisfied. �

From the last lemma we deduce the following characterization: It is possible to find a solution (α, β) of (Co2) and (B2) with μ ≠ 0 if and only if (L) can be solved.

Hence, if (L) has no solutions, then there does not exist a covariant embedding of (L) with respect to π. From now on we assume that (L) has solutions, thus for each φ_0 ∈ C there exists exactly one solution φ of (L) with φ ≡ φ_0 mod x.

Using exactly the same method as in the proof of Lemma 11 we can prove

Lemma 14. If α is a solution of (Co1) with μ ≠ 0, then (L) does not have a covariant embedding (α, β) under the hypotheses of (4).

Proof. Assuming that (α, β) is a covariant embedding of (L) with μ ≠ 0, then β is a solution of (Co2) and (B2), whence necessarily (L) has solutions, thus b_n = 0 for all 0 ≤ n < k. Moreover, we derive that there exist formal power series E(x) = 1 + e_1x + . . . and F (x) such that

φ(π(s, x)) + E(π(s, x))F (π(s, x)) E(π(s, x))

= e^{μs} [ φ(x) + E(x)F (x) E(x) ]

holds for all solutions φ(x) of (L) and all s ∈ C. Since μ ≠ 0, it follows from Lemma 10 that both sides of (32) vanish, and consequently φ(x) = −E(x)F (x) for all solutions φ of (L). This leads to a contradiction, since according to Lemma 13 there exist different solutions φ of (L). �

Summarizing we proved for the situation described in (4)

Theorem 15. Let π(s, x) = x + c_ksx^k + . . ., with k ≥ 2 and c_k ≠ 0, be an analytic iteration group of p(x) and let α, given by (34), with μ ≠ 0 be a solution of (Co1) and (B2). Then there is no covariant embedding (α, β) of (L) with respect to the analytic iteration group π.

4 The situation of the improper functional equation

If p(x) = x, then (L) also makes sense, but then it is not a functional equation in the usual sense. Nevertheless it is possible to study the covariant embeddings of (L) in this situation as well, i.e. the embedding problem for

φ(x) = a(x)φ(x) + b(x).

All the analytic iteration groups of p(x) are of the form (π(s, x))_{s∈C}, where π(s, x) = S^{−1}(e^{2πizs}S(x)) with an arbitrary integer z and an arbitrary series S of the form S(x) = x + s_2x^2 + . . .. Depending on z we have to consider two cases, namely z ≠ 0 and z = 0.

4.A Embeddings with respect to iteration groups of type 1

Assume that π is an analytic iteration group of the first type, whence it is of the form π(s, x) = S^{−1}(e^{λ0s}S(x))

where 2πiz =: λ_0 ≠ 0 and e^{λ0} = 1. Hence (cf. Theorem 1.3 of [3]) we may assume by an appropriate transformation of the indeterminate x that π(s, x) = e^{λ0s}x for all s ∈ C.

From Corollary 2.3 of [3] we get that the general solution α of (Co1) is given by α(s, x) = e^{μs}

E(e^{λ0 s}x) E(x)

(37)

where E(x) = 1 + e_1x + . . . and e^μ = a_0. In order to determine all α which also satisfy the boundary condition (B2), we introduced the set J = J(λ_0) which in the present situation equals the set of all natural numbers. As a consequence of Theorem 3.2 of [3] it is possible to adapt the solution α to the boundary condition (B2) if and only if a(x) = a_0. In this situation any formal power series E(x) with constant term equal to 1 can be used to determine a family α.

Assume that α of the form (37) is a solution of (Co1) and (B2). If μ−nλ_0 ≠ 0 for all n ∈ N_0, then according to Theorem 2.8 of [3] the general solution (α, β) of (Co2) is given by

β(s, x) = e^{μs}E(e^{λ0s}s)[F (x) − e^{−μs}F (e^{λ0 s}x)] (38)

where F (x) is an arbitrary formal power series. If μ = n_0λ_0 for some n_0 ∈ N_0, then β(s, x) = e^{μs}E(e^{λ0 s}s)[ℓ_{n0} sx^{n0} + F (x) − e^{−μs}F (e^{λ0s}x)] (39)

with ℓ_{n0} ∈ C and F (x) ∈ C [[x]]. In order to determine all the solutions (α, β) of (Co2) and (B2), we introduced the set K = K(μ, λ_0). In the present situation K = ∅ if μ ∉ 2πiZ, and K = N_0 if μ ∈ 2πiZ. From Theorem 3.4 of [3] it follows that if K = ∅, then there exists exactly one series F (x) such that β of the form (38) satisfies both (Co2) and (B2). If K = N_0 and μ ≠ nλ_0 for all n ∈ N_0, then β of the form (38) satisfies (B2) if and only if b(x) = 0. Finally, if K = N_0 and μ = n_0λ_0 for some n_0 ∈ N_0, then β of the form (39) satisfies (B2), if and only if b(x) = ℓ_{n0} E(x)x^{n0} for some ℓ_{n0} ∈ C. If in the last two situations b(x) satisfies the necessary condition, then any F (x) can be used to determine β.

Theorem 16. Assume that p(x) = x is embedded into the analytic iteration group (π(s, x))_{s∈C} with π(s, x) = e^{λ0 s}x for λ_0 ∈ 2πiZ \ {0}.

If a(x) ∈ C [[x]] \ C, then there is no covariant embedding of (L). Assume that a(x) = a_0 (and moreover a_0 ≠ 0 as a general assumption), and let α be a solution of (Co1) and (B2) given by (37) where μ is a logarithm of a_0 and E(x) = 1 + e_1x + . . . an arbitrary series in C [[x]].

If a_0 ≠ 1, then there is exactly one β of the form (38) such that (α, β) is a covariant embedding of (L) with respect to π.

If a_0 = 1 and μ−nλ_0 ≠ 0 for all n ∈ N_0, then there is no covariant embedding (α, β) of (L) with respect to π.

If a_0 = 1 and μ = n_0λ_0 for some n_0 ∈ N_0, then the pairs (α, β) with β given by (39), where ℓ_{n0} ≠ 0 and F (x) is an arbitrary series, is a covariant embedding of (L) with respect to π if and only if b(x) = ℓ_{n0} E(x)x^{n0} .

Proof. The existence of a solution α of (Co1) which satisfies (B2) is a necessary condition for the existence of a covariant embedding of (L). Hence, only in the case a(x) = a_0 it may be possible to find covariant embeddings of (L). For that reason we assume that a(x) = a_0 and that α is a solution of (Co1) and (B2).

Case 1: If a_0 ≠ 1, then μ ∉ 2πiZ, whence K = ∅. Consequently the series F (x) defining β is uniquely determined by (B2), and from Theorem 1 we deduce that there exist covariant embeddings of (L) with respect to π.

Case 2: If a_0 = 1, then K = N_0. Case 2.1: If μ ≠ nλ_0 for all n ∈ N_0, then a necessary condition for adapting a solution (α, β) of (Co2) to (B2) is b(x) = 0. Consequently, (L) becomes φ(x) = φ(x) which is satisfied by any formal series φ(x). If there were a covariant embedding (α, β) of (L), then for each s ∈ C and for any φ(x) ∈ C [[x]] the equation

φ(e^{λ0 s}x) = α(s, x)φ(x) + β(s, x)

holds. If we choose s_0 ∈ C such that τ := e^{λ0 s0} is not a complex root of 1, then the equation above yields φ(τx) = α(s_0, x)φ(x) + β(s_0, x), and according to Lemma 2 the set of solutions of this equation is smaller than C [[x]], which is a contradiction to the assumption that there is a covariant embedding of (L).

Case 2.2: If μ = n_0λ_0 for some n_0 ∈ N_0, then there exist solutions (α, β) of (Co2) and (B2) if and only if b(x) = ℓ_{n0} E(x)x^{n0} . If ℓ_{n0} = 0 the same method as above proves that there is no covariant embedding (α, β) of (L). If, however, ℓ_{n0} ≠ 0 then (L) has no solutions, whence all pairs (α, β) which are solutions of (Co1), (Co2), and (B2) are covariant embeddings of (L) with respect to π. � 4.B Embeddings with respect to π(s, x) = x

Now we consider the situation z = 0, whence π(s, x) = x for all s ∈ C. In order to derive the form of the general solution α of (Co1), we have to go back to Corollary 2.3 of [3]. We get

α(s, x) = e^{μs} exp

∫_s 0 K(x)dσ where K(x) is a formal power series of order ≥ 1. Hence

α(s, x) = e^{μs} exp(sK(x)). (40)

Moreover, α satisfies (B2) if and only if e^μ = a_0 and K(x) = ln(a(x)/a_0).

Let α be a solution of (Co1) and (B2). The general solution β of (Co2) is given in Theorem 2.5 of [3] as

β(s, x) = α(s, x)

∫_s 0 L(x) α(σ, x) dσ. (41)

with L(x) ∈ C [[x]].

If μ ≠ 0 or K(x) ≠ 0, then

β(s, x) = e^{μs} exp(sK(x))L(x)

∫_s 0 e^{−μσ} exp(−σK(x))dσ =

e^{μs} exp(sK(x))L(x) ( 1 − e^{−μσ} exp(−σK(x)) K(x) + μ | | |^s_0 ) = e^{μs} exp(sK(x))L(x)

1 − e^{−μs} exp(−sK(x)) K(x) + μ = L(x)(α(s, x) − 1) K(x) + μ . In this situation β(s, x) is indeed a formal power series. (If μ ≠ 0, then ord(K(x) + μ) = 0, and the reciprocal of K(x) + μ exists in C [[x]]. If μ = 0 then K(x) ≠ 0, and K(x) is a divisor of α(s, x) − 1 = exp(sK(x)) − 1 by (40).)

If both μ = 0 and K(x) = 0, then α(s, x) = 1 and from (41) it follows that

β(s, x) = sL(x)

with an arbitrary formal power series L(x).

How to adapt these solutions β to the boundary condition (B2)? Case 1: If a_0 ≠ 1, then there exists exactly one L(x) such that β(1, x) = b(x), namely

L(x) = [a(x) − 1]^{−1}(K(x) + μ)b(x). (42)

In case 2 we assume that a_0 = 1. Case 2.1: If a(x) = 1, then K(x) = 0 and μ = ln 1. Case 2.1.1: If μ = 0, then β(s, x) = sL(x), and β(1, x) equals b(x) if and only if L(x) = b(x). Thus, there exists exactly one β satisfying the boundary condition. In case 2.1.2 we assume that μ ≠ 0. Then β(s, x) = L(x)(α(s, x) − 1)/μ satisfies (B2) if and only if b(x) = 0, and then any series L(x) can be used to determine β.

Case 2.2: Let a(x) = 1+a_tx^t +. . ., t ≥ 1, and a_t ≠ 0. Hence ord(K(x)) = t. Introducing coefficients in an obvious way, (B2), which can be written as

L(x)(a(x) − 1) = (K(x) + μ)b(x),

is equivalent to ∑ n≥0 ℓ_nx^n ∑ n≥t a_nx^n = μ + ∑ n≥t k_nx^n ∑ n≥0 b_nx^n .

If μ = 0, which is case 2.2.1, then there exists exactly one L(x) with coefficients

ℓ_n =

∑_{t+n} r=t k_rb_{t+n−r} −

∑_{t+n}

r=t+1 arℓt+n−r

a_t

(43)

for n ≥ 0. Finally in case 2.2.2 we assume that μ ≠ 0. Then necessarily b_n = 0 for 0 ≤ n < t, if (B2) is satisfied. If this condition is fulfilled, then the series L(x) is uniquely determined with coefficients

ℓ_n =

∑_{t+n} r=t k_rb_{t+n−r} + μb_{t+n} −

∑_{t+n}

r=t+1 arℓt+n−r

a_t

(44)

for n ≥ 0.

The solutions of the improper functional equation (L) for p(x) = x are described in the next

Lemma 17. If a_0 ≠ 0, then there exists exactly one solution φ of (L).

If a(x) = 1, then there exist solutions of (L) if and only if b(x) = 0. If b(x) = 0, then any formal power series φ(x) satisfies (L).

If a(x) = 1 + a_tx^t + . . ., t ≥ 1 and a_t ≠ 0. The necessary and sufficient conditions for the existence of solutions of (L) are b_n = 0 for 0 ≤ n < t. If they are satisfied, then the solution of (L) is uniquely determined.

Theorem 18. Assume that p(x) = x is embedded into the analytic iteration group (π(s, x))_{s∈C} with π(s, x) = x.

Assume that the coefficient a_0 of a(x) is different from 1. Let α be a solution of (Co1) and (B2) given by (40) with a uniquely determined series K(x) and with an arbitrary logarithm μ of a_0. Then there exists exactly one β given by (41) and (42) such that (α, β) is a covariant embedding of (L) with respect to π.

Assume that a(x) = 1. Let α be a solution of (Co1) and (B2) given by (40) with K(x) = 0 and with an arbitrary logarithm μ of 1. If μ = 0 then there exists exactly one β given by β(s, x) = sb(x) such that (α, β) is a covariant embedding of (L) with respect to π. If μ ≠ 0 then there is no covariant embedding (α, β) of (L) with respect to π.

Assume that a(x) = 1 + a_tx^t + . . . with t ≥ 1 and a_t ≠ 0. Let α be a solution of (Co1) and (B2) given by (40) with a uniquely determined series K(x) and with an arbitrary logarithm μ of 1. If μ = 0, then there exists exactly one β given by (41), where the coefficients of L(x) are given by (43), such that (α, β) is a covariant embedding of (L) with respect to π. If μ ≠ 0 and b_n = 0 for all 0 ≤ n < t, then there exists exactly one β given by (41), where the coefficients of L(x) are given by (44), such that (α, β) is a covariant embedding of (L) with respect to π. If μ ≠ 0 and there exists at least one b_j ≠ 0 for 0 ≤ j < t, then there is no covariant embedding (α, β) of (L) with respect to π.

Proof. Case 1: If a_0 ≠ 1, then for each α satisfying (Co1) and (B2) there exists exactly one β such that (α, β) is a solution of (Co2) and (B2), whence according to Theorem 1 there exists a covariant embedding of (L).

Assume that α is a solution of (Co1) and (B2). For the case 2.1.1, which was a(x) = 1 and μ = 0, the same method can be applied. In case 2.1.2 we had assumed that a(x) = 1 and μ ≠ 0. If b(x) ≠ 0, then there is no covariant embedding, since we cannot find a family β such that (α, β) is a solution of (Co2) and (B2). If b(x) = 0, then (L) becomes φ(x) = φ(x) which is satisfied by any formal series. If there were a covariant embedding of (L), then for each s ∈ C and for any φ(x) ∈ C [[x]] the equation

φ(x) = e^{μs}φ(x) +

L(x)(e^{μs} − 1) μ is satisfied, since in this case α(s, x) = e^{μs} and β(s, x) = μ^{−1}L(x)(e^{μs} − 1). If we choose s_0 ∈ C such that e^{μs0} ≠ 1, then this equation has a unique solution

φ(x) =

L(x)(e^{μs0} − 1) (1 − e^{μs0} )μ = − L(x) μ which is a contradiction to the assumption that there is a covariant embedding of (L).

Finally, in case 2.2 we assume that a(x) = 1 + a_tx^t + . . ., t ≥ 1 and a_t ≠ 0. Case 2.2.1: If μ = 0, then there exists exactly one β such that (α, β) is a solution of (Co2) and (B2), whence by Theorem 1, no matter whether (L) can be solved or not, (L) has a covariant embedding with respect to π. In case 2.2.2 we assume that μ ≠ 0. If b(x) satisfies the necessary condition b_n = 0 for all 0 ≤ n < t for finding a solution (α, β) of (Co2) and (B2), then β is uniquely determined and the assertion follows from Theorem 1. If b(x) does not satisfy this condition, i.e. if there exists a coefficient b_j ≠ 0 for 0 ≤ j < t, then there is no solution (α, β) of (Co2) and (B2), whence there is no covariant embedding of (L). �

5 Survey of results

In order to present all the covariant embeddings of (L) with respect to an analytic iteration group π we add a detailed description of those covariant embeddings with respect to iteration groups of second type which were already found in [3].

Theorem 19. Assume that π(s, x) = x + c_ksx^k + . . ., with k ≥ 2 and c_k ≠ 0, is an analytic iteration group of p(x).

If the coefficient a_0 of a(x) is different from 1, let α be a solution of (Co1) and (B2) given by

α(s, x) = e^{μs}P (s, x)

E(π(s, x)) E(x)

(45)

where μ is an arbitrary logarithm of a_0, E(x) = 1 + e_1x + . . . a uniquely determined series, and

P (s, x) := k−1∏ n=1 P_{n,κn} (s, x) = k−1∏ n=1 exp ( κ_n

∫_s 0 π(σ, x)^n dσ ) with uniquely determined κ_n ∈ C. Then there exists exactly one β given by

β(s, x) = e^{μs}P (s, x)E(π(s, x)) [ F (x) − e^{−μs}

F (π(s, x)) P (s, x) ] (46)

with F (x) ∈ C [[x]] such that (α, β) is a covariant embedding of (L) with respect to π.

Assume that a_0 = 1 and that α given by (45) with μ ≠ 0 is a solution of (Co1) and (B2). If a(x) = 1+a_{n0} x^{n0} +. . . with n_0 ≥ 1, a_{n0} ≠ 0, and [ n_0 < k−1 or [ n_0 = k − 1 and a_{k−1} − nc_k ≠ 0 for all n ∈ N ]] , then there exist solutions (α, β) of (Co2) and (B2) if and only if b_n = 0 for all 0 ≤ n < n_0. If these conditions are satisfied then β of the form (46) is uniquely determined by (B2) and (α, β) is a covariant embedding of (L) with respect to π.

Assume that a_0 = 1 and that α given by (45) with μ = 0 is a solution of (Co1) and (B2). If a(x) = 1, let m_0 = k, otherwise let m_0 be the smallest element in {n ∈ N | a_n ≠ 0}, and let n_0 := min {m_0, k}. There exists exactly one β of the form

β(s, x) = P (s, x)E(π(s, x)) [ F (x) −

F (π(s, x)) P (s, x)

+ Q(s, x) ]

where

Q(s, x) =

n_0 −1∑

n=0 ∫_s 0 ℓ_nπ(σ, x)^n P (σ, x)E(π(σ, x)) dσ

with ℓ_n ∈ C such that (α, β) is a covariant embedding of (L) with respect to π.

Furthermore, we have shown in [3] that we may consider without loss of generality only analytic iteration groups of type 1 of the special form (e^{λs}x)_{s∈C} (and hence p(x) = ρx with ρ = e^λ). However, according to Theorem 1.3 of [3] our results are valid for any chosen iteration group (S^{−1}(e^{λs}S(x)))_{s∈C} of type 1 with S(x) = x + s_2x^2 + . . ..

In Remark 5 we proofed: If p(x) = ρx + c_2x^2 + . . . has several embeddings into analytic iteration groups with a fixed λ satisfying e^λ = ρ, then (L) has a covariant embedding with respect to a particular analytic iteration group (S^{−1}_0 (e^{λs}S_0(x)))_{s∈C} if and only if it is embeddable with respect to any other analytic iteration group of p(x).

The existence or non-existence of a covariant embedding of (L) with respect to an analytic iteration group π is now completely solved and described for all the different kinds of analytic iteration groups. The theorems dealing with the different situations are collected in the following table:

Situation Solution p(x) = x and π of type 1 Theorem 16 p(x) = x and π(s, x) = x Theorem 18 p(x) = e^λx, λ ≠ 0, e^λ a root of 1 Theorem 4 p(x) = e^λx, e^λ not a root of 1 Corollary 4.2 of [3], Theorem 8 π(s, x) = S^{−1}(e^{λs}S(x)), λ ≠ 0 Theorem 1.3 of [3] p(x) = x + c_kx^k + . . ., a_0 = 1 Corollary 4.2 of [3], Theorem 12, Theorem 15, Theorem 19 p(x) = x + c_kx^k + . . ., a_0 ≠ 1 Corollary 4.2 of [3], Theorem 19

References

[1] H. Cartan. Elementary theory of analytic functions of one or several complex variables. Addison- Wesley Publishing Company, Reading (Mass.), Palo Alto, London, 1963.

[2] H. Cartan. Elementare Theorie der analytischen Funktionen einer oder mehrerer komplexen Veränderlichen, volume 112/112a. BI-Hochschul-taschenbücher, Mannheim, Wien etc., 1966.

[3] H. Fripertinger and L. Reich. On covariant embeddings of a linear functional equation with respect to an analytic iteration group. To appear in the Internat. J. Bifur. Chaos Appl. Sci. Engrg.

[4] H. Fripertinger and L. Reich. On a linear functional equation for formal power series. Österreich. Akad. Wiss. Math.-Natur. Kl. Sitzungsber. II, 210:85–134, 2001.

[5] G. Guzik. On embedding of a linear functional equation. Rocznik Nauk.- Dydakt. WSP w Krakowie. Prace Matematyczne, 16:23–33, 1999.

[6] G. Guzik. On continuity of measurable cocycles. J. Appl. Anal., 6(2):295– 302, 2000.

[7] G. Guzik. On embeddability of a linear functional equation in the class of differentiable functions. Grazer Math. Ber., 344:31–42, 2001.

[8] G. Guzik, W. Jarczyk, and J. Matkowski. Cocycles of continuous iteration semigroups. To appear in the Bull. Polish Acad. Sci. Math., volume 51(2), 2003.

[9] P. Henrici. Applied and computational complex analysis. Vol. I: Power series, integration, conformal mapping, location of zeros. John Wiley & Sons, New York etc., 1974.

[10] Z. Moszner. Sur le prolongement covariant d’une équation linéaire par rapport au groupe d’itération. Österreich. Akad. Wiss. Math.-Natur. Kl. Sitzungsber. II, 207:173–182, 1999.

[11] L. Reich. 24. Remark in The Thirty-fifth International Symposium on Functional Equations, September 7-14, 1997, Graz-Mariatrost, Austria. Aequationes Math., 55:311–312, 1998.

[12] L. Reich and J. Schwaiger. On polynomials in additive and multiplicative functions. In J. Aczél, editor, Functional Equations: History, Applications and Theory, pages 127–160. D. Reidel Publishing Company, Dodrecht, Boston, Lancaster, 1984.

Address: Harald Fripertinger

Ludwig Reich Institut für Mathematik Karl-Franzens-Universität Graz Heinrichstr. 36/4 A–8010 Graz Austria harald.fripertinger@uni-graz.at ludwig.reich@uni-graz.at