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Abstract

Let p be a primitive jo-th complex root of 1, C[x] the ring of formal power
series in x over C, and let a(x), b(z) € C[z]. We study the two equations

p(pr) = a(x)p(x) +b(x) (L)

and

e(pz) = a(z)p(x) (L)
for ¢ € CJ[z], which occurred in connection with an interesting and important
special case when dealing with the problem of a covariant embedding of (L) with
respect to an iteration group. (See H. Fripertinger and L. Reich. On covariant
embeddings of a linear functional equation with respect to an analytic iteration
group. Accepted for publication in the International Journal of Bifurcation and
Chaos.) We describe necessary and sufficient conditions for finding nontrivial
solutions of (L) and for finding solutions of (L) in the form of “cyclic” functional
equations for ¢ and b. Then we describe the set of all solutions of these functional
equations and present different representations of their general solutions.

1 Introduction

About linear functional equations there exists a rather rich literature. The main sources
are [6] chapters 2, 8, 13, and [7] chapters 2, 3, and 4, where the general ideas for solving
such equations, like iterating them, can be found. However, it seems that the setting of
formal power series has not been studied so far in detail. For a foundation of the basic
calculations with formal power series we refer the reader to [5] and to [2] or [3].
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We study the linear functional equation

p(pr) = a(z)p(z) + b(z) (L)

for ¢ and its homogeneous form

p(pr) = a(z)p(z) (Ln)

in C [x], the ring of formal power series over C. We always assume that ord a(z) = 0,
whence a(z) has a reciprocal (i.e. a multiplicative inverse) in C [z], and p is a complex
primitive root of 1 of order jy. This problem occurred in connection with an interesting
and important special case when dealing with the problem of a covariant embedding
of (L) with respect to an iteration group. (See [4].) First we determine necessary and
sufficient conditions on a(x) for the existence of non-trivial solutions of (L;) and describe
the set of all solutions in these situations. Then under the assumption that (L;) has
non-trivial solutions we investigate under which conditions (L) can be solved. The set
of all solutions of (L) can easily be described then as the set of all series of the form
0O (2) +1)(x), where ¢ is a particular solution of (L) and ¢(z) is an arbitrary solution
of (Lh)

In Lemma 2 we determine necessary (and, as it finally turns out, sufficient) conditions
on a(x) (cf. (1)) for the existence of non-trivial solutions of (Lj). From Lemma 3 it
follows that we can always assume that a(x) = 1+ ayz + .... Then in Theorem 5
the general solution of (Lj) is presented, from which we derive projection formulae and
other representations (2, fy) of the general solution in Lemma 7 and Theorem 8. Finally,
in Theorem 9 we present a situation in which it is possible to describe the general
solution of (Lj) by each of these different representations (2,¢y). The previous results
are summarized for the case when a(z) = p* +a;(z)+. .. in Theorem 10. Another form
of the general solution of (L;) is given in Theorem 12. At the end of Section 2, starting
with Lemma 13, we describe necessary and sufficient conditions on b(x) (cf. (7)) for the
existence of solutions of (L). The general solution of (L) is presented in Theorem 15.

In Section 3 we apply the formal logarithm, which finally allows to describe the
conditions (1) and (7) in more details (cf. Proposition 16 and Proposition 20). We
also get another representation of the general solution of (Lj) in Theorem 18 and poly-
nomial expressions for the coefficients of a(z) and b(z) in Proposition 16, Remark 19,
Proposition 20, and Remark 32.

It is our main aim to work out the specific features of equations (L) and (L) in the
setting of formal power series. Therefore, it seems important to present explicit formulas
for the coefficients of the general solution, which is done in Section 4 in Theorem 22 and
Theorem 23. These expressions for the coefficients imply also necessary and sufficient
conditions (16) or (20) for the existence of a non-zero solution of (L), respectively of a
solution of (L), in a form different from the compact equations (1) and (7).

The next two sections apply methods from linear algebra. In Section 5 we consider
systems of (homogeneous) linear functional equations by replacing in (L) or (L) the
variable x by pz, ..., p*'z. Then we derive the conditions (1) and (7) as rank conditions
on certain matrices.



In Section 6 we introduce a direct decomposition of C [z] into subspaces (C [z])*

consisting of power series of the form v(x) = >~ _; 1.4, 72" This also allows to apply
methods from linear algebra, so that the conditions (1) and (7) can again be expressed
as conditions on the rank of certain matrices (cf. Proposition 26). The solutions of
(Lp) or (L) can be computed as solutions of systems of linear equations and are given
in form of determinants (cf. Theorem 28 and Theorem 30). In Theorem 29 we derive
an interesting identity by comparing these different representations of the condition on
a(z) for the existence of a non-trivial solution of (Lj). Finally, Theorem 31 describes a
generalization of Theorem 12.

Then in Section 7 we investigate under which conditions solutions of (L), (L), (1),
and (7) are holomorphic in a neighborhood of 0.

The results of this paper are derived for the substitution px into ¢(z). Corresponding
results also hold when pz is replaced by a formal power series of the form p(z) =

S (pS(x)), where S(x) = x + sqz?... € Cx].

Theorem 1. Let p(x) = S™!(pS(x)) for S(z) = x+s92? ... € C[x]. The formal power
series p(x) is a solution of

p(p(z)) = a(z)e(z) + b(z) (Lp)
if and only if ¢ := @ o S~! satisfies
2(py) = a(y)p(y) +b(y), (L)

where & :=ao S~ andb:=bo S7".
Proof. The formal series p(z) satisfies (Lp) if and only if
p(S7H(pS(2))) = a(z)e(z) + b),

which is equivalent to

(0o S7H)(pS(x)) = (a0 ST (S(2))(wo ST)(S(x)) + (bo ST)(S(x)),

which is equal to (L) after replacing S(z) by y. O
Theorem 1 allows to rewrite our results for the general form (Lp) of the linear functional
equation, where p(z) € C [z] satisfies

po(z) =2, pF(x) #xfor 0 <k < jo.

This condition is equivalent to the existence of an invertible series S(z) = z + sqz? + . ..

and a primitive root p of order jy, such that p(z) = S~ (pS(x)). (Cf. [11] Theorem 1,

page 248.) We will give some of the details at the very end of this paper in Section 8.
Whenever it is useful we write the series ¢(z), a(z) and b(z) € C[z] in the form

o(r) = Z opt”, a(zr) = Z a,x”, b(zr) = an:v".
n>0 n>0 n>0

Most of the notation coincides with the notation used in [4]. For that reason, for
instance, the order of p is denoted by jg.



2 Iteration of the linear equation

Our first results are just derived from iterating the linear functional equation.

Lemma 2. If ¢(z) # 0 is a solution of (Ly), then

—_

n—

p(p"z) = [Jalp'z)p(x),  n>0

=0

~

and .
Jjo—1

H a(p‘z) = 1. (1)

=0

Proof. The first statement is proved by induction over n. For n = 0 everything is
clear. Assume that n > 0, then

n—2 n—1
p(p"x) = p(pp"'x) = a(p" ' 2)p(p"'x) = a(p™'2) [ [ alp’z)p(x) = [ [ alp'®)p(2).
=0 £=0
For n = jo we get (z) = p(px) = [[12, alp’c)p(x). Since p(z) # 0 we get the second
result. O

The necessary condition (1) can also be found in [6] as formula (8.5) on page 182.
For ¢(z) € C[x] and ¢ € Ny let ¢y(z) be given by 1,(z) := z%)(x). (For this type

of transformations of the unknown function see [1] page 59.)

Lemma 3. The series 1(x) is a solution of (Ly) if and only if 1y(z) is a solution of

o(px) = pla(z)p(x) (Ln, 2)
for £ € Ny.

Proof. First assume that ¢(z) is a solution of (Lj,). Then vy(pz) = p‘ala(z)y(x) =
pta(x)e(x). Hence y(x) is a solution of (L, ¢). Conversely, assume that 1,(z) is a
solution of (Lyp, ). Then p‘z‘y(px) = vi(px) = pla(x)e(z) = pla(z)z*p(x), whence
Y(px) = a(z)(x). This means that (z) satisfies (L), and the proof is finished. O

From Lemma 2 we deduce that when there exists a nontrivial solution of (Lj), then
the coefficient ay of a(x) is a complex jo-th root of 1. Consequently, there exists an
integer ¢y € {0,...,jo — 1} such that a(z) := p®a(r) = 1 mod x. Assume that £y # 0.
If 4(z) is a solution of (Ly, £y), then also ¥, (z) is a solution. From Lemma 3 it follows
immediately that ¢(z) := 270~%¢(x) is a solution of (Ly), since vy, () = () is a
solution of (Ly, fy). Hence, without loss of generality we can always assume that ag = 1.



Lemma 4. Assume that ag = 1 and that ¢(x) # 0 is a solution of (Ly). Let o(x) =
ano o™, then

[Z [Lat's ] Jo ) eu®. 2

n=0 ¢=0 t>0

Proof. Computing the sum of ¢(p"x) for n from 0 to jo — 1, we obtain

Jo—1 Jo—1 Jo—1
Do)=Y > enp " =) om (Z p"’”) "= o Y pripr,
n=0

n=0 m>0 m>0 t>0

since

jo, if m = 0 mod jo.

]Ozjlpnm—{ , if m % 0 mod jy

From Lemma 2 we deduce that

S ) = 3 [ aloe)oa).
n=0 n=0 ¢=0

Since ap = 1 and therefore ST, alpfe) = jo mod =, it is possible to find the
reciprocal of S ]0—s a(p‘z) in C [], whence o(z) is of the given form. O

Theorem 5. If the series a(x) satisfies (1) and ag = 1, then the general solution ¢(x)
of (Ly) is given (similar to (2)) by

jo—1n—1 -1

SIS YER @)
n=0 (=0 >0

where Y7, wi;,x7° € Clx] is arbitrary. Furthermore, @y, = @j;, fort > 0.

Proof. Taking into account that p/© = 1 we derive from (2') that o(pz) equals

jo—1n—1 -1
) [Z 11 “(pwx)] Jo ) piigp et =

n=0 ¢=0 t>0

jo—1 n - jo—1 n
[ a(p"x)] o> ha?” = a(x) [ZH@ plr ] Jo > ha =

n=0 (=1 t>0 n=0 ¢=0 t>0

) [Z 1:[ a(pér)] do Y i,

n=1 ¢=0 t>0



Applying (1) we continue with

Jjo—1ln—1
[ZHap:L' )+ 1

n=1 /=0

jo—1mn—1 -1
e —a >[ HW“”] o > el
0 /=0

>0 n= >0

which equals a(z)p(z). From Lemma 4 it follows now that the coefficients ¢, for n =
0 mod jo are the prescribed complex numbers ¢y, for ¢ > 0. O

For later use we just mention the formula

[ZH 1, [ZHapx] : (3)

n=0 ¢=0 n=0 ¢=0

As an immediate consequence of Theorem 5 we find

Remark 6. If, under the hypotheses of Theorem 5, p(x) # 0 is a solution of (Ly,), then
necessarily ord p(z) = tojo for some ty € Ny.

Proof. The series p(x) # 0 is a solutlon of (Lh) if and only if 7, @y # 0. If

Ztgo Prjox'?° # 0, then Zt>0 Prjo T’ Zt>t0 Prjo T’ 7 with Ptojo 7 0, for some ¢5. Then
(2) yields the assertion, since

and
ord (Z @tjoxtjo) = toJo-
t>tg
O

For a solution p(z) = 3 - ¢na™ of (Ly) where a(x) satisfies (1) we get from (2) con-
versely that the partial series ), Qrjor 0T of () is given by the so called projection

formula _—
Jo n
5 st = £ (S Lt ) o) 0

t>0 n=0 ¢=0

We may, similarly, consider the partial series tho Orjorto 0 of @(z) for 0 < £y < jo,
and ask whether an analogous expression for these partial series holds. For 0 < ¢y < 7

let
Jjo—1 -1

Ay (x Z p o H a(p'z). (5)

We get



Lemma 7. 1. Let p(z) = > o @nz"™ be a solution of (Ly) and assume that a(x)
satisfies (1) with a(x) = 1 mod x. Then

, 1
D rirtor ™™ = — A (@)p(2) (4,60)
=0 Jo
for 0 < {ly < jo. If Ay,(x) # 0, then
QO(ZE) = [Afo (x)]_ljo Z Qotjo-l—foxtjo—i-zo' (27 60)
>0

2. If a(x) is a solution of (1) with a(x) =1 mod x and Ay, (x) # 0, then
ord Ay, (z) = £y mod jo.

Proof. The proof of 1. is the same as the proof of Lemma 4. In order to prove 2.,
let () be the solution of (Lj) such that Y°,., ¢,z = 1. This solution exists by
Theorem 5. Then by 1. either Ay (z) = 0 or its order is congruent ¢, modulo j, since
ord p(z) = 0. O

We also obtain in the same way as Theorem 5

Theorem 8. Let a(x) be a solution of (1), a(x) =1 mod z, and let 0 < Uy < jo. Assume
that Ag,(x) # 0 and (by the second part of Lemma 7) ord Ay (x) = tojo + Lo for some
to € No. Then the general solution ¢(z) = Y o, enx"™ of (Ly) ts given by (2,4y) with
an arbitrary series ZtZto Prio+tox 0. The coefficients p,, of o(z) with n = £y mod jo
and n > tojo + Lo are the prescribed complex numbers @i, 1o, fort > 1.

If the coefficients a4, ..., aj,_1 of a(z), a solution of (1), are sufficiently general, then
the solutions () of (Lp) can be described by (2,¢y) for any ¢, € {0,...,jo —1}. We
will see in Proposition 16 that there exist solutions a(x) of (1) for which the coefficients
ai,...,aj—1 can be chosen arbitrarily.

Theorem 9. Assume that a(x) = 1+a1x+. .. is a solution of (1), where the coefficients
ai,...,aj,—1 are algebraically independent over Q, then Ay (x) # 0 for all 0 < £y < jo.

Proof. From the definition of Ay, (x) it follows that
Jjo—1
Aéo (SC) = Z pinéo Z ( Z Ayg * - aynlpyl+2”2+"~+("1)l’n1> $T,
n=0 r>0 \vo+...+vn—1=r

whence the coefficient [Ay, (x)];,—1 of z%0~! in Ay, () is of the form

jo—1
_ —nfy v1+2v2+...+(n—1)vp—1
[Afo <x>]j0*1 - E p E Qg+ Qy,_1 P "
n=0 vo+...+vn—1=jo—1
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A summand of [Ay,(z)];,—1 consists only of powers of p and powers of a; if and only if
v; € {0,1} for j =0,...,n — 1, since qp = 1. But since moreover we assume that the
condition vy +. ..+ v,_1 = jo—1is satisfied, n = jo—1 and v; = 1 for all j. Consequently,
there exists exactly one summand of [A,(x)];,—1 consisting only of powers of p and a;.
It is given by

1+2+..+jo—2 _ Jjo—1 (jo—2)(jo—1)/2—(jo—1)to

—(jo—1)4o ,jo—1
( ) ai a p )

p p

which we will abbreviate by a]°~' p"(). Then
[Afo (x)}jo—l = a{o—lpm(ﬁo) + Rfo(pa ar, ... 7aj0—1)7

where Ry, is a polynomial. As a polynomial in a; it is of degree less than jo—1. From the
fact that ay,...,a;,—1 are algebraically independent over Q we get that [Ay,(z)];,—1 # 0
fOI'g(]:O,...,jO—l. O

We will use the partial series Y- @rjo+6,27° T later systematically. (Cf. Section 6.)
We now give the representation of the general solution ¢(x) of (L) if a(z) satisfies
(1) and a(z) = p* mod x with 0 < kg < jo.

Theorem 10. In this case Ay, (z) # 0, and the general solution p(z) of (L) is given
by

90(33) - [Ako (x)]_ljo Z Sotjo-l—koxtjo—i-kov
t>0

where > <o Prjo+ke TR is arbitrary. The coefficients ¢, of p(z) with n = ko mod jo
are the prescribed complex numbers @i 4r, fort > 0.

Proof. Let a(z) := p~*a(x), then a(x) = 1 mod z. According to Lemma 3, the series
¢(z) is a solution of (L) if and only if p(z) = 2*@(x) where @(x) € C [x] is a solution
of

p(px) = a(z)p(x). (Ln, a)
Hence g = ... = ¢g,—1 = 0, i.e. ord p(z) > ko, and @, 1, = @, for n > 0. In Theorem 5
the general solution p(z) = >, - Pna™ of (Ly,a) was given as
jo—1n—1 -1
p(z) = [Z &<p%>] Jo Y Bripr™,
n=0 ¢=0 >0
where Y, @ijox° is arbitrary. Consequently,
jo—1mn—1 -1
0= | S TTraho)| 0T
n=0 ¢=0 >0
which yields the asserted form. O



As in the case of a(r) = 1 mod x we find for a(z) = p* mod x, for each solution o(x)
of (L) and for each ¢, € {0, ..., jo — 1} that

' 1 jo—1 - n—1
D rigrtrrer TR = — (Z p otk Tl alpz) | (). (4, €0, ko)

>0 Jo \ 2o (=0

Since there exist solutions of (L) with p(x) = 2* + ..., we find that either

|
—

jo—1 n

> ot [alp's) =0 (6)

n=0

Iy
o

o jo—1 n—1
ord <Z p otk H a(P%)) = tojo + Lo
n=0 =0

for some ty > 0. In the latter case we get for the general solution

Jjo—1 n—1 -1
90(3:) = [Z p*n(KOJFkO) H &<p£x)] jO Z Sptjo+€o+k0xtjo+go+ko7 (27 607 kO)
n=0 /=0 t>to

where Yo, @ pto 4kt TOTR is arbitrary.

Remark 11. Let 0 < £y < jo and let a(x) be a solution of (1) with a(z) = p™ mod .
The series a(z) satisfies (6) if and only if for all solutions p(x) =3, - pnx™ of (Ln)

Ptjotto+ke =0 1 =0.

Proof. If (6) is satisfied, then from (4, ¢y, ko) it follows that ¢y 4604k, = 0 for all ¢ > 0.
If (6) is not satisfied, then for all p(z) # 0 it follows from (4, ¢y, ko) that

D Prigrtorh T 2 0.

>0

There is still another way to describe the general solution of (Lj).
Theorem 12. [f a(z) satisfies (1), then the general solution of (L) is given by
Jo—1 k
(p")
[(x) := _
; [T)—o a(p'z)
for an arbitrary series y(x) € C[x].

We notice that the right hand side in this expression for I'(z) will also appear in (7) (as
left hand side), which is the necessary and sufficient condition for (L) to have a solution.

9



Proof. The series I'(z) satisfies (L) since by an application of (1) we have

o)=Y V() RS () N 7(z) _

= oale™e) I alpin) (I al(pia))a(z)

3 =a(x M jojl—V(pkx) =a(x)l'(z
@)+ L s (><a<x>+znk . )— (o) (2).

= 1= 1a pﬂx 1 [ alp’z)

If ag = p™, then the general solution of (L) is given in Theorem 10 as

Jjo—1 k—1 -1
S DO CIEI D S
k=0

£=0 >0

In order to prove that the general solution can also be expressed in the form I'(z),
we prove that for any choice of the coefficients I'yj 1y, for ¢ > 0 we can find a series
v(z) € C[x] such that

Jo—1 ’}/(pkx) Jjo—1 k—1
> = [Zp“”H alp' ] Jo > Tuiginga ™0 = S Tpa™. (%)
k=0 szo a(piz) k=0 =0 >0 n>0

Since a(x) satisfies (1) we have

& Jo—1
)y IT aw’=) = (o) (%“ TR P ao,-.wamp)m”) =

k
Hj:o a(piz) j=k+1 n>1

<Z ’ynpk”x"> (af)o Ty Z P8 (ag, ... ap, p)x") =

n>0 n>1
st 3 (S B )
n>0 n>0 \r=0
with universal polynomials p (ag, ..., an, p). Moreover, af)o L=k = pholio=1-k)  Hence
jo—1
()

; [T} a(pix)

Jo—1 - Jo—1
n T k: n
<% > pmple iR § Y § PPy ao,..-,an_r,p)>x B

n>0 k=0
Jo—1
,.anfko Z(pnik())k + Qn(a’07 <oy Gny Y0y - - - Yn—1, p)) xna
n>0 k=0

10



with suitable polynomials @, (ao, ..., @, Y05 - -+ V-1, ). If n = ko mod jo, then

jo—1

> (") = o

k=0

When comparing the coefficients in (%) we get for n = ko mod jo

jofynpiko =+ Qn(a07 <oy Any Y0y - - n—1, IO) = Fn?
which allows to determine 7, in a unique way. O

Another proof of this theorem will be presented in Section 5, and an even stronger result
will be proved in Theorem 31.
In the last part of this section we deal with the linear equation (L).

Lemma 13. If p(z) is a solution of (L), then

:Ha(pe:v)( +Z ), n > 0.
P pﬂw)

If moreover (1) is satisfied, then also

jo—1 b(p—kx) L 7
kzzg H?:() a(pjx) ( )

holds.

Proof. For n = 0 the formula is true. Let n > 0 and assume that the formula holds
for n. Then p(p"*'x) equals

p(p"a) = a(p"z)e(p"x) +b(p"x) =

o) Lot (@ + S

=

) +b(p"x) =

pﬂw)
- b(p"x) \
Ha ple) (SO +Z H;szoa(pjx)> —

=0 (pjx)

n

[T ato') ( +Z e )

=0
which finishes the first part of the proof. For n = jo we get that

o(a) = plpa) = [] alp's ( +§; m).

=0

If (1) is satisfied, then we get as an immediate consequence that (7) is also satisfied.
O

11



From (7) it is clear that

whence

k=1 H] 0 (p]’lj)
Lemma 14. Assume that ag =1 and p(z) is a solution of (L). Then
jo—1ln—1 b(pkl‘>
() = [Ao(x (]0 ) a(p'x —) , (8)
2= 2 Z [T alp’)
where Ag(x) is defined by (5).

Proof. Computing the sum of p(p"z) for n from 0 to jo — 1 we obtain as in the proof
of Lemma 4 that

Jjo—1
Zs@ ) = jo Y prjer™
+>0
From Lemma 13 we deduce that
Jo—1 jo—1n—1
> et = [Tt s+ 5 el -
n=0 n=0 ¢=0 pjw)
jo—1ln—1 n—1 b(pkl')

x _ )
n=1 =0 k=0 H (pﬂx)

Since ag = 1 it is possible to find the reciprocal of Ay(x), whence p(z) is of the given
form. |

Theorem 15. [f the series a(x) and b(x) satisfy (1), (7), and ag = 1, then the general
solution @(x) of (L) is given (similar to (8)) by

jo—1ln—1 k
b(p"x)
RO O YERTES ol | CE) o e
>0 " n=1 =0 kOH o a(p’x)
where Y, 1,270 € Cla] is arbitrary. Furthermore, @y, = @iy, fort > 0.
Proof. Similarly as in the proof of Theorem 5 we compute ¢(px) as
= ¢ b(p"t'x)
(ORI 5y | N S e B
>0 n=1 =0 im0 [Lj—o a(p?*'2)

12



() [ Aoz <Joz% S [Tt ZH“)—’) (+)

>0 n=1 ¢=1 k=1 (pz)

Now we want to evaluate the last term of this expression. Multiplying each summand
by a(z)/a(x) and replacing n by m — 1 yields

Jo—1 n

Ter b(p*x) ST ity S b0
ZH ZH : H (P )ZH;?O@(PW)

n=1 (=1 k=1 a(piz) 1= =0 k=1

oo (S @) _
)(Zné?zoa(pjx) a(x))

k=0

i
T e (S 0)  b@)\ T o (R b))
> [ak'x) (}; Ty aoe) a(z)> + [ ale') (kz:O T, a(p a(x)) '

m=2 (=0

Using (1) and (7) we derive

ST atote) (S b0 b)) _ba)
H (p )<Z H;?:Oa(pjﬂl?) a(:):)) alr)

m=2 (=0 k=0

jo—1m—1 , m—1 b(pkx) B b(ZL“) ~alx b(l‘) _ b(l‘) . b(l‘) _
> [T alv') (Z [Ty a(pix) a(a:)> ) (a(fﬁ) a(x)> a(z)

mel1e0 \k0
IR (Z f;@ : 2&@3) : 2&23 =
Inserting this into (x) and using (5) we get

+a(x) 2_: 1:[ a(p‘x) ] (Z a(p'z) >

n=0 ¢=0 m=0 ¢=0

which equals a(z)p(z) + b(z). From Lemma 14 it follows now that the coefficients ¢,
for n = 0 mod jy are the prescribed complex numbers ¢, for ¢ > 0. a

13



3 Cyclic functional equations

So far we gave necessary and sufficient conditions for (L) and (L) to be solvable, and we
described the sets of solutions of these equations. By introducing the formal logarithm

n—1,.n

ln(l—i—x)zz(_l)—x

n
n>1

we can describe which coefficients of a(z) and b(x) can be chosen arbitrarily, and how
the other coefficients depend on the previous ones.

Proposition 16. The series a(x) satisfies (1) if and only if

a(x) €exp< > ) € C, 9)

nZ0 mod jo

where €90 = 1. This is equivalent to

a(z) =& 1+ Z apx" + Z P,(a)x" |,

n#z0 mod jo n>1
n=0 mod jg

where a,, are arbitrary elements in C for n Z 0 mod jy and
P,(a) = Py(ap | m <n, m % 0 mod jy)
are suitable universal polynomials in the coefficients a,y,.

We notice that (1) is nothing else but the multiplicatively written cyclic equation for
a(z) in C [z].

Proof. First assume that agp = 1. Let ’y( ) :==In(a(r)) = > 5, Taa", then each v, is a

polynomial in the coefficients ay, . . . The series a(x) satisfies (1) if and only if v(x)
satisfies
V(@) +y(pz) + ..+ (") =
Hence,
Jo—1 Jo—1 Jo—1
0= Apa)= > wp"a" =) " Z =G0 Y. ",
r=0 r=0 n>1 n>1 Zh

which is equivalent to v, = 0 for n = 0 mod j,. Consequently (9) is proved for ay = 1
with £ = 1.
In order to prove the second part assume again that £ = 1. If

)=exp( > "),

n#0 mod jo

14



then

1 o , .
r)=1+ Z m(le + ’72352 + . Y12 14 ’Yj0+1IJO+1 +..)" =

n>1

L+ Y (4 Qulym [m<n)a"+ > Qulym | m<n)z"

n#0 mod jo nion;;d ;
= 0

where @), is a polynomial in 7, for m < n and m # 0 mod jy,. For n #Z 0 mod j, let
n = Yo+ Qu(Ym | m < ). Then v, = ap — Qu(ym | m < n, m # 0 mod j;), whence

Yo = @ — Ry(ay, | m < n, m# 0mod jj) (10)
for a suitable polynomial R,. Finally, for n = 0 mod j, let a,, be the polynomial
Qn(Ym | m <mn, m # 0 mod jy) =
Qn<am—Rm(ak | E<m, k#0mod jp) | m <mn, m;?éOmodjo)
which can also be expressed as a polynomial in a,,, whence
an = Py(an, | m <n, m# 0 mod jp). (11)

So we end up with

a(z) =1+ Z a,x" + Z (am | M < n, m % 0mod jy)z"

nZ0 mod jo n>1
n=0 mod jg

Conversely, take any sequence (@n), o moq j, 20 define 7, for n # 0 mod jo by (10). For
n = 0 mod jy let a, be given by (11). Then

a(x) =1+ Z anx" = exp( Z TnZ"),

n>1 nZ0 mod jo

consequently it is of the form (9). If ag # 1, then ag = &, a complex root of 1, and
a(x) = €a(x), where a(r) = 1 mod z satisfies (1). Hence a(x) is of the asserted form
and the proof is finished. O

Remark 17. A different proof of Proposition 16 could be obtained by differentiating (1)
(for a(z) = 1 mod z) formally with respect to x and dividing by a(x)---a(po1z) = 1
which gives

Jo—1 da LU Jo—1 da(x)
Z ¢ dx =0 or Zpgd(péx) =0 for a(x)= %.
a(z
=0

Solving this functional equation for a(x) and going back to a(x) by solving the formal
differential equation
da(z)
dx

we find Proposition 16.



From Proposition 16 we derive still another representation of the general solution of
(Lp)-

Theorem 18. If (9) is satisfied with & = 1, then the solutions of (Ly) are of the form

(p(l’) — exp Z Tn " Z htjoxtjoa

YL
n>1 P 1 t>0
n#0 mod jg -

where y(z) = In(a(x)) = > 5 Vax"™ and (hij,),s, is an arbitrary sequence in C.

Proof. The series p(z) = 1+ > - pn2" is a solution of (L) if and only if ¢ (x) =
In(p(z)) is a solution of

U(pz) =~(x) + ¥ (),
where y(x) = In(a(z)). Introducing coefficients 1, of ¢ and =, of v yields

D hppta =Y ya Y pa”

n>1 n>1 n>1

or equivalently

If n # 0 mod jy, then 1, is uniquely determined as ¢, = v, /(p" — 1). The coefficients
Y, can be chosen arbitrarily in C. Hence

¢(r) = exp ( Z nfyi 1xn + Zwtjoxt]b) =

n#0 mod jo P t>1

exp ( Z pnvi 1x"> (1 + thjoxtjo> .

nZ0 mod jo t>1

Since (¢4, )i>1 s an arbitrary sequence in C, also hyj, for ¢ > 1 can be chosen arbitrarily
in C. Finally, the general solution ¢(z) with ¢q not necessarily equal to 1 is given by

so(a:>=exp< S jjlxn>zhtjoxwo.

n#0 mod jo t>0

|

Remark 19. If a(z) satisfies (9) with € =1 and b(x) satisfies (7), then by = 0 and by,
can be expressed as

btjo - Stjo (p> (an)nZL bm | m < t.j()a m 7_é 0 mod jO)v t Z 1

where Sy, s a polynomial.

16



Proof. Since ag = 1, the reciprocal of H?:o a(p’x) starts with the constant term 1 for
k >0, thus from (7) it follows immediately that by = 0.

Indicating the reciprocal of H?:o a(p’x) by 1+ ) a2, then from (7) we get

O:mz_b(pkx) (1+Za(k ) JOZ (anp x ) (1—1—2@7(1]“):6”) =

n>1 n>1 n>1

jo—1
Z by <1 + Z a@m") + ﬂ’z Z bp™ ™ + Z byj, ' (1 + Z aﬁf%c”) :
k=1

n>1 n>1 n>1 t>1 n>1
n#Z0 mod jg

Hence, the coefficient of 2% for ¢t > 1 satisfies

Jobejo + Bujo (P, (an)nz1, bm | m < tjo) =0,
where [, is a suitable polynomial. Consequently

1 .
btjo = _j_Rtjo (p7 (an>n21; b, | m < tj()).
0

By induction we prove that by, = Sijo (p, (@n)n>1,bm | m < tjo, m # 0 mod jo), with a
suitable polynomial S, . a

Now we will characterize the solutions b(x) of (7) if a(x) satisfies (1) and ay = 1, i.e.
those b(z) for which (L) has a solution.

Proposition 20. If a(x) satisfies (9) with & = 1, then (L) has a solution if and only if
b(x) is of the form

)= > vur"+ Y My((a)ss1,%m | m <n, m#0mod jo)z",  (12)

n>1 n>1
n#Z0 mod jg n=0 mod jg

for arbitrary 1, € C (n # 0 mod jo) and for suitable polynomials M, (n =0 mod jy).

Proof. First assume that (L) has a solution ¢(x). We may assume ¢y = 1 and ¢4, =0
for t > 1, since it is possible to add a suitable solution of (L) (c.f. Theorem 18) in order
to determine a solution with these properties. Hence

o(x) =1+ Z ©pa".

nZ0 mod jo
As a consequence of (L) we derive
b(x) = (1 + Z gonp"x”> — <1+ Z gonx"> (1 +Zanx”> =
n#0 mod jo n#0 mod jo n>1

17



Z [(pn — 1) + Ln((ar)rzl’ ©m | m <n, m#Z 0 mod ]0)] "+

n#0 mod jo

+ Z arr>17(pm|m<n m7_é0m0d]0) )

n>1
n=0 mod jo

where L,, are suitable polynomials.
For n # 0 mod jy denote (p" — 1)@, + Ln((ar)r>1, m | m < n, m # 0 mod jo) by
1y,. Hence for n #Z 0 mod jj
_ Un — Ln((ar)r>1, @m | m <, m % 0 mod jo) _
On pr
Kn(pa (aT’)T’Zlﬂ ¢na ¥m | m<n, m 7_é 0 mod jO)v

where K, is a suitable polynomial. By induction we get

Pn = Kn(ﬂ» (ar)rzhwm | m S n, m ié 0 mod jO) (13)

with suitable polynomials K,. For n = 0 mod j, replace ¢y, in L, by (13). Then b(z)
is of the form (12).

Conversely, assume that (wn)n¢0 mod jo 15 @ sequence in C, and let b(x) be given by
(12). Then there exists a unique sequence (), ~, such that ¢, = 0 for n = 0 mod jy
and ¢, given by (13) for n # 0 mod jy. According to the computation above, b(x)
sz;t(isﬁ)es b(z) = p(px) —a(z)p(x) for p(r) =1+, 0 moa j, Pn®"- Hence, ¢ is a solution
of (L). O

Assume that a(z) satisfies (9) with £ = 1. From the last lemma we deduce that (L) can
be solved if b(z) is of the form

b(xz) = Z byx" + Z w((ar)r>1, b | m < m, m % 0mod jo)

n>1 n>1
nZ0 mod jg n=0 mod jg

with arbitrary (b,)n0 mod j, in C. Determining ¢, for n # 0 mod jy by (13) (where we
have to replace ¢, by b,,) and setting ¢o = 1 and p,;, = 0 for s > 1, we compute
a particular solution p(x) = > - @na™ of (L). All the other solutions of (L) can be
found by adding series as given in Theorem 18.

Another characterization of those b(x) € C [x] for which (L) has a solution is given
in Remark 32.

4 Explicit formulas for the coefficients of the solu-
tions

Our next approach allows to compute (more or less) explicitly the coefficients of the
solutions ¢ of (L) or (L) respectively. The series ¢ is a solution of (L) if and only if

D pnpta = (Zn: ar%r) x

n>0 n>0 \r=0

18



This is equivalent to
a(p" — ap) Z r P Vn > 0. (14)

If aéo = 1, then aq is of the form p™ for suitable n € Z. Let ky be the minimum of
{n €Ny | p* =ap}, and let K denote the set

K = {k0+nj0 ‘ TLENQ}.
The proof of the next lemma, which uses (14) and induction, is left to the reader.

Lemma 21. If ¢ is a solution of (L), then @, = 0 for 0 < n < ky. If ¢ # 0 is a
solution of (Ly), then min{k € Ny | ¢r, # 0} = ko + 1jo for some r € Ny.

As a consequence of Lemma 3 we derive that ¢ is a solution of (L) if and only if z™0¢
is a solution of (L) for r € Ny. If ¢ # 0 is a solution of (L), then there exists an index
k € Ny such that ¢, # 0. From the last lemma we deduce that min {k € Ny | ) # 0} =
ko + rjo for a suitable r € Ny. Without loss of generality we assume that r = 0.

In combinatorics an ordered partition of the integer n > 0 is an ordered tuple
(r1,...,re) of integers r; > 0 such that Zle r; = n. For n = 0 there exists only
one ordered partition, the empty tuple (). In the context of the present article we are
rather interested in the finite sequences o = (0y,...,0¢), 0; = Z;’:1 r;, corresponding
to an ordered partition (rq,...,r¢). Let ¥, indicate the set of all those sequences o
corresponding to ordered partition of n such that o; Z 0 mod j, for all ¢ = 1,... (.
Then ¥y = {()}, and for n > 0 we have

Y, ={(0o1,...,00) |0; €N, 0, Z0mod jo, 1 <i <V, 0, <0j41, 1 <j<{ op=n}.

The length of o = (0y,...,00) € ¥, is ¢, which will also be indicated as ¢(o). Moreover,
by a(o) we denote the product

y4
= | |aai—ai717

=1

where a,, are the coefficients of the series a(z), and where we assume that oy = 0. Finally
N(o) stands for

Theorem 22. 1. If ¢ is a non-trivial solution of (Ly), then the coefficients of ¢
satisfy
2]
Jo

. _alo) 15
; Pho+tjo Z g(U)N(O'), ( )

O'eEn,kO,th
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and for all s >0
8Jo
Zar Z L _0 (16)
all

holds.

2. If (16) is satisfied for all s > 0, then each series ¢ with coefficients given by (15)
and any choice of the coefficients (ry+1jo),5q @5 a solution of (Ly).

Proof. 1. Let ¢(z) = ), -,¢s2" be a non-trivial solution of (Lj). In Lemma 21 it
was shown that ¢, = 0 for 0 < n < kg. This coincides with (15), since in this case the
first sum is empty. If n is of the form ko + sjo for s € Ny, then the right hand side of (15)
1S Just Prgtsje, SinCe Xy _go—tjo = 0 for 0 < ¢ < s, and X, _gy—sj, = S0 = {()}. Finally,
for n > kg and n ¢ K we will use induction to prove the theorem. Setting n = kg + 1 in
(14) we get op,+1(p™ — ag) = a1k, hence

a1 Pk, CL(O')
Okotl = —F——~ = Pk -
ot ap(p —1) ’ 02221 ag(U)N(a)

Let n > ko + 1, n ¢ K, and assume that ¢; is given by (15) for j < n. From (14) we

deduce
Spn: nko_ Zar@nr:

= [*]

o ko 1) 1 Z Pko+tjo Z LU) =

l;
—1 t=0 TES 0k —tio ao(U)N<‘7)

{nflfko]
Jo n—ko—tjo

. (o)
; Orottio D m ZQL:

r=1

23] »
S o Y s

UEEn—kO—th
For doing these computations we used that if n ¢ K, then the two values [”_;—O_ko} and

[%} coincide. Moreover

n—ko—tjo

ankoftjo = U {(0'1, <oy 00(0), N — ko - tjo) ‘ o€ En,koftjofr} .

If & denotes a sequence & = (o7, .. . y O4(o)s n—ko—1tjo) € Xn—ky—tjo, Where o € Xy _tjo—r
for some r € {1,...,n— ko —tjo}, then ¢(¢) = (o) + 1, a(6) = a(o)a, and N(5) =
N(o)(pn ko=t 1) & N(o)(pn o 1),
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So far we proved that ¢, is of the form (15). We still have to show that (16) holds
for all s > 0. For s = 0 this is clear. Assume that s > 0, then by induction we get

ko+sjo
ko+sjo — 0 = § _
Pko+sjo (P - aO) =0= ArPro+sjo—r =
r=1
) {kow‘»sjof'rfko]
ko+sjo 30
a(o)
E Qy E Pho-+tjo E , ag(g)N( ) =
r=1 t=0 UEEkOJ’,SjO,T,kO,th 0 g

(s—t)jo
Z‘Pkoﬂ]o Z ar Z %:

U€Z<37t)j0 —-r

o a(o) (s Lo a(o)
@ko;ar Z ao")N +Z¢ko+tao Z r Z W:

UEESjO T O—EE(S_t)jO_T

~~
=0

sJo

('Oko Z o Z CL(U

0'629]0 ” OU)N )
From ¢y, # 0 it follows that (16) holds also for s.
2. Assume that (pry14j,),50 15 an arbitrary sequence in C, and let ¢, be given by
(15) for all n > 0. In order to prove that ¢ satisfies (L) if (16) is satisfied for all s, we

prove that (14) holds. If n ¢ K, then ¢, is computed by (15) which was in the first part
of this proof deduced from

Z AP

Hence (14) is satisfied. If n € K, then n = ko + sjo for a suitable s > 0. In this situation
(14) reduces to

P — Qo

ko+sjo

0= § ArPho+sjo—r-

r=1

In the first part of this proof this sum was computed as

(s—=t)jo
Z@komo Z ar Z ﬁ

Uez(s—t)jo—r

which equals 0, since (16) is satisfied. O
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In order to deal with the equation (L) we introduce some further notation: For
integers m and j let

Sy = {0 €%, oy € K, 1<i < (o)},

and finally for o € ¥, let

£(o) (o)
N(j,0) 7H(p0i+3 ap) :ao(a) (priti—ho _ 1)
i=1 =1

The series ¢ is a solution of (L) if and only if

Z ‘;annxn - Z (Z QrPp—r + bn) X

n>0 n>0 r=0

This is equivalent to

n(p" — ag) Zargon r 4 by, Vn > 0. (17)

Theorem 23. 1. If ¢ is a solution of (L), then the coefficients of ¢ satisfy

%) a(o) b a(o)
_ Z Phottio Z a—+z 7 Z =0 (18)

TEX—ko—tig

and for alln € K (assume n = ko + sjo)
(s—t)jo

I D I ER MM M e

Uez(s—t)jo—r

J&K
holds.
2. If there exist non-trivial solutions of (Ly) and if
n—1
> Z 3 Na(.a) b, =0 (20)
o€y (‘77 U)

J
= P Qo
jE€K n—j—nryj

holds for all n € K, then each choice of (Pro+tjs)sso i C yields via (18) a solution
of (L). -
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Proof. 1. Let ¢ be a solution of (L). For n = ko + sjo € K the coefficient ¢, is of the
form (18) since the first sum reduces to @y, +sj, @ shown in the proof of Theorem 22,
and the second sum yields 0. The last fact is true since for n € K by definition the set
Y, =0 forall j € {0,...,n}. Now we will apply induction to prove (18) for all n. If
ko = 0, then (18) holds for n = 0. If ky # 0, then ag # 1, and from (17) we deduce that
wo(1 — ag) = by which yields

bo
P’ — ag
in accordance with (18). Now assume that n ¢ K and that ¢, is given by (18) for j < n.
From (17) we deduce

Yo =

r=1
n ) {"go} . Z a(o) . g b; Z a(o) b
r ko-+t; o) s~ ; N (i n =

r=1 t=0 e O’GEnfrfko—th ag( )N(U) JJ;}(; p] — o CES 3,d N(j’ U>

n [niﬂToiko] a(a)
Z Qr Z Pho+tjo Z o') + Z ar Z Z V(i + bn
=1 t=0 ex N 0 s L NGo)
r o n—T—ko—tjo ]eK 0€Xn—r—jj

In order to determine ¢, we have to divide this formula by p" — ay. With the first
expression of the last line we dealt already in the proof of Theorem 22, so we only have
to compute

SOWETIPNE I

0 o
r=1 ;QK 0€Xn—r—j,j

p" — Qo
Changing the order of summation yields
SoLS Y gk
Pl —ag = pt—ag N(j,0)  p"—ag

Jj=0 ceS .
ieK Cln—r—jj

n

b; a(o)
jZOpj—CLO _Z N(],O’)

Jar o€ —j,j

Similar as in the proof of Theorem 22 we used the fact that for j <n

n—j

n—jj = rgl {(0'1, <o Og(o), T —j) | o€ i”l—”"—jd} .

X
Let 6 = (01,...,000),n—J) € Y,_;jsuchthat o € %, _,_;; forsomer € {1,...,n —j},
then N(j,6) = N(j,0)(p" —ap). Combining this result with the result from Theorem 22
proves (18).
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Let n = ko + sjo for s € Ny be an element of K, then from (17) we deduce that

n

SOn(Pn - CL()) =0= Zar(ﬂn—r + bn

r=1

Expressing ¢, by (18) and changing the sequence of summation yields (19).

2. If there exist non-trivial solutions of (L), then (16) is satisfied, hence (19) reduces
for n € K to (20). If this equation is satisfied for all n € K, then a particular solution
of (L) is given by v (x) with coeflicients ¢y, = 0 for t > 0 and

“Lb, a(o)
wn - - J =
jzopj—aogezz..N(],U)
JEK T

for n ¢ K. It remains to show that 1, satisfies (17). If n ¢ K, we computed in 1. that

n

Z arwn—r + bn - (Pn - aO)wn-

r=1
If n € K, then (20) implies that

n

Z ard}n—r + bn =0= (Pn - aO)wn-

r=1

Hence 1) is a particular solution of (L). All solutions of (L) are of the form ¢ (z) 4+ ¢(x),
where p(z) is a solution of (L), described in Theorem 22. O

5 Representation of the solutions by means of basic
linear algebra

In the next two approaches some methods of linear algebra will be useful. We describe
the necessary and sufficient conditions for the existence of non-trivial solutions of (L)
and of solutions of (L) as conditions on the rank of certain matrices. Moreover, we
present another proof for the form of the general solution of (L) given in Theorem 12.

Replacing in the homogeneous linear functional equation (Lj) the variable x by
px, p*x, ..., pP°~tx and writing ¢, (z) for p(p"z) for n =0, ..., 50— 1, we get the system
of homogeneous linear equations

8

) = 0
) = 0

—a(z)po(r) + @1 (
—a(pz)p1(x) + @

8

_a(p]'()iQx)SOjO*Q(x) + 90j071<x)
—a(p* ') pjo—1 () + @o(z) =
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which can be written in matrix form as

wo(z) 0

Az) : =1

o 1(%) 0

with
—a(x) 1 0 0
0 —a(px) 1 0
Alz) = : :
0 e ] (et 1
1 0 o 0 —a(po1x)

If (L) has non-trivial solutions, then this system has non-trivial solutions, whence
the determinant of the coefficient matrix, which we will call A(x), vanishes. Hence
det A(z) = 0. Developing this determinant with respect to the first column, we imme-
diately get that (1) is satisfied, and that A(z) is of rank jo — 1. Assuming that (1) is
satisfied, we can apply a method described in [6] pages 267-271, originating from [9] and
[10], which expresses the general solution of this system in the form

wo(x) v(z)
p1() v(pz)
: = B(z) :
Pjo—2() V(P %)
©jo—1() v(p )

with a suitable matrix B(x) and an arbitrary series v(x) € C[z]. In general the ex-
pressions obtained for ¢(p*z) in this way are contradictory. However, when introducing
matrices M;, = (mg)o§i7j<j0 given by

3 _{1, if i + k = j mod jy

m;. = .
g 0, otherwise,

and if B(z) satisfies B(x) = M B(z)M, ! for all k = 0,. — 1, then they are not. In
this situation B(z) is called a compatible matrix.

In order to determine B(x), the main task is to find a matrix Bj(z) which is com-
patible and which satisfies

A(x)By(x)A(z) + A(z) = 0. (21)

Then we put B(x) := Bj(z)A(x) 4+ I, where I is the unit matrix. First we determine
matrices P(z), Q(z), and D(z) such that D(z) is a diagonal matrix of the same rank as
A(z) and such that A(x) = P(x)D(z)Q(x). In the present situation we have

1 0 o 0 0 10 ... 0 0
0 1 0 0 0 1 0 0
0 1 0 0 0 10

—1 —1 —1
a(z)  a(z)a(px) H;O o alpix) 0 0 0 0



and

—a(x) 1 0 0

0 —a(px) 1 0

Qz)=|[ - :
0 0 oo —a(p ) 1

0 0 0 1

Then we define a matrix By(z) := —Q~!(z)D(z)P~!(x) which satisfies (21). The inverse
matrices are given by

1 0 0 0
0 1 0 0
P (z) =
0 0 e 0
1 N S
a(z) a(x)alpxr) °°° HjO:BQ a(piz)
and = 1 1 1
aw) T(x)al(px) o n;o;?(pjx) H?%ia(m)
0 — e — —
a(pz) 17957 a(piz) H?LZ a(piz)
Q' (z) = ]
: ' 1 1
0 P . B =y
0 0 0 1
Hence By(x) is of the form
i 1 1
a(z)  a(x)a(pz) Hz'O:BZ a(piz)
0 - e
By(x) = a(pz) I1/% " a(pia)
olx) = .
: :
0 0 a7y Y
0 0 0 0
Finally, let
1 Jo—1
Bl<$> = j— Z Mk_lBo(pk.’E)Mk,
0 k=0

then Bj(z) is compatible and satisfies also (21). Consequently,

a(@) I el
1 a(r) Zg—z) . —ngféa;)(pjx)
B(z) = By(z)A(z) + I = - 3=0
0 - E
1172, a(p’) 1%, a(p’)

o (7’
)



is also compatible and can be used to determine

o(r) = po(z) = - o (22)

a solution of (Lj).
Summarizing, we proved

Theorem 24. A necessary and sufficient condition for the existence of non-trivial so-
lutions of (Ly) is given by (1), and the general solution of (Ly) can be determined by
(22), where y(x) is an arbitrary series in C [x].

This way we also gave a second proof for Theorem 12. We only have to replace ()
by v(x)/a(x) and multiply ¢(x) by jo in order to get I'(x) from Theorem 12. An even
stronger result will be proved in Theorem 31.

Turning our attention to (L), we assume that (1) is satisfied. If we replace in (L)

the variable z by px, p*xz, ..., p°tx, we obtain a system of j, inhomogeneous linear
equations
Po(z) b(x)
A(z) : = : =:b(z)
Pjo—1(2) b(p™x)

with A(x) introduced at the beginning of Section 5. A necessary and sufficient condition
for the existence of solutions (¢o(z),...,pj,—1(x)) is that the rank of A(x) and the
rank of the enlarged matrix (A(x),b(z)) coincide. The matrix P~(x)A(x) is an upper
triangular matrix, where the last row consists of zeroes only. Since

b(x)
b(pz)
P (x)b(x) = : ,
Ll
S0 e

we derive again that (7) is a necessary and sufficient condition for the existence of
solutions of (L).

6 Representation of the solutions by means of de-
terminants

The methods applied in this part lead to a representation of the general solutions of (Lj,)
and (L) in terms of some determinants. Also the necessary and sufficient conditions for
the existence of non-zero solutions of (Lj;) or the existence of a solution of (L) can
be formulated by means of determinants. We will compare these conditions with the
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form we found before. (Cf. Section 2 and Section 5.) Moreover, in Theorem 31 we
present a generalization of Theorem 12 and Theorem 24. Finally, in Remark 32 another
characterization of those b(z) € C [z] is given, for which (L) has a solution.

For 0 < k < jo put

(CLD® = {7(%‘) eCl] @)= ) %x”},

n=k mod jo
then clearly (C[2])® is a subspace of the C-vector space C [z], and

Jo—1

C[z] = P(C )™

k=0

is a direct decomposition of C [z]. Hence each series y(z) € C[x] can uniquely be

decomposed into
Jo—1

) =Y W),  W(z) e (ClzhP.

The series () belongs to (C[2])* if and only if y(px) = pFy(x). Furthermore, if

y(x) € (Clz])®, then y(p'x) = p*v(x).
Obviously the following lemma holds.

Lemma 25. 1. If f(z) € (C[z])® and g(x) € (C[z])V, then (fg)(x) € (C [«])*)
for k =1+ jmod jo and k € {0,...,jo — 1}.

2. If f(x) € (C[z])®, g(z) € (Clz])V) and (fg)(x) is a series of order 0, then
i=j=0.

Using this notation (Lj) is equivalent to
Jo—1 Jo—1 Jo—1
3 et - (Lot ) (Z o).
k=0 k=0 k=0
since o) (px) = pFp*) (x). This yields the system of linear equations

O@pO@)  + @ D@)eO@) +ot D@ @) = O)
@eO@) +  a@eV@) 4ot @) = p)

a/(j()_]-)(x)go(o) (x) + a(jO_Q) (x)w“)(aj) _|_ . + a(o) (x)SO(JO_]-)<I'> — ij_lgp(]’O_l) (x)

for the unknown functions ¢®(z) € (C[z])*®. It can be written as a homogeneous
system of linear equations

A(x) : =0 (23)



with coefficient matrix

a®(z) — ab V() ... aM(x)
at) a(x)—p ... a®(x
A <> D0 @ o
a(Jo—l)(l-) av=2(z) ... a9(z) - po!

It is convenient to write A(x) also in the form A(x) = (ayj)o<i j<j,, Where
Qg = a®(z) — p'8ij, k=1— j mod jy

and ¢;; is the Kronecker ¢-function. Then a necessary condition for the existence of
non-trivial solutions of (L) is det A(z) = 0.

Proposition 26. If (L) has non-trivial solutions, then the rank of the matriz A(x) is
equal to jo — 1.

Proof. Since det A(z) = 0, the rank of A(z) is smaller than j,. Moreover, we
know that the coefficient a, satisfies ago = 1, thus there exists exactly one integer
ko € {0,...,j0 — 1} such that ag = p*. Deleting the (ko + 1)-th row and (ko + 1)-th
column of A(x) we get the matrix A’(x), given by

a(o) (l‘) — ]_ a/(jO_l)(x) . a(jO_kO'i‘l) (x) a(]O ko— ]-) (ZU) . a/(l)(a:')
aV(z)  aOz)—p ... alo=kot2)(y) qlio—ko) (x . a®(x)
a(kofl) (x) a(kO 2) (aj) . a(o) (.’L‘) _ pk‘Ofl a(j072) (m) a[(kO‘) (m)
akot1) () (x . a®(x) a®(z) — prott . gkot2)(g)
CL(jof'l)(x) a(jon)(x) 6L(jofl'so)(jc) a(jO*ko'*Q) () ... a9(2) _ plo—1

Then
Jo—1
det A'(z) = Z sgn H Qi (3)
WESJ'O K
(ko)=ko #ko
where S}, is the group of all permutations of {0,1,...,jo — 1}, which is isomorphic to

the symmetric group of degree jo. According to Lemma 25 each summand of det A'(x)
belongs to (C [z])® for
Jo—1
k="~ 7)) = 0 mod jo,

=0
J#ko

and the only summand which could be of order 0 is the summand for 7 = id. This
summand indeed yields the non-zero constant term

(ag—1) ... (ag — p*= ) - (ag — p**™) - ...~ (ag — p7).
Hence, det A’(x) # 0 and A’(z) is of rank jo — 1. Since A’(z) is a submatrix of A(x), the
rank of A(x) is at least jo — 1, actually it is jo — 1. O
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Solving (23) is equivalent to solving the inhomogeneous system of linear equations

QO(O) (I) _a(jO_kO) (x)gp(ko)(x)
(ho—1) o= () ko)
R I €O > (x)pt™) (z)
A(z) kot (z) | = —a®(z)p*o) (z) : (25)
gp(]o_l) (x) _a/(JO_kO_l)(x>(p(k0)<x>
For each choice of ¢*)(x) in C [x] there exists exactly one solution ((p, . .., Crg—1, Cro+1,

,Gjo—1) of (25). In general these (; are Laurent series.

Lemma 27. If p*0)(x) € (C [z])*), then each ( is a formal power series belonging to
(Clz])™® for k€ {0,... ko — 1,k +1,..., 50— 1}.

Proof. Applying Cramer’s rule (; can be computed as

det Ay ()

b et A () (26)

where Aj () is constructed from A'(z) by replacing one column of A’(x) by the right
hand side of (25) in an obvious way. We already know from the proof of Proposition 26
that orddet A’(z) = 0, whence 1/det A'(x) is a formal power series, and det A'(z) €
(C[z])©®, thus also 1/det A'(z) € (C[z])®). This implies that all ¢, € C[z]. The

components oz[ ] ofAEk]( x) fori,j €{0,....,ko—1,ko+1,...,j0— 1} are

Qigs if j £k
O‘y;] —ali=h) () ko) (1), if j =k and i > ko
—alt o=kl () ) (z), if j =k and i < ko,
hence
jo—1
k
e dye)= 3 s [ ol
TEeS; T
w(kf))]:ko i#kg

In each summand there is exactly one term, actually the term O‘Eﬂl(k)ka which does not
belong to A’ ( ). Since this term belongs to (C[z])™ ' ®) it follows from Lemma 25

that Hi;koo a, } ) belongs to (C [2])® for
Jo—1 Jo—1

= Y (i—a@)+a (k) =) (i—m7(i) = (7 "(k) — k) + 7" (k) = k mod jo.
i#kg, iijéerfl(k) i;:k%

Consequently det A, (z) € (Clz ™ and finally ¢, € (C [z])*® which implies that ¢}, is
€ C|[z]. O
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Summarizing, we obtain a representation of the general solution of (Lj) by means of
determinants.

Theorem 28. The homogeneous linear functional equation (Ly) has a non-trivial so-
lution if and only if det A(xz) = 0, where A(z) is given in (24). In this case, the rank
of A(z) equals jo — 1, and ag = p* for some ko € {0,...,50 — 1}. The matriz A'(x)
constructed from A(zx) by deleting the ko-th row and column is of full rank. For arbi-
trary o*0)(x) € (C[z])*0) the unique solution of (25) given by (26) yields a solution

p(z) =300 0 O(x) of (Ly).

Proof. If (L) has a non-trivial solution everything was shown in Proposition 26
and Lemma 27. If det A(z) = 0, then there exists a ky € {0,...,jo — 1} such that
ap = p*. Assume in contrary that ag # p* for k € Z, then similarly as in the proof of
Proposition 26 we get that

Jo—1
det A(x) = Z sgn H Qir (i)
ﬂESjO =0

belongs to (C[z])® and the only summand which could be of order 0 is the summand
for 7 = id. This summand however yields the non-zero constant term

Jo—1

H (ap — p")

k=0
in contradiction to det A(x) = 0. Hence, also in this situation Proposition 26 and
Lemma 27 can be applied and the proof is finished. |

We now want to compare the necessary and sufficient condition (1) for the existence of
a non-trivial solution of (L;) with the necessary and sufficient condition det A(z) = 0
of Theorem 28. Using the decomposition a(z) = 327" a® (z) with a® (z) € (C [2])™®,
we get from (1) the identity

Jo—1 Jo—1jo—1
0= H alple) — 1= H Z p*a® (z) =
=0 (=0 k=0
Jo—1

@@ @)+ P(aV(z),...,a" V() (2)]" - 1,

where each P, is a polynomial over Q(p). We know from Proposition 16 that for given
a®(z) € (C[z])™ for k =1,...,5 — 1 the equation

Jo—1

@O @)+ Po(aW(x),...,a% D (@)[a” ()] - 1=0 (27)
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has a unique solution a(”(z) € (C[2])©® with a®(z) = 1 mod z.
For each solution a(x) of (1) with a(x) = 1 mod = and each p™ for 0 < m < jj, also
p"a(x) is a solution of (1) with p™a(x) = p™ mod z, with the decomposition

jo—1

— Z pmd(k)
k=0

For given a™(x),...,a% =V (z) we define for k =1,...,jo — 1
a®m(g) = p~ma® ().
Then, by our remark above, the equation

Jo—1

X0 43" P @™ (z), ... @M (@)X —1=0

has a unique solution @®™(z) € (C[z])® with a®™(z) = 1 mod x. Hence

Jo—1 Jo—1
— (Z a(k%m(x)) = EOm(@) + 3 o ()
k=0 k=1
is a solution of (1) with a,,,(z) = p™ mod =z, and p™a®)™(x) satisfies (27). Also, oy, (z) #
an(x) for n # m, 0 < n,m < jy. So we constructed jy different solutions of (27) in
(C[=D)®.

Let us develop the expression det A(x) according to powers of a(?)(z) with coefficients
which are polynomials over Q(p) in aV)(z),...,a% Y (x). This way we get a monic
polynomial of degree jy. It has the jq different zeros a,, for 0 < m < jy, because for
a(x) = a,(z) the equation (L) has non-trivial solutions. Hence we get

Theorem 29. Let a(z) € C[z] denote a series of order 0 and a(z) = Y17 a® (z)
with a® (z) € (C[x])®). If A(z) is given by (24), then

Jo—1 Jo—1jo—1
det A(x) = alptz) —1 = HZpgka
=0 (=0 k=0

which is an identity in C [z].

Now we come back to the inhomogeneous linear functional equation (L), and we
assume that (L) has non-trivial solutions, i.e. det A(z) = 0, where A(z) is given by
(24). If we also decompose b(z) in the form 37°° " b®*)(z) with b®(z) € (C [2])*, then
(L) has a solution if and only if the inhomogeneous system of linear equations

() bO(z)
A(z) : = : =: b(z) (28)
¢(jo—1)(x) b(jo—l)@;)
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has a solution with ¢*)(z) € (C [[:1:]]) ) for k = 0,...,jo — 1. This system has a solution
without any extra condition on o® (x) if and only if the rank of A(z) coincides with
the rank of the enlarged matrix (A(x), b(x)). If A¢)(z) denotes the matrix derived from
A(x) by deleting the (k 4 1)-th column, then (28) has a solution without any extra
condition on ¢ (z) if and only if det(Ay)(z),b(z)) =0 for k=0,...,jo — 1.

Theorem 30. Assume that det A(x) = 0 and that a(z) = p™ mod z for some ko €
{0,..., jo—1}. Then (L) has a solution if and only if det(Aw,(x), b(z)) = 0.

Proof. 1If (L) has a solution, then the assertion is obvious. Now we assume that
det(Agy) (), b(x)) = 0, which implies that b(z) is linearly dependent on the column
vectors of Ay (x). From the proof of Proposition 26 we already know that A, is a
matrix of rank jo — 1 and that all the column vectors of A(x) are linear combinations of
the column vectors of A, (x). Hence the rank of (A(x), b(z)) equals the rank of A(z),
which is jo — 1. Consequently (28) has a solution. Also from the proof of Proposition 26
we know that the (ko4 1)-th row of A(x), thus also of (A(z), b(z)), is linearly dependent
on the other rows, so that it can be omitted. Finally (28) can be rewritten in the form

QO(O)(CE) b(o)(x) _a(]O_k0)<l~)gp(kO)(aj)
(ho—1) (ko—1) o= () (ko)
, @ (x) | _ | 0" (=) aVo= I (z)p'™) (z)
A (x) 90(k0+1)(1‘) - b(k°+1)(x) + —a(l)(a:)go(ko)(x) ) (29)
£ (1) plio—1) () —qlio=ko=1) () (ko) ()

where ¢(¥0)(z) can be chosen arbitrarily in (C [z])*°) and A’(z) is defined in the proof of
Proposition 26. Again we apply Cramer’s rule in order to solve this system of equations.
Similar to the proof of Lemma 27 we derive that the components ¢®) () of the unique
solution of (29) belong to (C [z])® for k € {0,...,kg — 1,kg+1,...,50 — 1}, since the
components b*) (x) —a*=k0) (1) ok0) (1) of the right hand side of (29) belong to (C [z])®).

O

From the representation of the general solution of (Lj) under the assumption (1)
given in Theorem 12 or Theorem 24, it is easy to obtain still another form, which is very
close to (2) or (2'), but not identical. Let us restrict to the case that a(x) = 1+ayz+.. .,
and consider the decomposition

Jo—1

~ Y40
=0

with v (z) € (C[z])®. Then we easily find that

o) — 1 7( Jo—1jo—1 ’Y :J'O*l (jol /)M ) 0 —
0= E i~ 2 2 Mo~ 25\ Tseto) ™

Y
(Pz) == ] =0 @ (=0 \ k=0
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o1 1 o, jo—1 [fjo—1 P o
(%H (PJ$)>7 | )+é (k::o H?Oa(pjx)>7 @

1
It follows from Theorem 12 that for each v (z) € (C [«])©®

(Z_m 2O (2) (30)

k=0
is a solution of (L;). We claim

Theorem 31. If (1) holds, then the general solution of (Ly) is given by (30) with
7O (z) € (Cl2]) @,

Proof. By Theorem 5 we know that to each v (z) € (C [2])® there exists a series
> im0 P1j,x7° such that

(Z_ m> 7O (z) = [Z_ I:Ia (p'x ] ]OZ%]O ) (31)

Hence, it is easily seen that

(Z W) ( Ha(pgw)> € (Cl]®, (32)
r=o Llj=o@l#’ n=0 £=0

and that its reciprocal also belongs to (C [z])®. If now > 50 Pijo 0 s given, which

determines by (2') the general solution of (L), we determine v (x) from (31), and
consequently (30) can be any solution of (Lj). O

Similar representations like (30) hold in each case a(z) = p* + ayz + ..., and again
(cf. Theorem 9), if the coefficients ay,...,a;,—1 of a(x) are algebraically independent
over QQ, then we get simultaneously jo representations for the general solution of (L) in

the form
(jo_l P ) ()
— | 7(x)
;H?oa(w)

Jjo—1 1 Jjo—1n—1 ,
(?% e, a<pfx>) ( [etv ”)

by ®(z), then it follows from (32) that ®(pz) = ®(x). This together with (3) implies
that

for {=0,...,750— 1.
If we denote

Jjo—1 1 jo—1 1
—— =a(x) 4
kzzo [T} a(pipz) kzzo [T, alpiz)



Moreover, it is easy to prove that

[y

o—1ljo—1 ¢
O (z 0+ Ha (p").

k=0 (=1 j=1

.

In Proposition 20 we already characterized those b(z) € C [z] for which (L) has a
solution. Using the decomposition of C [x] into subspaces (C [z])*), the following gives
another method for solving the functional equation (7), i.e. of characterizing those series
b(x), for which (L) has a solution.

Remark 32. Assume that a(z) is a solution of (1) with a(z) = 1 mod x. Now we
decompose C [z] in the form

Clel = (CL)® & (@«c M)(k)> .

k=1

By & = &, we denote the C-linear mapping

V(@) = (y)(x) = y(pr) — alz)y(z)

from C [z] to C [z], associated with (Lj). Clearly ¢(z) € Ker @ if and only if p(z) is a
solution of (L). From Theorem 5 we know that

Ker ® = j [ZH px] C [«])©.

n=0 ¢=0

g

=jo[Ao(z)] ! =:A(x)

Since, under our hypotheses, the C-linear mapping 7: C [z] — C [z]

(@) = 7(7) (@) = Alz)y(2)

is a vector space automorphism of C [z], we get the decomposition

C[z] = A(x)(C [2])® @ A() (@(c [[x]])<k>) = Ker® @ A(x) (@(@ M)“f)) . (33)

k=1 k=1

From this we see immediately that b(z) € Im(®) if and only if (L) (written with a(x)
and b(z)) has a solution in C[z]. Hence, in order to characterize the solutions b(x) of
(7), we describe Im(®). According to (33), each v(z) € C[z] has a unique decompo-

sition y(z) = Yo(z) + 71 (z) with vo(z) € Ker(®) and v (z) € A(z) (@m 1( & ]])(k)).

Hepce P(y)(x) = P(n)(x). With yi(z) = A(z)y(z) for ¥(z) = 37, 40 mea jo Yn2" €
10~ HC [2])™ we calculate by using (3) (which means that A(px) = a(z)A(x))

() (x) = ®(11)(x) = n(px) — alzx)n(z) = Alpr)(pr) — alz)Alz)d(r) =
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al@) Alz) (b(px) — (@) = a(2)Ax) S (0" = Db

n#0 mod jo

By similar calculations and considerations as before and by using the facts that the
product a(x)A(x) = 1 mod z and p™ — 1 # 0 for n # 0 mod j, we see that

b(z) =@ Z Y™ + Z n((ar)r>1, U | m < ny, m # 0 mod jo)z",
n;;o"riid i n=0'mod Jo

i.e. (12) holds.

7 Analytic solutions

We are now looking for the solutions of (L), (L), (1), and (7) which are holomorphic
in a neighborhood of z = 0. In this part we always assume that a(x) = 1 mod z.

Remark 33. Assume that a(z) and b(x) are holomorphic in a neighborhood of x = 0.
If a(z) = 1 mod z, then from (2') or (8) we derive that a solution p(x) of (L) or
(L), respectively, is convergent in a neighborhood of x = 0 if and only if the projection
> im0 Prio® 0 to (C[z])@ is holomorphic.

Corresponding results can be obtained for projections into (C [z])*®) from (2,¢,) and
for a(z) = p* mod x from (2, 4y, ko).

More interesting are the solutions of the other two equations: Let us start with the
“cyclic” equation (1) which describes the case when (L) has a non-zero solution.

Proposition 34. 1. A solution a(x) of (1) is holomorphic at x = 0 if and only if in
the representation (9) of a(x) the series Y, .o nod j, Yo" 18 convergent for |z| <r,
with some r > 0.

2. A solution a(x ) of (1) is holomorphic at x = 0 if and only if in the decomposition
a(z) = S a® (x) with a® () € (Cx])® the series aV(z), ..., a% =D (z) are
convergent.

Proof. 1. is immediately clear.

2. If a(z) is convergent for |x| < r, then it is absolutely convergent for |z| < r,
and so are the partial series a® (). Assume conversely that for |#| < r the series
aM(x),...,a% "V (z) are convergent, i.e. holomorphic functions at x = 0. Then all
possible a @™ (), 0 < m < jo, for which a(z) = a®™(z) + 307" a® () are (formal)
solutions of (1), have the form

aO" (z) = p" <1 + > RM(a|k<n, k#0mod J’o)x")

n=0 mod jo
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for 0 < m < 5y, with polynomials R, They are exactly the solutions of

Jo—1

X+ 3" P(aW(x),...,a% V(@)X - 1=0 (34)

derived from (27). From the latter it follows by the theorem of Puiseux (cf. [12] pages
50 — 55, or [8] pages 98 — 104) that the series a(®)™(z) are all convergent, since the co-
efficients P.(a™(z),...,a%~Y(z)) are convergent power series. Another way of proving
this, is to observe that

Jo—1

X? 43" P0,...,00X"—1=0

(derived from (34) by setting a(z) = ... = a0~V (x) = 0) has exactly jo different
solutions 1, p, ..., p?°~1. Therefore, by the implicit function theorem, there exist exactly
jo different at 2 = 0 holomorphic solutions w™(z) of (34) such that w!™(0) = p™ for
0 < m < jo. These solutions have Taylor expansions

w™(z) = p™ + Z wm™gn
n>1

which, considered as formal series, are also jp distinct solutions of (34) and hence of
(1) in the field of formal Laurent series. Hence they must coincide with the solutions
constructed before, i.e.

a O™ (z) = w™(z) € C[z].
Consequently, each a(®"™(z) is convergent, and so each a(z) of the form
Jo—1

x) + Z a® (z
k=1

for 0 < m < jg is convergent. O

Now we turn to (7) characterizing the existence of solutions of (L). We assume here
that a(x) = 1 mod z is a solution of (1) holomorphic at x = 0.

Theorem 35. Under the previous assumptions the solution b(x) of (7) is convergent if
and only if b (x), ..., b0~V (z) are convergent power series.

Proof. Replacing b(z) in (7) by its decomposition Y 77" 6*) (z) we get

B kop@kb @) RS Y o
S s = (S

(=0 =0 a(p'x) k=0 \¢=0 1llj=0
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jo—1 1 jo—1 /jo—1 ka
L ) o P ) gy,
(Z ., <pfx>> a2 (Z ., W) o

Since the coefficient ag = 1, the reciprocal of a(p’z) exists for j =0,...,jo— 1 in C[z].
These series 1/a(p’x) are convergent in a neighborhood of z = 0, hence also

Jo—1 1
afr) = % —Hﬁzo )

is a convergent series. Moreover, the reciprocal of a(x) belongs to C [z], since a(x)
Jo mod x, and it is also a convergent power series.

o i

Remark 36. Another proof of Theorem 35 can be derived from Theorem 30. Here we
assume more generally that a(x) is holomorphic at x = 0 and a(x) = p* mod z for some
ko € {0,...,jo — 1}, and we prove that a solution b(x) of (7) is convergent if and only
if 8™ () is convergent for all k # ko. Expanding det(A ) (z), b(z)) = 0 with respect to
the last column, we derive that

Jo—1
+ | det A'(z )+ Z Pe(a©(z),...,a%"V(z), p)p® () | =0,
k;élco
where P, are polynomials in a(® (), ..., a1 (x) and p. Hence
Jo—1
b0 (z) = —[det A'(z Z Py(a ., a% D (z), p)p® (z)
k#ko

is convergent, since the reciprocal of det A’(x) is a convergent power series.

8 The general linear functional equation (Lp)

Let S(x) = x + s32? + ... be a formal power series as in Theorem 1 such that p(x) =
S~1(pS(x)). The proof of the next lemma is straight forward, hence it is omitted.

Lemma 37. For all k € N the equality

S7Hp*S(x)) = p*(x)
holds.

All formal power series v(z) belonging to (C [z])* for some k € 7Z satisfy v(pz) =
p*y(x). In the general situation of substituting p(z) instead of px we derive
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Lemma 38. Let v(x) € Clz]. If k denotes an integer such that 0 < k < jy, then
v(p(2)) = p*y(2) if and only if

(@) =D A [S (@), (35)

>0
where 7, are the coefficients of the series 7 := vy o S™1.

Proof. From v(p(x)) = p*y(x) it follows that v(S~!(pS(x)) = p*y(x). When putting
y = S(x) and ¥ = 70871 we get Y(py) = p*¥(y), which is equivalent to F(y) =
>0 Thrtioy" 0. Hence, (v 0 S71)(S(x)) = 22,50 Fhatjo[S ()]0 which is the same as
(35). O

The necessary and sufficient condition for the existence of non-trivial solutions of the
homogeneous linear functional equation and its general solution are described in

Theorem 39. The homogeneous linear functional equation

p(p(x)) = a(z)p(z) (Lpn)

[T at'(@) =1 (36)

If ag = p* and if (36) is satisfied, then the general solution @(z) of (Lpy) is given by

-1

a(p(z))| (), (37)

jo—1 n—
pla)= | pm

n=0

where y(z) is an arbitrary solution of v(p(x)) = p*~(z), hence of the form (35).
Proof. From Theorem 1 it follows that (Lpy) has non-trivial solutions if and only if

G(py) = aly)p(y)

has non-trivial solutions, where ¢ = ¢ o S™! and y = S(x). According to (1) the
necessary and sufficient condition for the existence of non-trivial solutions ¢(y) is given
by

Jo—1
[Tak'y) =1
£=0
which is the same as
jo—1
[[(aos™H('S(x) =1,
=0
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whence

The general solution of the transformed homogeneous linear functional equation where
o = p*o (which is equivalent to ag = p*°) is given by Theorem 10 as

jo—1 n—1 -1
By) = [Z T &(pey)] Jo Y Brio-rhoy .
n=0 =0 >0
Replacing y by S(z), @ by ¢ 0 S~ and @ by a o S™! we get (37). O

Applying similar methods as in the last proof, it is possible to show that the next
theorem holds.

Theorem 40. Assume that (Lpy) has non-trivial solutions. The inhomogeneous linear
functional equation (Lp) has solutions if and only if

b)) 28
2 e ) .

If ag = p* and if (36) and (38) are satisfied, then the general solution () of (Lp) is
given by

o) =[S o ﬁa@f(x))] (fy(:c) Yo et @)y “p—“))
n=1 =0 k=0 Hj:()a(p] (l‘))( )
39
where y(x) is an arbitrary solution of y(p(z)) = p*o~y(z), hence of the form (35).
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