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Formal functional equations for iteration groups of type | see H.F. and
. L. Reich: The formal translation equation and formal cocycle equations

| for iteration groups of type I, Aequationes Math., 76: 54-91, 2008.

| The study of iteration groups of type Il is much more complicate and

Interesting than the study of iteration groups of type I.
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The translation equation

Translation equation

F(s+t,x)=F(s,F(t,x)),

s,t € C,
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The translation equation

Translation equation

solutions:

F(s+t,x)=F(s,F(t,x)), s,te€C,

F(s,x) = Z cy(s)x" where ¢,:C — C, n>1,

n>1
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The translation equation

| Translation equation
|

F(s+t,x)=F(s,F(t,x)), s,t € C,
|

 solutions: F(s,x) = Z cy(s)x" where ¢,:C — C, n>1,

n>1

| F(s,x) € C[[x], the ring of formal power series over C.
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The translation equation

Translation equation
F(s+t,x)=F(s,F(t,x)), s,t € C,

solutions:  F(s,x) = Z cy(s)x" where ¢,:C — C, n>1,
n>1

F(s,x) € C|x], the ring of formal power series over C.
(T) implies ci(s+1) = c1(s)c1(t), s,t € C.

If ¢; # 1, then F(s,x) is of type I.

If F'(s,x) # x and if c; = 1, then F(s,x) is of type II.

Tk > 2: F(s,x) = x+ cp(s)x* + Z Cn($)x"

n>k

cx is additive, ¢, (s) = P,(ck(s)), P.(y) € C[y].
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The formal translation equation

If a is a nontrivial additive function, then
a takes infinitely many values and
P(x1,x;) € Clxy,x2], P(a(s),a(t)) =0forall s, € C = P =0.
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The formal translation equation

| If a is a nontrivial additive function, then
a takes infinitely many values and

P(x1,x;) € Clxy,x2], P(a(s),a(t)) =0forall s, € C = P =0.
|

Formal translation equation in (Cly, z])[x]:
|

| G(y—l—z,x) — G(ya G(Z,X)) (Tformal)

| G(y,x) = x4+ yx* + ZPn(y)x”, P,(y) eCl|, n>k>2,

n>k

G(0,x) = x. (B)
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The formal translation equation

If a is a nontrivial additive function, then
a takes infinitely many values and
P(x1,x;) € Clxy,x2], P(a(s),a(t)) =0forall s, € C = P =0.

Formal translation equation in (Cly, z])[x]:
G(y—I_va) — G(ya G(Z,X)) (Tformal)

G(y,x) = x4+ yx* + ZPn(y)x”, P,(y) eCl|, n>k>2,

n>k

G(0,x) = x. (B)

Theorem. F(s,x) = x+ ci(s)x* + ¥~ P.(ck(s))x" is a solution of (T) if
and only if G(y,x) = x+yx*+ ¥, . P,(y)x" is a solution of (Ty.ma1) and

- (B).
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Differentiation in (C|y|)[x]

In C|y| we have the formal derivation with respect to y.
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Differentiation in (C|y|) x|

In Cly| we have the formal derivation with respect to y.

In (Cly])[x]] we have the formal derivation with respect to x.
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Differentiation in (C|y|) x|

In Cly| we have the formal derivation with respect to y.
In (Cly])[x]] we have the formal derivation with respect to x.

Moreover the mixed chain rule is valid for formal derivations.
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Differentiation in (C|y|) x|

In Cly| we have the formal derivation with respect to y.

In (Cly])[x]] we have the formal derivation with respect to x.

Moreover the mixed chain rule is valid for formal derivations.
|

| Differentiation is now a purely algebraic process!
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Differentiation in (C|y|) x|

In Cly| we have the formal derivation with respect to y.

In (Cly])[x]] we have the formal derivation with respect to x.
Moreover the mixed chain rule is valid for formal derivations.
Differentiation is now a purely algebraic process!

We are looking for relations between the solutions G(y,x) of (Ttorma1) and
the infinitesimal generator H(x) of G

0
a—G(y,x) =0 = X+ Z h,x" = H(x).
Y n>k

Here h; := 1. Notice that in the situation of an analytic iteration group the
coefficient of x* in H(x) may be different from 1.
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Three equations derived from (T'y;41)

For y = 0 we get

0
EG

(£,%) |e=y+2 = B_yG(y’ G(z,x)).

0
a—ZG

| Differentiation of (Toma1) With respect to y yields

0

(z,x) = H(G(z,x)).

(Dformal)
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Three equations derived from (T'y;41)

0

g G(f,X) ‘t:y—kz — a_yG<y7 G(Z,X)) y

For y = 0 we get

| Differentiation of (Toma1) With respect to y yields

0

0

o G(Z,X) — H(G(Z,X)).

0z

Differentiation with respect to z together with the mixed chain rule

0

dy

Gly.x) = H(x) ~-Gy.x).

(Dformal)

(PDformal)
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Three equations derived from (T'y;41)

Differentiation of (T,.ma1) With respect to y yields

o o
g G(f,.X) ‘t:y—i—z — a_yG<y7 G(Z,X)) '

For y = 0 we get

o
5, Gl&,x) = H(G(z,x)). (Dsormal)
Differentiation with respect to z together with the mixed chain rule
0 G(y,x) = H(x) o G(3,x) (PDiy)
BN X) = X)S— X). orma
ay Vs ax Vs f 1

Aczél-Jabotinsky differential equation

H(X)% G(y, X) = H(G(y, X)) (AJformal)
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The differential equation (PDy,,,,1) and (B)

1. For any generator H(x) = x* + Y, h,x" the differential equation
(PDsormar) together with (B) has exactly one solution. It is given by

G(y,x) =x+yx'+ Y P,(y)x" € (Cp])[].

n>k
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2. The polynomials P,, n > k, have a formal degree |(n—1)/(k—1)| and

they are of the form

Pn(y) — hzk_1y+§y2 ifn=2k—1
Yy + 2 i1y + Py, i1, - i) i > 2k,

where ®,, are polynomials in y and in the coefficients hg.q,...,H, .
They satisfy @, (0, g 1,...,h, ;) =0.

The polynomial @, is of the form

P —v ifk=2
CI)2"@):{04@) ’ k> 2

For n > 2k a formal degree of ®, as a polynomial in y is

[(n=1)/(k=1)].
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3. Each solution G(y,x) of (PDsymar) and (B) is a solution of (Tomar)-

We prove that

U(y,z,x) := G(y+2z,x)
V(y,z,x) := G(z,G(y,x))

satisfy the system

0 d
a—yf(%m) = H(X)gcf(y,z,X)

£(0,z,x) = G(z,x),

and we further prove that this system has a unique solution in
(Cly,z])[[x]. This shows that G satisfies (T ormal)-
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The differential equation (Ds,,.1.1) and (B)

The same result for (Dsomar) and (B).
Computations are more involved since we have to determine H(G(y,x)).

Lemma. v € N, then

G =2 +VRE 4 Y (VA (@) + 0@ ) ¥

n>v-+k—1
for
\% n—vy .
0)(2) = ( v ) P2
n (jl,jk,---,jngéNgv ko \J1Jk---Jn—v g i
Y. ji=V

Y.ij;=n
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The Aczél-Jabotinsky equation (AJsm.) and (B)

More solutions for (AJma1) and (B).

Theorem. For any polynomial P,(y) € C|y| with P,(0) = 0 the differential
equation (AJs,ma1) together with (B) has exactly one solution of the form

G(y,x) =x+P(y)x* + Y P.(y)x" € (Cly])[]-

n>k

The polynomials P,(y) for n > k depend on P,(y) as described above.

For P,(y) = y we obtain the same solutions as of (PDsqa1) (0F (Dformal))
and (B).

Computations are even more involved.
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Reordering the summands

Solution of (Tgommal): G(y,x) = x+yx* + Y P,(y)x" € (C[y])[x]

n>k
.
PO =Y Pa €CDL di= 5], nzk,
L« b » -
K

d 8
o = @ [y
e s » )
= @ ) I
© @
Q o
S o N
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Reordering the summands

| Solution of (Tiormal): G(,x) = x + yx* + Y P.(y)x" € (C[y])[]

n>k

= ; n—1
| Pn(y):ZPn,]y EC[)/], dn:L

], n>k,

k—1

j=1
|

G(y,x) = ) 0u(x)y" € (C[x]) V]

| n>0

o | 0 (x) = ZPr,nxr

r>k
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Reordering the summands

| Solution of (Tiormal): G(,x) = x + yx* + Y P.(y)x" € (C[y])[]

n—1
Il >
k—1

| Pn(y):ZnPn,jijC[y]a dn:L

j=1
|

=Y 0u(x)y" € (C[]) ]

| n>0

0| (l)n(x) — ZPr,nxr — Z Prnxr, n>1.

r>k r>n(k—1)+1
| (0n(x))>0 and (0,(x)y"),>0 are summable families.

| This allows us to rewrite (PDyom01) @and (B) as

| Y n0,(0y" " = H(x) ¥ 0)(x)y" (1

n>1 n>0
|

Po(x) = x (2)


http://www.uni-graz.at
http://www.uni-graz.at/~fripert/

(1) is satisfied if and only if

(l)n—l—l(x) —
holds true for all n > 0.
()1()6) — H()C),
0r(x) = H(x)H'(x)/2,
03(x) = H(x)(H(x)H'(x))'/6

| Theorem.
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(1) is satisfied if and only if

(l)n—l—l(x) —

holds true for all n > 0.

S
N
o
N——"
|
X
=
=
Vol
o
N——"
\
o

b3(x) = H(x) (H(x)H'(x)) /6 = (H(x)H'(x)*+H(x)?H"(x)) /6. (3)

f

Theorem. For any generator H(x) =Y~ h.X", k > 2, hy # 0, the system
((1),(2)) has a unique solution. The order of ¢,,(x) is equal to
nk—1)+1and ¢,(0) =0 foralln > 0.
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Some results

1. The coefficients P,», r > 2k — 1, of ¢,(x) are of the form

k
Por_12= ih]%
2k +1
Py = hichiy1

.
Hz_l (hth—l k"‘ZV k+1h hr—l—l V)
r—1)/2
§ % (h hr+1 k—|_2v =k+1 h hr+1—v+ 1h%r+1)/2

/"

Pr,2_

ifr =0 (2)
) ifr=1(2)
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2. Two coefficients of ¢, 1(x):

hn—l—l n

I%n+lﬂk—1}+hn+l

and

hnhk+1

(et 1)1 1]

n+1 n+l1

Poi1)k—1) 12001 =

2 1T (G-

r=1s=r+1

(](k—l)—l—l),

J(k—=1)+2) ]

r

~.

n>0,

]((k—1y+n

I
p—
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2. Two coefficients of ¢, 1(x):

hn—l—l n .
P(n+1)(k—1)+1,n+1 ( n 1)' (](k— 1) + 1)7 n=0,
]:

and
hnhk+1 n+1 n+l1 r—1
Pl 1) (1) 42041 = 2 I (=DE=D+2) [T(i(k=1)+1)
r=1s=r+1 j=1

. Forn > 1 we have ¢,(x) =

1
~ ¥ Z Hhvs(r+s—ZVt) .

“r>n(k—1)+1 \ (vi,..., V1)

InYy,. v, ) we are taking the sum over all (n— 1)-tuples (vi,...,V,—1)
of integers, such that k < v, <r— (n—s)k+(n—1) =Y v,
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4. A generalization of (3):

(l)n(x):%ZGZI:K(i)’QIi)[H(])(X)r, n>1,

n—1 n—1
In{(ij)j>0 €L, i;>0,ip>1, ) ij=n, Zjijnl},

j=0 j=1
K(1,0,0,...):=1, K(v):= Z K(u,v)K(u), vel, n>1,
ucl, 1
- if | i
Rluy) = § 0 1{=1)isappled
us_1 if (<2) is applied,

u < v if either (<1) or (<3), where
uy=vo, Uy =vi— 1, u;=v;for j>1 (<1)

up=vo—1,3Is>1:us_1=vs_1+1, uy=vi—1, u;j=v;, j¢{0,s—1,s}
(<2)
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5. Solution as a Lie—Grobner-series:

where

G(y,x):

1

Y —D"(x)y",

nZOn!
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Normal forms

Iy == {f(x) € C[lA] | f(x) = x mod x°}

Theorem. For each G(y,x) with generator H(x) =Y ,,~; h,X", there exist
some S(x) € I'; and exactly one h € C, so that

is the generator of S~1(G(y,S(x))).
We say S~ (G(y,S(x))) is in normal form.

We try to study the dependence of iteration groups of type Il on the
parameter h.

We assume that % is an indeterminate and we write

G(y,x) =Y G.(y,x)h" € (Clx,y])[A]

r=>0
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Normal forms and (PDy,.,,1) and (B)

Consider H(x) = x* 4+ hx**~!, then

G(y,x) =) G.(y,x)h"

r=>0
where
=111 ,[n+r]
H?jlr [l] X n
G,(y,x) = - y', r>0,
00=L o L [LG] w
1<j;
JsZJjg_112, s>2
jrSI’l"‘l"—l
and

] i=r(k—1)+1.
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Normal forms and (Dy,;1,.1) and (B)

Theorem. Consider H(x) = x* + hx**~!, then

G(y,x) =Y G.(y,x)h"

r>0

where
G (y,%) =x(1 = (k= 1)y ") "W/ EUP, (In(1 — (k— 1)y 1)),

ir] :==r(k—1)+ 1 and P, are polynomials of degree r.
Moreover Py =1 and Pi(z) = —z/(k—1).
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Normal forms and (Dy,;1,.1) and (B)

Theorem. Consider H(x) = x* + hx**~!, then

G(y,x) =Y G.(y,x)h"

r>0

where

G(y,x) =x" (1= (k= 1)y ) EDP (In(1— (k= Dy 1)), r>0,

ir] :==r(k—1)+ 1 and P, are polynomials of degree r.
Moreover Py =1 and P,(z) = —z/(k—1).

Go(v,x) = x(1 — (k—1)yx*=1)~1/*=1 is the only remaining term of G(y,x)
if h = 0. These functions play an important role in the theory of reversible
formal power series (see J. Haneczok: Conjugacy type problems in the
ring of formal power series, to appear in Grazer Math. Ber.)
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