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During the ISFE54 Zygfryd Kominek raised discussion about the
behavior of the iterates of real functions with discontinuities. “Is it
possible that the k-th iterate of such a function is continuous?”
During the problems and remarks sessions there were some remarks
concerning this topic by Roman Ger, Peter Stadler and myself. Finally |
was told that only surjective functions are interesting.

Therefore we discuss different types of bijective functions defined on a
compact interval with finitely many removable and/or jJump
discontinuities.
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Removable discontinuities

Functions of type I:
| I = |a,b| be a closed real interval, a < b,

f:1 — I bijective with finitely many removable discontinuities

dn>2anda<x; <...<x,<b,sothat f(x) =x for
L xel\{x;|1<i<n}and fis not continuous in x;, 1 <i<n.

| f bijective = V j 3li # j so that f(x;) = x;.

. Thus f defines a permutation & € S, by

| n(i) = j <= f(x;) = x;.

Then 7 is free of fixed points, thus 7 is an derangement.

f*is continuous, iff f* = id.

FEo) =X, 1 <i<n keN.

f*is continuous, iff ¢ = id, iff ord(7) | k.
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Enumeration of derangements

Let d,, be the number of derangements in S,;:
recursive formulae:

do=1, d =0, dn:(n—l)(dn_1+dn_2), n>72.

do=1, dn:ndn_l—l—(—l)”, n>1.

Sieve formula:

n _1k
dn:n!z( '), n>0.
= L

These numbers can be found as A0O00166 in the On-Line Encyclopedia
of Integer Sequences.


http://www.uni-graz.at
http://https://imsc.uni-graz.at/fripertinger/
https://oeis.org/A000166

Some numerical values:

n d, d,/n!

0 1 1

1 0 0

2 1 0.5

3 2 0.333333
4 9 0.375

5 44 0.366666
6 265 0.368055
7 1854 0.367857
8 14833 0.367881
9 133496 0.367879
10 1334961 0.367879
11 14684570 0.367879
12 12176214841 0.367879
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Example

12345\ s
T = (43512) =(1,4)(2,3,5), n' =m.

Discontinuities in a cycle of length i disappear in f* iff i | k.
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Number of discontinuities of 7*, order of f

If # decomposes into a; cycles of length i, then a = (ay,...,a,) is the
cycle type of 7. It satisfies
Ziai —n.

The number of discontinuities of f* is

n—Zia, Zla,

ik i [k

The order of 7 is the least common multiple ord(m) = lecm{i | a; # 0}.
The maximum possible order of permutations in §,, is given by the
Landau function

g(n) :=max{ord(m) | T € S,,}.

g(n) <g(n+1)
g(n) = max{ord(m) | ¥ € S,,, a derangement }

gn)<gn), gh)<gh+1)=gnh+1)=gn+1)
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n_ | gn g(n)

2 |2 2

3 (3 3

4 |4 4

5 |6 6

6 |6 6

7 |12 12

8 |15 15

9 |20 20

10 |30 30

11 |30 30

12 |60 60

13 |60 42

102 | 446185740 | 446185740
103 | 446185740 | 314954640
104 | 446185740 | 446185740

For g(n) see A000793, for g(n) see A123131 in the OEIS.
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Conjugacy classes in S,

Permutations which are conjugate in §,, lead to similar behavior.
Conjugacy classes in S, <+ cycle types of n.

Cycle types of derangements in §,, <> partitions of n having no parts of
size 1.

A partition of n is a sequence o = (o, ..., o) with oy > ... > o, and
o1+ ...+ 0y =n.

E.g., partitions of n = 8 with no parts of size 1:
8=6+2=54+3=44+4=4424+2=3+34+2=242+242.
These are 7 different types.

For given n the set of {k € N | f is of type | and has n discontinuities,
ff=id, f/ #id, 1 < j < k} is finite. It is a subset of {2,...,&(n)}.

E.g., forn=8itis {8,6,15,4,4,6,2).

There is a well known formula for the number of permutations in the
conjugacy class of cycle type (ay,...,a,).
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n d, Pn Pn
0 |1 1 |1

| 1 o 0 |1
> |1 1 |2

' 3 2 1 3

| 4 |9 2 |5
5 |44 2 |7

| 6 |265 4 |11

| 7 | 1854 4 |15
8 |14833 7 |22

' 0 |133496 8 |30

| 10 | 1334961 12 |42
11 |14684570 14 |56

| 12 | 12176214841 |21 |77

For p,, the partition numbers without 1, see A002865, for p,, the

| partition numbers, see A000041 in the OEIS.
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Summary for type |

The behavior of a function f of type | with n discontinuities is totally
described by the permutation & € §,, which is a derangement.

f* is continuous, iff k is a multiple of ord (7).

The number of discontinuities of f* can be described in terms of the
cycle type of w. Thus it depends only on the conjugacy class of «.

There are no functions of type | with n removable discontinuities so that
the minimum k > 0 with f* is continuous is greater than g(n). E.g., there
are no functions with 2 removable discontinuities so that 3 is
continuous.

There are no functions of type | with exactly one removable discontinuity.

The iterates f* have at most as many discontinuities as f.
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Functions of type Il

Jump discontinuities

Now we consider bijective functions f:[0,n] — [0,n], n > 2, so that for
eachi € {l,...,n} there exists one j € {1,...,n} so that

flt)=1—(i

_1)+(J_1):t_l+.]7 tE[i—l,i),

and f(n) = n. Therefore f is continuous in each interval I; := [i — 1,1)
(in i — 1 continuous from the right).

FaY

. Since f is bijective, it defines a permutation

, TS, by

n(i) =j <= f(L) =1

123456
T = (423165>,n(2+1)_7r(2)—|—1.
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Successions of a permutation

Then
f(t)=m(i)+1t—1i, tel, ie{l,...,n}.
fiscontinuousin i, iff t(i+1)=n(i)+1,1 <i<n.

f is continuous in n, iff &(n) = n.

f*is continuous, iff f* = id.
ffO)y=r"()+t—i, tel, ic{l,...,n}.

f* is continuous, iff ¢ = id.

i€ {l,...,n—1} is called a succession (or a small ascent) of 7, iff
n(i+1)=mn(i)+1.

The number of discontinuities of f among {1,...,n— 1} is the number
of i-s which are no successions of 7.


http://www.uni-graz.at
http://https://imsc.uni-graz.at/fripertinger/

A permutation 7 without successions satisfying w(n) < n defines a

| function with n discontinuities.

E.g,n=(1,n)(2,n—1)...orc=(1,n,2,n—1,...) lead ton
discontinuities of f.

Discontinuities can appear only in the positions 1,...,n. These functions
have the maximum number of discontinuities.
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Permutations without successions

Let a,, be the number of permutations in §,, having no successions and
b, the number of permutations in §,, having exactly one succession, then

Cllzl, Cl2:1, b1:O, b2:1,

and

a,=(n—1)a,_1+b,_1, n>?2,
b,=(n—1)a,_1, n>?2,

thus
a,=(n—1)a, 1+ (n—2)a,_ »=b,+b,_1, n > 3.

b, = (n—l)(bn_1+bn_2), n>3.
Thus b, =d,, n > 1.

For a, see A000255 in the OEIS.
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Functions with maximum number of discontinuities

Let ¢, be the number of permutations 7 in §,, having no successions
satisfying 7 (n) = n. Then

Ch —=dp—1—Cp—1, n=?2.

Therefore a,,_1 = ¢, + ¢,—1 and since ¢, = by and c3 = b, we deduce
Cpn=by_1,n>72.

The number of permutations 7 in §,, having no successions and
satisfying (n) < n is therefore

a,—c,=a,—b,_ 1 =b,=(n—1)a,_1, n>?2.

This is the number of functions f:|0,n] — [0, n] of type Il having n
discontinuities (in the points 1,...,n).
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Permutations with prescribed nhumber of successions

Let a, x be the number of permutations 7 € S, having exactly &
successions, 0 < k < n, then a, o = a, and a, | = b,.

an,k:(n;l). Z (_l)jn—lj—j _ (n;l)ank

Therefore

n—1 n—1 .
n! = Zan,k — Z (n ' 1>ank.
k=0

k=0

| By binomial inversion we obtain

=B (7 o

k=0
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17 46

See A123513 in the OEIS.

Apn—1 = 1, 7 =1id,

anno2=n—1, = (1,....n), j=1,...

ann-3=23) (j—2). A045943
j=3

| gy p_s. A111080

n an.,0 Anp.1 an2 dn3 An.4 Adn.5s An.6 An,7 an.8
3 3 2 1

4 11 9 3 1

3 93 44 18 4 1

6 309 265 110 30 3 1

/ 2119 1854 795 220 45 6 1

8 16687 14833 6489 1855 385 63 7 1

9 148329 133496 99332 17304 3710 616 84 8 1
10 || 1468457 1334961 600732 177996 38934 6678 924 108 9
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Cycles with many successions

We consider a cycle of length £ > 2 with k — 2 successions,

1 2 ... k—1 k
7r_(1,2,...,k)_(2 T q 1).
Thenforl1 < j <k

j+1 j+2 ... k 1 N
has

k —2 successions ifk [ j
k — 1 successions if k| j.

Let f14:]0,k] — [0, k] be the function of type Il determined by 7, then the
iterates f{;k have
2 discontinuities  if k / j
{O discontinuities  if k| j.
Discontinuities in k — (j mod k) and .
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The iterates fS]; . of the functions f; : |0, sk| — |0, sk] corresponding to the
product of s cycles of length

| (1,2, k) (k+1,k+2,...,2k) - ((s— Dk+1,...,sk)
|

0 discontinuities  if k| j.
' Discontinuities in rk — (j mod k) and rk for 1 < r <s.

have {2s discontinuities ifk } j
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The iterates fS]; . of the functions f; : |0, sk| — |0, sk] corresponding to the
product of s cycles of length k

(1,2, k) (k+1,k+2,...,2k) - ((s— Dk+1,...,sk)

0 discontinuities  if k| j.
Discontinuities in rk — (j mod k) and rk for 1 <r <.

have {2s discontinuities ifk } j

Similarly we consider the iterates gik of the functions
gsk:|0,sk+ 1] — |0, sk + 1] corresponding to the product of s cycles and
one fixed point

(1)(2,3,.. . k+ D) (k+2,k+3,....2k+ 1) ((s— Dk+2,...,sk+1).

25 + 1 discontinuities if k / j
0 discontinuities ifk| .
Discontinuitiesin 1 and rk+1 — (j mod k) and rk+ 1 for 1 <r <s.

They have {
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E.g., the iterates f, ,, f], and g 4of the functions f,, f1.4 and gy 4 are:

2, ®
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E.g., the iterates f5,, f, and g 4of the functions f>,, f1.4 and g 4 are:

2 ®
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E.g., the iterates f5,, f7 4 and g} ,of the functions f25, fi4 and g 4 are:

2 ®
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E.g., the iterates f5,, fi', and g 4of the functions f>,, f1.4 and g 4 are:
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E.g., the iterates f5,, fi', and g 4of the functions f,, f1.4 and g 4 are:

Theorem | |
For any n > 2 and k > 2 the iterates fr{/Z,k (for even n) or gfn—l)/z,k (for
odd n) of the functions f, /> x, Or g,—1)/2x have

n discontinuities  ifk [ j
0 discontinuities  if k| .
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Concatenation of functions

Given two functions f:|0,n] — [0,n] and g: [0,m] — [0, m] of type Il, then
feg:l0,n+m| — |0,n+m]

[ (1) ift € [0,n)
(foeg)(t) =4 n+glt—n) iftennt+m)
L n+m ift =n+m.

Is of type |l.
Since f and g are bijective and f(n) = n,

n—+ the concatenation f e g is bijective, thus
gt—n)  fegisoftype .
If furthermore f is continuous in n and
f(z) g(0) =0, then f e g is continuous in n since
g is continuous from the right side in O.
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UNI
CRAZ

f e g is not continuous in n, iff f is not continuous in n or g(0) # 0.

Assume that f and g of type |l have r respectively s discontinuities.
| Then the number of discontinuities of fe g is

r-+s else.

| {r+5—|— 1 if fis continuous in n and g(0) # 0,

Actually for = fo—1.® fieand gox = gs—1c® fix fors > 1.

Even though f; x(0) # 0O the function f has 2s (and gy has 2s+ 1)

discontinuities since f,_; x and g,_; x are not continuous at the end of
| their domains.
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Combining cycles of different length the discontinuities at positions
between two cycles must be studied separately.

The functions g, satisfy g;+(0) = 0, thus the j-th iterate of the
concatenation of g, , ®...eg, ;. has

r

Y (2si+1)

i=1
ki [

discontinuities. Concatenation of g, ; does not introduce new
discontinuities.
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Concatenation of the functions f; x is more complicated, since
fsx(0) =2 #0, and fS{k(O) — 0 whenever j is a multiple of k.

E.g., leth= fi e fizand ' = fi ;e f| », then the number of
discontinuities of 4/ and /" is

j 1 2 3 45 6
discontinuitiesof #/ |4 3 2 3 4 0
discontinuitiesof /7 | 4 2 3 2 4 0

| h: discontinuities in 1 and 2 (from f; ) and in 4 and 5 (from f; 3).

h*: discontinuities in 2 (f75(0) # 0) and in 3 and 5 (from f75).
h: discontinuities in 1 and 2 (from f7,).

h*: discontinuities in 2 (f;'5(0) # 0) and in 4 and 5 (from f}').
I discontinuities in 1 and 2 (from f7,) and in 3 and 5 (from £} 5).
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We study permutations starting and ending with a fixed point, thus
functions which have their discontinuities in the interior of the domain.

We study functions with an even number ¢ of discontinuities.

If £ is even, £ > 6, then £ = (¢ —3) + 3, and the iterates f” of the function
J = 8u—-4)2k®&1k have

¢ discontinuities  ifk [ j
0 discontinuities  if k| J.

It can be used instead of f;/, ;.

2 discontinuities: There is no function f:[0,n] — [0,n] so that f(0) =0
and f(n) = n which has exactly two discontinuities.
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4 discontinuities: The permutation 7 = (1)(2,4)(3)(5) has order 2 and
umi  Yyields 4 discontinuities.

GRAZ

. There is no permutation of order 3 which yields 4 discontinuities.

| A family of permutations of order 2k + 1, kK > 2, which yields a function f

having 4 discontinuities.
L =(1)(2,6,3,4,5)(7),

o = (1)(2,8,3,4,5,6,7)(9),

= (1)(2,2k+2,3,4,....2k+ 1)(2k +3)

The number of discontinuities of the iterates f/:

J 1 2 3,...2k—2 2k—1 2k 2k+1

discontinuities of /7 | 4 6 7 6 4 0
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GRAZ

A family of permutations of order 2k, k > 2, which yields a function f
| having 4 discontinuities.

T=(1)(2,4,3,5)(6),

r=(1)(2,5,3,6,4.7)(8),
= (1)(2,k+2,3,k+3,... . k+1,2k+1)(2k+2).

| The number of discontinuities of the iterates f/:

| j 102,...,2k—2 2k—1 2k

~ discontinuities of f7 | 4 5 4 0
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Theorem For / € {3,5,6,7,...} and k > 2 we have found functions
wa Ny |0,n] — [0,n] of type Il, Ay x(0) =0, hyi(n) = n, continuous in 0 and
n so that their iterates /; , have

| ¢ discontinuities  ifk [ j
0 discontinuities if k| J.

| | Then the j-th iterate of the concatenation

| | hghlCl ...0 hfr,kr

¢ €{3,5,6,7,...}, k> 2,1 <i<r, has exactly

| ;gi

ki J

discontinuities. /iy corresponds to g(;_1)/2 If ¢ =1 mod 2, and to

gu-4/2k®81xif£=0mod 2.
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Summary for type li

The behavior of a function f of type |l is totally described by the
permutation € §,,.

f* is continuous, iff k is a multiple of ord (7).

The number of discontinuities of f* can be described in terms of
successions of ¥ and the value 7*(n), but not in terms of the cycle type
of .

There is no functions of type |l

e with exactly one discontinuity,

e with exactly two discontinuities in the interior of the domain,
e of order 3 with 4 discontinuities in the interior of the domain.

lterates f* can have more discontinuities than f.
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A generalization

Functions of type lli
|

A bijective function f:[0,n] — |0, n]
| f permutes the integers {0,1,...,n},

 Vie{l,...,n} 3j€{l,...,n} sothat either

| fO)=t—(i-D+(-1)=t—i+j, te(i—1,i),
|

or

' fO)=j—(t—(i—1)=j+i—1—t, tc(i—1,i.
| f permutes the openintervals I; = (i — 1,i), 1 <i<n.

| First case f monotonically increasing, second case f decreasing on I,.
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7(0) =3

t(l)=0 A(1)=1 8(1):
t(2)=2 A(2)=2 €2)=
t(3)=4 A(3)=5 €(3)=
t4)=5 A4)=4 €4)=
t(5)=1 A(5)=3 ¢g(5)=

g(i) = 1 iff the values of I; (in the range) appear in an increasing way, iff
f isiincreasing on I; -1 ;.

We identify f with (7, (€,1)), T € Sps1, € € {£1}", A €,

Fe(A(D)(—ito

f(t):k(l)_ 2)7

1
E tEIl,lﬁlﬁn

g(A(i)) is the direction of f on the interval [; in the domain.
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fis continuousini € {1,...,n— 1}, iff

either e(A(i)) =e(A(i+1))=1,A(i+1) =A(i) + 1, and (i) = A (i),
 org(A(i)) =e(A(i+1))=—1,A@+1)=A()—1,and 7(i) =

. f is continuous in O iff

either e(A(1)) =1and m(0) = A(1) —

ore(A(1)) = —1 and 7(0) = A(1).

.. : : : :
f is continuous in n must be studied accordingly.
|

f*is continuous if either f* =id or f* =n —id.
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Structure theorem

Composition of f <+ (7,(€,4)) and f <> (', (€', 1)) yields
fof' < (mon' (eg,AoL"))

where
e, (i) =€e()e'(A7'(i)), ie{l,...,n}.
The set of all functions of type lll is the direct product

Sn+1 X ({:tl}ZSn)
where the factor on the right side is a wreath product
{118, ={(e,A) | e e {£1}", L €8,}

of order n!-2" with (&,1)(&',A") = (e€;,A0L").


http://www.uni-graz.at
http://https://imsc.uni-graz.at/fripertinger/

The number of functions of type Ill on |0, n] is

nl(n+1)12"

|
| n |nl(n+1)12"

0 |1
| 1 |4
| 2 |48

3 1152
| 4 | 46080
| 5 | 2764800

6 |232243200
| 7 26011238400
| 8 | 3745618329600

0 | 674211299328000
| 10 | 148326485852160000

| Functions of type | or type |l are particular cases of these functions.
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The order of

With each cycle of A = [T, (jv,A(jv),-..,A¥"1(j,)) we associate the
v-th cycle product

hy(,A) = €(jv)e(A~"(jv) - (A (jy)) =& &1 (jv)-

It is the direction of ' on the intervals /; for
i € v AGv), - AN (i)}

fr=id, iff (7%, (e,A)%) = (id, (1,id)), iff #* = id, A* = id, (thus [, | k for
all v) and /" (e,1) = 1 for all v.

Thus k is a multiple of ord(x) and ord(e,A). The latter is either ord(A)
or 2ord(A).

The smallest positive k with these properties is the order of f

ord(f) = lcm(ord(7x),ord(g,1)).
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Decreasing continuous iterate

| = (7%, (A%, 8)) = n—id, iff

k= (0,n)(1,n—1)..,A*=(1,n)(2,n—1)...,and € = —1.
Thus m and A are iterative roots of order k of permutations of cycle type

(0,1) and (1,%1), ifn+1=0mod 2,
1 ), ifn+1=1 mod 2.

Eg., f= satisfies 1> = 6 —id.
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Functions with exactly one discontinuity

Four forms: where the interval

[0,n] can be partitioned into two intervals [0,7;| and |n,n] so that f is
strictly monotonic on both intervals. Let n, = n —n;.

A function of the first form is the concatenation of id,,, and n, —id,, both
of which are continuous, and the discontinuity disappears with the
second iteration.

For functions of the second form the discontinuity also disappears with
the second iteration.
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For functions of the third form:

If ny =n, =1, then

= (0,1,2) a cycle of length 3,

A = (1,2) a cycle of length 2 with cycle product —1,
ord(e,A) =4,

ord(f) =lcm(3,4) = 12.

If ny =1, np > 1, then

t=(0,n—1,1,n)(2,n—2)(3,n—3)... a product of cycles of length 4,
2, (and 1)

A= (1,n)(2,n—1)... aproduct of cycles of length 2 (and 1) where the
first cycle product is —1 (and the last cycle product is —1 in case the last
cycle has length 1),

ord(g,A) =4,

ord(f) = 4.
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If ny =2 and ny, =1 or n, = 2, then ord(f) = 12.

If ny =2, n, > 2, then

t=(0,n—2,2,n)(1,n—1)(3,n—3)(4,n—4)... aproduct of cycles of
length 4, 2, (and 1)

A=(1,n—1,2,n)(3,n—2)(4,n—3)... aproduct of cycles of length 4, 2
(and 1) where only the last cycle product is —1 in case the last cycle has
length 1,

ord(g,A) =4,

ord(f) = 4.
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For functions of the forth form:

If ny = 1, then

= (0,n,n—1,...,2,1) acycle of length n+1,
A=(l,n,n—1,...,3,2) a cycle of length n with cycle product —1,
ord(e,A) = 2n,

ord(f) =lcm(n+1,2n).

If ny =2 and n is odd, then
t=(0,n,n—2,....3,1,n—1,n—3,...,4,2) acycle of length n+ 1,
A=(l,n,n—2,...,5,3)(2,n—1,n—3,...,6,4) a product of two cycles
of length (n+1)/2 and (n — 1) /2, with both cycle products —1,
ord(g,A) =2lem((n+1)/2,(n—1)/2) = (n*—1)/2,

ord(f) =lem(n+1,(n*—1)/2) = (n*—1)/2.
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If n;y =2 and n is even, then
t=0,n,n—2,...,4,2)(1,n—1,n—3,...,5,3)a product of two cycles
of length n/2+1 and n/2,
A=(1,n,n—2,....4,2,n—1,n—3,...,5,3) a cycle of length n with
cycle product 1,

ord(g,A) =n,

ord(f) =lem(lem(n/2+1,n/2),n) =lcm(n/2+1,n).
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Functions with exactly two discontinuities in the
interior of the interval

have exactly two discontinuities in the interior of the

interval and are of order 2. They correspond to the

first and second form.

have exactly two discontinuities in the interior of the

/e /.| Interval and are of order 2. They correspond to the
L | third and fourth form.

| The interval can be partitioned into 3 parts |0,n,], [n1,n,], [n2,n3] with

| ny <np, <nzé€eN.
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General remarks

Let J be a compact interval and F':J — J a bijective mapping with finitely
many discontinuities, then they must be removeable or jump

| discontinuities.
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General remarks

Let J be a compact interval and F':J — J a bijective mapping with finitely
many discontinuities, then they must be removeable or jump
discontinuities.

Let ¢:J — |0, n] be continuous, bijective, and increasing, and
f:10,n] — |0,n] be of type Il with r discontinuities and ord(f) = k, then

b= (p_lofo(p:J—>]

is bijective, has r discontinuities, F* = id;, and F is an iterative root of
the identity of order «.
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An iterative root of order 6 of the identity with 3 discontinuities and an
iterative root of order 3 of 1 —id constructed from the function with
decreasing continuous iterate.

el
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