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During the last ISFE in Graz | was presenting a talk on iteration of
bijective functions with discontinuities, which disappeared after some
iterations. We were studying three types of functions defined on a
compact interval I = |0,n], n € N, f:1 — I bijective with finitely many
discontinuities.

Consider an iterative root I’ of the identity on a compact real interval J.
We will prove: If the union of the orbits of the discontinuities of F' is
finite, then there exists some n € N and a continuous, bijective, and
increasing function @:J — [0,n], so that @ o F o ¢! corresponds to
some (7, (&,A)) € S,1 x ({£1}2S,), S, the symmetric group, i.e.
@o fo@~!is afunction of type IlI.
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Functions of type |

Functions of type | have only removable discontinuities in
ic{l,....n—1},eg.
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Functions of type I

Functions of type Il have jump discontinuities ini € {1,...,n— 1},
maybe one removable discontinuity in n. On each interval ; = [i — 1, 1)
they are strictly increasing and affine.

2 ®

They are totally described by the permutation & € S,,, 7(i) = j if and
Only If f([l) — Ij.
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Functions of type llI

Functions of type Ill permute the integers {0, 1,...,n},
| permute the open intervals I; = (i — 1,i),i € {1,...,n},

on each interval they are affine and either strictly increasing or strictly

decreasing.

| 7(0) =3
t(l)=0 A(l)=1 ¢€(1)=1
' r2)=2 A2)=2 €(2)=—
| T(3)=4 A(3)=5 €(3)=1
nt(4)=5 A4)=4 €4)=—
| (5)=1 A(5)=3 &(5)=-—

£(i) = 1 iff the values of I; (in the range) appear in an increasing way, iff

f isiincreasing on I; -1 ;).
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We identify f with (7, (€,1)), T € Sps1, € € {£1}", A € S,
g(A(i)) is the direction of f on the interval I; in the domain.

fis continuous ini € {1,...,n— 1}, iff
either e(A(i)) =e(A(i+1))=1,A(i+1)=A()+1,and (i) = A (i),
ore(A(i)) =€eA(i+1))=—1,A(i+1)=A{)—1,and w(i) = A(i+ 1).

f is continuous in O, iff
either e(A(1)) =1and x(0) =A(1) —
ore(A(l))=—1and (0) = A(1).

f is continuous in n must be studied accordingly.

f*is continuous if either f* =id or f* =n —id.
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Structure theorem

Composition of f <+ (7,(€,4)) and f <> (', (€', 1)) yields
fof' < (mon' (eg,AoL"))

where
e, (i) =€e()e'(A7'(i)), ie{l,...,n}.
The set of all functions of type lll is the direct product

Sn+1 X ({:tl}ZSn)
where the factor on the right side is a wreath product
{118, ={(e,A) | e e {£1}", L €8,}

of order n!-2" with (&,1)(&',A") = (e€;,A0L").
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The number of functions of type Ill on |0, n] is

nl(n+1)12"

n!(n+1)12"
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The order of f

ord(f) = lem(ord(m),ord(e,A)).

From fordY) =id it follows that £ is an iterative root of the identity.
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General remarks

Theorem 1
Let J be a compact interval,

¢:J — |0, n] be continuous, bijective, and increasing,
and f:10,n] — [0, n] be of type Ill with r discontinuities and ord(f) =k,
then
F:=¢0 'ofo@:J—J
is bijective, has r discontinuities, F* = id},
thus F is an iterative root of the identity of order k.
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General remarks

Theorem 1
Let J be a compact interval,

¢:J — |0, n] be continuous, bijective, and increasing,
and f:10,n] — [0, n] be of type Ill with r discontinuities and ord(f) =k,
then
F:=¢0 'ofo@:J—J
is bijective, has r discontinuities, F* = id},
thus F is an iterative root of the identity of order k.

Problem.

Consider an iterative root F':J — J of the identity of order k on a
compact interval J with finitely many discontinuities. Is it possible to find
some n € N, a continuous, bijective, and increasing function ¢:J — |0, n]
and a function f:[0,n] — [0,n] of type lll so that F = ¢ ~'o fo @?
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We will prove that the answer is

YES!
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How to find n?

In general n is not uniquely determined, so we are looking for the
smallest n.

Assume that F* = id and F has r discontinuities &;,...,&. € J = [a,b].
Consider the union of orbits

U= {ab)UULFE) |1 <i<k),

then U is finite
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How to find n?

In general n is not uniquely determined, so we are looking for the
smallest n.

Assume that F* = id and F has r discontinuities &;,...,&. € J = [a,b].
Consider the union of orbits

U= {ab)UULFE) |1 <i<k),

then U is finite and we determine n by
n=|U|—1.

We labelthe n+ 1 elementsof U bya=xy < ... <x, = D.
Since F(U) = U we have F(x;) € U forall 0 <i <n,
thus F' is a permutation of U.
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Let J; be the open interval (x;_1,x;), 1 <i<n, then

a,b) =UUJU---UJ,

Foralli € {1,...,n} it is obvious that:

e F'is continuous on J;,

o there exists some j € {1,...,n} sothat F(J;) =J,,
thus F' permutes the intervals J;.

This particular n will be called n(F).
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How to find ¢?

We will construct ¢ in several steps:
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How to find ¢?

We will construct ¢ in several steps:

1. We determine some ¢:J — |0,n] sothat ¢(J;) = (i—1,i) for 1 <i<n.

Let o(x;) =1, 0<i<n.
Forx € J; = (x;_1,x;) let

X —Xj—
(P(X)Zl—1—|— 17

Xi — Xi—1

then ¢ is continuous in J;, and lim,_, + o(x)=i—1=0¢(x;,_) and
lim_, - @(x) =i= ¢@(x;). Therefore ¢ is continuous on J.

X

Moreover @ is strictly increasing and bijective.
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Let F = @oF o ':]0,n] — [0,n], then

o I is bijective,

o Fi=idy,, iff F/ =id,

e F is an iterative root of the identity of order &,

e I has discontinuities in @(&;), 1 <i<r,

e (i) €{0,...,n},i€{0,...,n}, F permutes these elements,
e Fiscontinuousonl;= (i—1,i), 1 <i<r,

o Fis a permutation of the intervals I;, 1 <i <,

e F isincreasing on I, iff F is increasingon J;, 1 <i<r.
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2. Now we must find some y: [0,n] — [0,n] so that yo F oy ! is affine
on each interval I; = (i — 1,1).

Lemma 2

Assume that f := F|;. is a mapping I; — I; for i # j.

If  is strictly increasing, then there exists some y;:1; — I; bijective
and increasing, so that y;(f(x)) =j+x—i,x € I.

If f is strictly decreasing, then there exists some y;:1; — I; bijective
and increasing, so that y;(f(x)) =j—x+i—1,x €[



http://www.uni-graz.at
http://https://imsc.uni-graz.at/fripertinger/

2. Now we must find some y: [0,n] — [0,n] so that yo F oy ! is affine
on each interval I; = (i — 1,1).

Lemma 2

Assume that f := F|;. is a mapping I; — I; for i # j.

If  is strictly increasing, then there exists some y;:1; — I; bijective
and increasing, so that y;(f(x)) =j+x—i,x € I.

If f is strictly decreasing, then there exists some y;:1; — I; bijective
and increasing, so that y;(f(x)) =j—x+i—1,x €[

F\Il 75} OF’II

From we get
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Proof.
wa 1. Letyi(x) = j+ f(x) —1i, for x € I;, then ; is a bijective and
o increasing mapping /; — I;, and
Ly () =+ () —i=jtx—i x el

2. Let yi(x) = j— f'(x)4+i— 1, for x € I;, then ; is a bijective and

. increasing mapping I; — I;, and y;(f(x)) = j— ' (f(x)) +i—1,x € .

Let y;(x) = x for x & I;, then y; is bijective and increasing on |0, n].
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F is a permutation of the intervals I;. Consider a cycle
I, =1, — ...~ 1L, — 1L oflength £ > 1. Then F'(I;) =1;, 1 < j < /.

5 j

Composition of two increasing or two decreasing functions yields an
Increasing function, composition of one increasing and one decreasing
function yields a decreasing function.

Therefore, if F is decreasing on an even number of intervals in this
cycle, then F' is increasing on all I;,, otherwise F* is decreasing on
all Iij-

Since y; restricted to /; is a bijective mapping [; — I;, 1 <i <n, the
restriction y; o F o ;! to I; involves only F|,,.
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First case

F contains a cycle of intervals of length ¢ with an even number of

| decreasing functions in this cycle, then £* = id on this cycle.



http://www.uni-graz.at
http://https://imsc.uni-graz.at/fripertinger/

First case

F contains a cycle of intervals of length ¢ with an even number of

| decreasing functions in this cycle, then £* = id on this cycle.
| F 3
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In the first case F*|;, =idforall 1< j</.
J

F| By — 1

According to Lemma 2 there exists a bijective and increasing mapping
Wi, on [0,n] so that y;, o F|;, is affine, i.e. it is either x v i +x — i or
x> iy —1+i;—x. Then also y;, 0 F oy, ! is affine on I;,.

1778 oF o ‘/fi;l’IiZ:Iiz — I

According to Lemma 2 there exists a bijective and increasing mapping
W, on [0,n] so that y;, o y;, o F oy ! is affine on I;,. Then also

Wi, oy,oF oy toy !, j=1,2,is affine on I; .

Continuing in the same way:

lljif_lo...OIIIiZOFoll/lgl lljlg 1‘11 lﬁ 1%Ii€
There exists a bijective and mcreasmg mapping y;, on [0,n] so that
Wi, oW, 0---oy,oF oy lo--.oy ! isaffine on [;, . Then also

l//ieo---ol//izoﬁol//iglo---ollfizl,1§]§€—1,Isafflneon[ij.
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The mapping ¥ = y;, o - -- o ;, is bijective and increasing on |0, 7|,
woF o w—l\,ij is affine, 1 < j</¢—1,and y(x) =xforx € [,.

We have id |, = F‘|;, = F|;, o---oF]; . Therefore
id‘lz‘l — Woidol//_1|1il =wyofF'o 1//_1‘11,1 = (lljoﬁ’ollj_l)qlil —
(woFoy Yo [(llfoﬁ’olp_l)o---o(l/joﬁol//_l)}

T
(yoFoy Nl o|(yoFoy N, o o(yoFoy )]

The term between | and | is a composition of affine function, thus it is
affine, whence also yo F o 1//—1],% is affine.

Consequently o F oy~ is affine on I;, for each 1 < j < ¢.
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Second case

| F contains a cycle of intervals of length £ with an odd number of

. decreasing functions in this cycle, then F* need not be affine on these

intervals, but there exists some bijective increasing function ¥ so that
| WoF'o Wy is affine on these intervals.

| F 3
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Second case

| F contains a cycle of intervals of length £ with an odd number of

. decreasing functions in this cycle, then F* need not be affine on these

intervals, but there exists some bijective increasing function ¥ so that
| WoF'o Wy is affine on these intervals.

| F 3 PoFoy!
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Second case

| F contains a cycle of intervals of length £ with an odd number of
. decreasing functions in this cycle, then F* need not be affine on these

intervals, but there exists some bijective increasing function ¥ so that

| WoF'o Wy is affine on these intervals.

| F 3 PoFoy!
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Second case

| F contains a cycle of intervals of length £ with an odd number of
. decreasing functions in this cycle, then F* need not be affine on these

intervals, but there exists some bijective increasing function ¥ so that

| WoF'o Wy is affine on these intervals.

| F 3 PoFoy!

i, F ! VL gy
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Second case

| F contains a cycle of intervals of length £ with an odd number of

. decreasing functions in this cycle, then F* need not be affine on these

intervals, but there exists some bijective increasing function ¥ so that
| WoF'o Wy is affine on these intervals.

—1

| F F3 YoF3oy

23 31

YL WE! VLW ED y ! YL YL, Wy
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Second case

| F contains a cycle of intervals of length £ with an odd number of

. decreasing functions in this cycle, then F* need not be affine on these

intervals, but there exists some bijective increasing function ¥ so that
| WoF'o Wy is affine on these intervals.

23 31

| F 3 PoFoy!
|
|
| 0 1 2 3 0 1 2 3 0 1 2 3
YL WF ! AZAT a7 /AT/R 73 T YLy VEY !



http://www.uni-graz.at
http://https://imsc.uni-graz.at/fripertinger/

In the second case /| 1,, 1s @ bijective and decreasing mapping on I,
thus a decreasing involution, for each 1 < j < /. There exists a bijective
and increasing function ¥ so that (o FXo 1) is also affine, i.e.
xwzij—l—x,xélijforeachlgjgé. ]

Without loss of generality F‘|,l.j is affine foreach 1 < j < /.

Similar to the first case, there exists y = y;, o... o y;, so that
q/oF\,l.j oyl is affine on J; for 1 < j</—1.
By construction y(x) = x for x € [;,.

Therefore we have
yoF |, oyl =y —1-y '(x) =2i1—1—x=

WOF’I@ O llj_lllig O (IIIOF"Iig_l O w_1’Ii€_1 O+++0 ll/OF|[l.l O ll/—l‘lil) (.X)
The term between ( and ) is a composition of affine function, thus it is
affine, whence also l//oF|1i€ o 1//—1|,l.€ is affine.

= _1 . . o
Consequently y/oF\,l.j oy isaffineon /; foreach 1 < j < /7.
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Equivalence

Two bijective functions Fi:J; — J; and F,:J, — J, defined on compact
| intervals J; and J, are considered in relation

F ~F
|

| Iff there exists a bijective increasing function ¢:J; — J, so that

| FzzgooFloq)_l.

| Fi ~ F

| Fi~Fh&Fh~F

Fi~Fand F5 ~ 5= F ~ F;
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Theorem 3

Consider fi, f> € Sy1 x ({£1}12S,) with n =n(f1) =n(f>). Then

fi~ e fi= /.
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Theorem 3
Consider fi, f> € Sy1 x ({£1}12S,) with n =n(f1) =n(f>). Then

fi~ e fi= /.

Theorem 4
Consider an iterative root F:J — J of the identity of order k on a

compact interval J with finitely many discontinuities. Let n = n(F).
Then there exists exactly one f € S,.1 X ({£1}S,) so that

F~f.
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Theorem 3
Consider fi, f> € Sy1 x ({£1}12S,) with n =n(f1) =n(f>). Then

fi~ e fi= /.

Theorem 4
Consider an iterative root F:J — J of the identity of order k on a

compact interval J with finitely many discontinuities. Let n = n(F).
Then there exists exactly one f € S,.1 X ({£1}S,) so that

F~f.

Remark.

. Consider f € Sy+1 x ({£1}1S,) with m = n(f) < n. Then there exists

e S x ({£1}1S,,) sothat f ~ f'. It is possible that there exists
e S, x ({E£11S,), [ # f,sothat f~ f”.
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Number of non-equivalent functions with n(f) =n

| n |nl(n+1)12" n(f)<n n(f)=n
| 0 |1
1 |4
| 2 |48 4 44
| 3 | 1152 40 1112
4 46080 892 45188
| S | 2764800 37708 27727092
| 6 |232243200 2337808 229905392
7 126011238400 201311920 25809926480
| 8 | 3745618329600 22951808356 3722666521244
| 9 |674211299328000
10 | 148326485852160000

' How to enumerate them®? How to construct them?
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| : /

|Stetigkeiten in [1,3, 6]

A permutation A for n = 7, where neither 1, 3 nor 6 occur in the orbit of

| a discontinuity of fif f(1) =3, f(3) =6 and f(6) = 1. Thus they could
be omitted in order to get a function on n = 4.

A\
N

/-

| Depending on f(i), i € {0,2,4,5,7} there are (8 — 3)! functions of this

particular form with n(f) = 4.
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How to construct functions with n(f) < n?

Divide all intervals (i — 1,i) belonging to a cycle of A4 into k intervals of
| length 1/k, then form a cycle of length ¢ we obtain k - / intervals.

| E.g. afunction f with n(f) =3, where A = (1,2,3),and k=1, k =2,

k=3, whichyieldn=3,n=6,n=09.

..........

..........

__________

__________

..........

..........

__________

__________

..........

..........

__________

__________
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Open questions

Do the functions f with n(f) = n generate the set of all functions of

| type Ill on n?

| If so, is it true that for each f with n(f) < n there exists some f with
. n(f) =nand some j so that f = f/?
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