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Introduction

[Fy: finite field of cardinality g = p', where the prime number pis its
characteristic, and r is a positive integer. Differences between linear
isometry and semilinear isometry only for r > 1.
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Introduction

[Fy: finite field of cardinality g = p', where the prime number pis its
characteristic, and r is a positive integer. Differences between linear
isometry and semilinear isometry only for r > 1.

Gal:= Gal[FFy: Fy]: the Galois group is the group of all
I p-automorphisms of I It is a cyclic group of order r and it is generated
by the Frobenius-automorphism T:Fq — Fg, T(K) := KP.

C: linear (n,k)-code over [, a k-dimensional subspace of the vector
space [}, described by a generator matrix which is a K x n-matrix over
IFq, the rows of which form a basis of C. Vectors v € [F are written as
rows, V= (Vo,V1,...,Vh_1)

If [ is a generator matrix of C, then GLy(q)(I") ={B-T | B GL(q)} is
the set of all generator matrices of C.
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The Hamming-metric on IFS IS the mapping
d:FgxFg— Z>o:d(v,W) ;= [{i en|vi #W}|.

The number of errors which can be detected or corrected by
maximum-likelihood decoding is determined by the minimum distance

dist(C) :=min{d(c,c) | c,c' € C, c#Ac'} = min{d(c,0) |ce C\ {0} }.

Two linear codes having the same metrical structure have the same
coding theoretic properties. They are considered to be equivalent.
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The Hamming-metric on IFS IS the mapping
d:FgxFg— Z>o:d(v,W) ;= [{i en|vi #W}|.

The number of errors which can be detected or corrected by
maximum-likelihood decoding is determined by the minimum distance

dist(C) :=min{d(c,c) | c,c' € C, c#Ac'} = min{d(c,0) |ce C\ {0} }.

Two linear codes having the same metrical structure have the same
coding theoretic properties. They are considered to be equivalent.

A mapping I:Fg —> Fg that preserves the Hamming distance
d(v,V) =d(1(v),1(V)) forall v,V €IFg

with 1 (C) = C' is an isometry between C and C'.
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Linear isometries

Two linear (n,k)-codes C and C' are said to be linearly isometric or
monomially isometric if there exists a linear isometry of Fg that maps C
onto C'.

The group of all linear isometries is described as the wreath product

It operates in a canonical way on the set of all functions from n to

Fg\ {0}. By an application of Lehmann’s Lemma we replaced this action
by an action of §, on the set of functions from nto PGy _1(q). This is the
k — 1-dimensional projective space. Its elements, the so called points of
PGy1(q) are the orbits of Fy on g\ {0}.


http://www-ang.kfunigraz.ac.at/~fripert/
http://www.kfunigraz.ac.at

Semilinear iIsometries

A mapping 0:Fg — g is called semilinear if for all u,v € IFy, all K € [Fq
| and a given automorphism a of Fq we have

o(U+Vv) =a(u)+a(v), o(KU) = a(K)a(u).
|

- Two linear (n,k)-codes C and C' are said to be semilinearly isometric if

there exists a semilinear isometry of IFQ that maps C onto C'.
|
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Since O preserves the Hamming distance, the image of a unit vector ell)
must be a vector of weight 1, i.e. a nonzero multiple Kje(j) of a unit vector
ell) with K;j € IFg. Since this mapping keeps the dimension, different unit
vectors are mapped under ¢ onto nonzero multiples of different unit
vectors. In formal terms

o(e") = ¢(m(i))e™”, (i) eFy, mES,

where ¢ is a mapping N — IFg and Tta permutation of n.


http://www-ang.kfunigraz.ac.at/~fripert/
http://www.kfunigraz.ac.at

Since O preserves the Hamming distance, the image of a unit vector ell)
must be a vector of weight 1, i.e. a nonzero multiple Kje(j) of a unit vector
ell) with K;j € IFg. Since this mapping keeps the dimension, different unit
vectors are mapped under ¢ onto nonzero multiples of different unit
vectors. In formal terms

a(e) = ¢(m(i))e™), (i) eFy, TES,
where ¢ is a mapping N — IFg and Tta permutation of n. In conclusion,

o= (0,9,mm), acAut(Fy), ¢c(Fy)", meS,


http://www-ang.kfunigraz.ac.at/~fripert/
http://www.kfunigraz.ac.at

Since O preserves the Hamming distance, the image of a unit vector ell)
must be a vector of weight 1, i.e. a nonzero multiple Kje(j) of a unit vector
ell) with K;j € IFg. Since this mapping keeps the dimension, different unit
vectors are mapped under ¢ onto nonzero multiples of different unit
vectors. In formal terms

o(e) = o(m(i))e™), (n(i)) €F; TES,
where ¢ is a mapping N — IFg and Tta permutation of n. In conclusion,
o= (0,9,mm), acAut(Fy), ¢c(Fy)", meS,

Operation on the vector v € I yields

G(V) — ((I)(O)G(VT[_]-(O))? ce >¢(n — 1)a(vn—1(n—1)))°
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The group of semilinear isometries

We prefer to write the semilinear isometry @ in the form ({; (a,m)).
|

Applying the two semilinear isometries 0, = (J2; (02, Th) ) and
| 01= (Y1; (0y,Ty)) to the vector V= (Vo,...,Vn_1) € Fg and indicating

01(V) by V.= (V,...,V,, 1) we obtain

| n

| (Wo; (02, T)) ((LlJl; (01, T4))(Vo, - - - ,Vn_l)) —

| (W25 (02,TR) ) (Vs - - > V1)
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We prefer to write the semilinear isometry @ in the form ({; (a,m)).
|

Applying the two semilinear isometries 0, = (J2; (02, Th) ) and
| 01= (Y1; (0y,Ty)) to the vector V= (Vo,...,Vn_1) € Fg and indicating

01(V) by V.= (V,...,V,, 1) we obtain

| n

| (Wo; (02, T)) ((LlJl; (01, T4))(Vo, - - - ,Vn_l)) —

| (W25 (02,TR) ) (Vs - - > V1)

(LlJZ(O)GZ(V;Tzl(O))? R l-lJZ(n - 1)G2(\/ 1(n—1)))
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The group of semilinear isometries

We prefer to write the semilinear isometry o in the form (; (o, ) ).
Applying the two semilinear isometries 0, = (J2; (02, Th) ) and
01 = (Y1; (a1,Ty)) to the vector V= (Vo,...,Vn_1) € Fgand indicating
01(V) by V.= (V,...,V,, 1) we obtain
(l-lJ21 (Gz, T[Z)) ((LlJ]_, (ula T[j_))(V(), oo 7Vn—1)) —
(W2; (02, TR)) (Vos - -+ V1) =

(W2(0)02(V, 1 o), o= DoV, 1)) =

(2002 (Ws(15(0) sV 31 1) -

. Pa(n— 1)32(‘1’1(”2_1(” - 1))0(1(V”11(Tf2_1(n—1>)))>
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The group of semilinear isometries

We prefer to write the semilinear isometry @ in the form ({; (a,m)).
|

Applying the two semilinear isometries 0, = (J2; (02, Th) ) and
| 01= (Y1; (0y,Ty)) to the vector V= (Vo,...,Vn_1) € Fg and indicating

01(V) by V.= (V,...,V,, 1) we obtain

|
| (Wa; (02, TR)) (W1; (01, T4)) (Vo - - -, V1)) =

| (W25 (02, TR) ) (Vg - -+ Vi 1) =

(W2(0)02(V, 1 o), o= DoV, 1)) =

(2002 (Ws(15(0) sV 31 1) -

| ceey L|J2(n — 1)G2(L|J1(T[2_1(n — 1))a1(vnzl(n2_1(n_1))))> —

(000 (Wn(15(0))) (020 01) (Vier) 1) -

' (= Do (1M~ 1)) (02000 (Vrry 10-1)
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Lemma The group of all semilinear isometries of IFS IS the semidirect

product

(F5)" x (GalxS)

with the multiplication

(W2; (02, TR)) - (W1; (01, T)) 1= (P2Wi(q, m,); (0201, TR OTR)),

where
W1(q,m) (1) == oo(Pe(T5, (i), ien
and
WoPe (i) := Wo(i)Pa(i), ien.

This is a generalized wreath product.
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Lemma The group of all semilinear isometries of IFS IS the semidirect
product

(F5)" x (GalxS)

with the multiplication

(l-lJZ; (Gz, T[2)) i (LlJl; (alv T[l)) — (L|J2L|J1 (0, Th)? (0(20(1, THo T[l))

where
W1(apme (1) = 02(o(5 (i), i€n
and
o (i) == Po(i)Pa(i), i €en.
This is a generalized wreath product.
The identity element is (1;(1%,id)), where 1is the mapping i — 1,i € n.

The inverse of (Y; (a1,70) is (Y 1—1n— 1 (a1, 1)) where

PH(i) = (W) hienand Wy = (Wam) = W @


http://www-ang.kfunigraz.ac.at/~fripert/
http://www.kfunigraz.ac.at

. The group of semilinear isometries is the generalized wreath product of

g and Gal x §, which we indicate by Fg 1, (Gal x &,).
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The group of semilinear isometries is the generalized wreath product of
g and Gal x §, which we indicate by Fg 1, (Gal x &,).

Order |Fi,(GalxS,)| = (q—1)"-r-nt.
The generalization of the natural action of a wreath product yields
Fal(Galx§,) x Fg — Fg

((LlJ, (G,T[)),V) = (LlJ(O)G(Vn—l(O)), 2c o L|J(n — 1)G(VT[—1(n—l))) '

This is the action of the semilinear isometry on IF'Q.
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Operation on the set of all  (Nn,k)-codes

We denote the set of all k x n-matrices over Fq of rank k by F§*™.

Describing codes by their generator matrices we obtain that the set of
semilinear isometry classes of (n,k)-codes is equal to the set of orbits

Fo,(GalxS)\ (GLi(q) \Fq ™),
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Operation on the set of all  (Nn,k)-codes

We denote the set of all k x n-matrices over Fq of rank k by F§*™.

Describing codes by their generator matrices we obtain that the set of
semilinear isometry classes of (n,k)-codes is equal to the set of orbits

Fo,(GalxS)\ (GLi(q) \Fq ™),

where the operation of ({; (a,T7)) € Fg,(GalxS,) on the orbit
GLk(q)(I") is given by

((; (a1, 1), GL(@)(T)) = GLi(a)(I") where T (i) = w(i)a(r (10 4(i))).

Here we identify the matrix [ with the function [':n — ]F‘a where the
transposed vector [ (i) is the i-th column of I".
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Again, similarly as with the linear isometry classes we eliminate the rank
condition on the kK x n-matrices and consider the set of all K x nN-matrices
over [q which do not contain zero columns. They can be expressed as
functions N — F§\ {0}. Thus our task is to determine the cardinality of

Fa,(GalxS)\\ (GLk(q)\\(Fg\ {0})").
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condition on the kK x n-matrices and consider the set of all K x nN-matrices
over [q which do not contain zero columns. They can be expressed as
functions N — F§\ {0}. Thus our task is to determine the cardinality of

Fa,(GalxS)\\ (GLk(q)\\(Fg\ {0})").

In the situation of linear isometries the actions of the isometry group and
of the linear group were commuting and we obtained an action of the
direct product of these two groups on F‘éx”’k. In general, the action of the
semilinear isometry group does not commute with the action of GLk(Q).
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condition on the kK x n-matrices and consider the set of all K x nN-matrices
over [q which do not contain zero columns. They can be expressed as
functions N — F§\ {0}. Thus our task is to determine the cardinality of

Fa,(GalxS)\\ (GLk(q)\\(Fg\ {0})").

In the situation of linear isometries the actions of the isometry group and
of the linear group were commuting and we obtained an action of the
direct product of these two groups on F‘éx”’k. In general, the action of the
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Again, similarly as with the linear isometry classes we eliminate the rank
condition on the kK x n-matrices and consider the set of all K x nN-matrices
over [q which do not contain zero columns. They can be expressed as
functions N — F§\ {0}. Thus our task is to determine the cardinality of

Fa,(GalxS)\\ (GLk(q)\\(Fg\ {0})").

In the situation of linear isometries the actions of the isometry group and
of the linear group were commuting and we obtained an action of the
direct product of these two groups on F‘éx”’k. In general, the action of the
semilinear isometry group does not commute with the action of GLk(Q).

For A€ GLk(q), (g; (a,m) e Fi,(GalxS,) and I e (F§\ {fon"™

A-(Y; (o, )l =
(W(O)A-a(T (1t *(0))),-..,w(n—DA-a(F (T (n—1))))
(W; (o, )A- T =
(W(O)a(A) -a(r (1t *(0))),...,w(n—1)a(A)-a(l (Tt (n—1)))).
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Generalization of Lehmann’s Lemma

If 0 GLe(@)\(FX\ {0})" — GL(@)\\ (Fa\(FK\ {0}))"
 is given by GLk(q)(I") — GLk(q)(I") where T'(i) =Fg((i)), then

- O (Fau,(Gal xS)\\ (GLk(a)\(Fg\ {0})") —
| (GalxS)\\ (GLi(@)\ (Fs\(FE\ {0})")

. defined by

: | (Fga(Galx$h)) (GLi(a)(F)) — (Gal xS) (¢ (GLk(a)(I")))

IS a bijection.
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Generalization of Lehmann’s Lemma

It ¢: GLi(q) \(FK\ {0)" — GLi(@)\ (FE\(FX\ {0}))"
is given by  GLk(Q)(I") — GLk(q)(I") where I'(i) =Fg(I'(i)), then

®: (Fq2,(Galx )\ (GL(@)\(Fq \ {0})") —
(GalxS)\\ (GLi(@)\ (Fs\(FE\ {0})")

defined by

(Fga(Galx$h)) (GLi(a)(F)) — (Gal xS) (¢ (GLk(a)(I")))

is a bijection. On the right hand side we have an operation of (Gal x S,)
on the set of orbits GLi()\\ (Fi\(F&\ {0}))" of the form

(a, 1) GL(0)(T") = GLi(a)(T)

where (i) = a(F (0 (i))) = a(FE(T(1(i)))) = F(a(T(7(i)))), i € n
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The set of orbits I \IE*ﬂ“‘gI \ {0} is the (k — 1)-dimensional projective space
UNI PGy_1(Q).
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The set of orbits IB“;’;\\IB“'gI \ {0} is the (k — 1)-dimensional projective space
UNI PGy_1(Q).

. The action of GLk(q) on PGg_1(q) corresponds to the natural action of

| the projective group PGLk(q) on PGg_1(q). Thus

| [(F,(GalxSy)) \\ GLi(@)\\(FK\ {0})"| =

. |(GalxS)\\ (PGLk(a)\\ PGk-1(a)") |
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The set of orbits IB“;’;\\IB“'gI \ {0} is the (k — 1)-dimensional projective space
UNI PGy_1(Q).

. The action of GLk(q) on PGg_1(q) corresponds to the natural action of

| the projective group PGLk(q) on PGg_1(q). Thus

| | (Fa,(Galx ) \\ GLi(a)\\(F§\ {0})"] =
o (Galx$)\\ (PGL(q) \\ PGk_1(q)") | =

p— Gal\ ((PGLk(0) x S\ PGi-1(a)") |
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The set of orbits I \IFk\{O} is the (K— 1)-dimensional projective space
PG-1(q).

The action of GLk(q) on PGy_1(q) corresponds to the natural action of
the projective group PGLk(q) on PGg_1(q). Thus

| (Fq,(Gal x$)) \\ GLk(q)\\(F&\ {0})"] =

|(GalxS)\\ (PGLk(0)\\ PGr_1(q)") |

Gal\\ (PGLk(q) x $)\\ PCk_1(q)")| =
(PTLi(a) x S)\\PGi-1(a)"|,

a(Fg(w)) =Fq(a(w)), W € Fg,

PILy(g)(y) = |J PGLk(a)(a(y)), ye PGk 1(q).
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Linear isometry classes — semilinear isometry classes

Linear isometry classes

(PGLk(@) x $)\\ PGk-1(0)"
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Linear isometry classes — semilinear isometry classes

Linear isometry classes

(PGLk(@) x $)\\ PGk-1(0)"

| Semilinear isometry classes

(PTLi(d) X S)\\ PGk-1(a)"
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Cycle index polynomials — generating functions

Let Y be a finite group action. Then the generating function for the
number of (H x §,)-orbits on Y", respectively Y."., is equal to

inj’

;‘(H X S{\)\\Yn‘ X' = C(H 7Y) |zi;:zcj>°_oxi-j
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Cycle index polynomials — generating functions

Let Y be a finite group action. Then the generating function for the
number of (H x §,)-orbits on Y", respectively Y."., is equal to

inj’

;‘(H X S{\)\\Yn‘ X' = C(H 7Y) |zi;:zcj>°_oxi-j

%‘ H XS1 \\ 1IlJ| X — (H7Y)’Zi::1_|_xi'
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Cycle index polynomials — generating functions

Let Y be a finite group action. Then the generating function for the
number of (H x §,)-orbits on Y", respectively Y."., is equal to

inj’

;‘(H X SW)\\Yn‘ X' = C(H 7Y) |zi;:zcj>°_oxi-j

The cycle index for the action of H on Y is the polynomial
Y]

C(H ]H| ;ﬂ% 4(9) Qlz1,2,...,2y|;

where (a1(9), ..., ay((9)) is the cycle type of the permutation g of Y
iInduced by Q.


http://www-ang.kfunigraz.ac.at/~fripert/
http://www.kfunigraz.ac.at

Tnkg = [(PGLk(Q) X SH)\\ PGk-1(a)",
then Vhkg:= Thkg— Thk—1,q IS the number of linear isometry classes of

nonredundant linear (n,k)-codes over IF4. The generating function for Tpkq

| IS obtained by substitution into the cycle index

C(PGLk(q), PGk-1(q))-
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Let
Tnkq .= ‘(PGLK(Q) X Sn)\\PGk—l(q)n‘ )

then Vhkg:= Thkg— Thk—1,q IS the number of linear isometry classes of
nonredundant linear (n,k)-codes over IF4. The generating function for Tpkq
IS obtained by substitution into the cycle index

C(PGLk(q), PGk-1(q))-

Let
thkg:= | (PTL(Q) x Si)\\ PGk-1(0)"|,

then Vnkg -= thkg— thk—1,9 IS the number of semilinear isometry classes of
nonredundant linear (N, K)-codes over IF,. The generating function for tyiq
IS obtained by substitution into the cycle index

C(PT'Lk(0),PGk-1())-
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Numerical results

We have described how to compute the cycle index of the projective
|

linear group. So far only for g = 4, 8 and small values of Kk the cycle index
. polynomials of the projective semilinear groups are determined.
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Numerical results

We have described how to compute the cycle index of the projective
linear group. So far only for g = 4, 8 and small values of Kk the cycle index
polynomials of the projective semilinear groups are determined.

For g = 4 the first differences between the linear and semilinear isometry
classes occur for n = 8 and k= 3.
Table of Ve and Vpa

k|1 2 3 4 5 6
11 0 o0 0 0O
21 1 0 0 00
3]1 2 1 0 00
4/1 4 3 1 00
5/1 6 9 4 10
6(1 9 24 17 5 1
711 12 55 70 28 6
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Comparison of Vi and Vi

n\kl1 2 3 4 5 6

| 81 17 131 323 189 44

| 811 17 126 301 184 44

| 9(1 22 318 1784 1976 490
9(1 22 286 1419 1594 453
[ » 10(1 30 772 12094 36477 13752
_— 10(1 29 640 7970 22405 9278
111 37 1881 89437 923978 948361
| 111 36 1431 51456 490138 504573
| 121 48 4568 668922 25124571 91149571
121 46 3204 357222 12746664 45963661
| 13| 1 59 10857 4843901 665246650 916320379
| 131 56 7099 2496031 333787936 458646198:
| 141 74 25276 33456545 16677221922 8878025198~
141 69 15595 16961133 8345700799 44395997972


http://www-ang.kfunigraz.ac.at/~fripert/
http://www.kfunigraz.ac.at

Comparison of Vg and Vs

- n\kll1 2 3 4
| 111 1 1 1
211 2 2 2

| 311 3 4 4

| 411 5 8 9
511 7 16 20

> 6|1 14 57 78
o 611 12 43 62
| 711 21 273 555
711 17 143 289

| 8(1 39 2034 13931

| 811 27 792 4979
9(1 64 16668 714573

' 911 40 5806 239355

| 101 109 132237 40746243
1011 61 44619 13586393


http://www-ang.kfunigraz.ac.at/~fripert/
http://www.kfunigraz.ac.at

n\k | 1 2 3 4
111 173 986453 2188928772
1111 89 329959 729659322
1211 286 6876180 108587171103
12111 136 2294446 36195786755
1311 439 44880936 4985542976595
1311 197 14965218 1661847901869
1411 686 275497786 212944610369 565
1411 292 91842474 /0981537714473
15)11 1028 1597385468 8503511406384 359
15111 420 532481348 2834503805580423
16)|1 1534 8784375366 318881061522362625
16)|1 606 2928163108 106293687186817717
17111 2222 45985791002 11273378553997847510
17)11 854 15328669468  3757792851378389530
1811 3208 229921910074 377031845513665669846
1811 1206 76640772664 125677281838050117086
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